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Abstract: ‘p is characterized by the convergence of a series defined by an Lp-function

on the real line R.
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1. Introduction. In this paper we shall give

a new characterization of the well-known sequence

space ‘p by using an Lp-function.

Let fð6¼ 0Þ be an Lp-function defined on the real

line R and assume 1 � p < þ1. For a sequence of

real numbers a ¼ fakg 2 R1, define

�pða; fÞ :¼
X
k

Z þ1

�1

���fðx� akÞ � fðxÞ
���pdx

 !1
p

and

�pðfÞ :¼ fa 2 R1 j �pða : fÞ < þ1g:

We say IpðfÞ < þ1 if fðxÞ is absolutely con-

tinuous on R and the p-integral defined by

IpðfÞ :¼
Z þ1

�1
f 0ðxÞj jpdx

is finite.

Let g be a probability density function on

R. Then Shepp [1] proved �2ð
ffiffiffi
g

p Þ � ‘2, and also

�2ð
ffiffiffi
g

p Þ ¼ ‘2 if and only if I2ð
ffiffiffi
g

p Þ < þ1. This paper

generalizes those results.

We shall first show �pðfÞ � ‘p (Theorem 1).

Next we shall show that IpðfÞ < þ1 implies ‘p �
�pðfÞ for every 1 � p < þ1 (Theorem 2), and

that for 1 < p < þ1, ‘p � �pðfÞ implies IpðfÞ <
þ1 (Theorem 3). In particular, for 1 < p < þ1
we have �pðfÞ ¼ ‘p if and only if IpðfÞ < þ1
(Corollary 4).

In Theorem 3, the case p ¼ 1 is excluded.

In fact, define fðxÞ ¼ e�x for x � 0, and ¼ 0 for

x < 0. Then fðxÞ is not absolutely continuous on

R, so that I1ðfÞ < þ1 does not hold, but we have

‘1 ¼ �1ðfÞ.
Finally, as an illuminating example, we shall

estimate �pðfÞ explicitly for fðxÞ :¼ ffiffiffi
x

p
e�x for

x � 0, and :¼ 0 for x < 0. Then we have �pðfÞ ¼
‘p, if 1 � p < 2, ¼ ‘2�, if p ¼ 2, and ¼ ‘1þp

2
; if p > 2,

where

‘2� :¼ a

����� X
k

a2kð1þ j log jakjjÞ < þ1
( )

:

2. Results. Our first result is the following

theorem.

Theorem 1. Assume 1 � p < þ1 and let

fð6¼ 0Þ be an Lp-function on R. Then �pðfÞ � ‘p.

Proof. Assume that a ¼ fakg 2 �pðfÞ, which

is equivalent to �pða; fÞ < þ1. Without loss of

generality, we may assume ak 6¼ 0 for every k.

First we shall prove that fakg is bounded. If

there is a subsequence fak0 g such that jak0 j ! þ1,

then �pða; fÞ < þ1 implies

0 ¼ lim
k0

Z þ1

�1

���fðx� ak0 Þ � fðxÞ
���pdx ¼ 2kfkpLp > 0;

which is a contradiction.

Next we shall prove that fakg converges to 0.

Assume that there exists a subsequence ak0 such

that ak0 ! a0 6¼ 0. Then we have

0 ¼ lim
k0

Z þ1

�1

���fðx� ak0 Þ � fðxÞ
���pdx

¼
Z þ1

�1

���fðx� a0Þ � fðxÞ
���pdx;

which implies fðx� a0Þ ¼ fðxÞ; a:e:ðdxÞ. This con-

tradicts to the integrability of fðxÞ.
Finally, we shall prove

� :¼ inf
k

Z þ1

�1

fðx� akÞ � fðxÞ
ak

����
����pdx > 0:

Assume that there exists a subsequence ak0

such that
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Z þ1

�1

fðx� ak0 Þ � fðxÞ
ak0

����
����pdx! 0:

Then it follows that

fðx� ak0 Þ � fðxÞ
ak0

! 0 in LpðRÞ:

On the other hand, fðx�ak0 Þ�fðxÞ
ak0

! �f 0ðxÞ in the

distribution sence. Consequently, fðxÞ is absolutely
continuous with f 0ðxÞ ¼ 0; a:e:ðdxÞ, which implies

f ¼ 0. This is a contradiction.

Summing up the above, we have

þ1 > �pða; fÞp

¼
X
k

Z þ1

�1

fðx� akÞ � fðxÞ
ak

����
����pdx jakjp

� �
X
k

jakjp;

which proves the theorem. �

In the following theorems, we shall discuss

the converse of the above theorem.

Theorem 2. Assume 1 � p < þ1 and let

fð6¼ 0Þ be an Lp-function on R. Then IpðfÞ < þ1
implies ‘p � �pðfÞ.

Proof. Assume IpðfÞ < þ1 and hence fðxÞ is

absolutely continuous. Then by Fubini’s theorem,

we have

�pða; fÞp ¼
X
k

jakjp
Z þ1

�1
dx

Z 1

0

f 0ðx� takÞdt
����

����p

�
X
k

jakjp
Z þ1

�1
dx

Z 1

0

jf 0ðx� takÞjpdt

� IpðfÞ
X
k

jakjp;

which proves the theorem. �

Theorem 3. Assume 1 < p < þ1 and let

fð6¼ 0Þ be an Lp-function on R. Then ‘p � �pðfÞ
implies IpðfÞ < þ1.

Proof. Assume ‘p � �pðfÞ, and define

 ðaÞ :¼
Z þ1

�1

���fðx� aÞ � fðxÞ
���pdx; a 2 R;

and

FNðxÞ :¼
fðx� uNÞ � fðxÞ

uN
; uN :¼ 2

�N
p ; N � 1:

Then we have

sup
N

2N ðuNÞ ¼ sup
N

Z þ1

�1

���FNðxÞ���pdx < þ1:

In fact, on the contrary, assume that for every n

there exists NðnÞ > n satisfying

2NðnÞ ðuNðnÞÞ > 2n:

Then for the sequence

a0 :¼ fuNð1Þ; � � � ; uNð1Þ
zfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflffl{2Nð1Þ�1

; � � � ; uNðnÞ; � � � ; uNðnÞ
zfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflffl{2NðnÞ�n

; � � �g;

we have a0 2 ‘p and �pða0; fÞ ¼ þ1, which is a

contradiction.

Since LpðR; dxÞ; 1 < p < þ1, is a separable

reflexive Banach space, each bounded closed ball

is compact and metrizable with respect to the weak

topology. Consequently, there exists a subsequence

fFNj
ðxÞg and hðxÞ 2 LpðR; dxÞ such that fFNj

ðxÞg
converges weakly to hðxÞ. Since FNj

ðxÞ ! �f 0ðxÞ in
the distribution sence, fðxÞ is absolutely continu-

ous, f 0ðxÞ ¼ �hðxÞ; a:e:ðdxÞ, and we have

IpðfÞ ¼
Z þ1

�1
jf 0ðxÞjpdx ¼

Z þ1

�1
jhðxÞjpdx < þ1:

�

Theorems 1, 2 and 3 yield the corollary below.

Corollary 4. Assume 1 < p < þ1 and let

fð6¼ 0Þ be an Lp-function on R. Then we have ‘p ¼
�pðfÞ if and only if IpðfÞ < þ1.

Example 5. Define fðxÞ :¼ ffiffiffi
x

p
e�x; x > 0,

and :¼ 0; x � 0. Then we have

�pðfÞ ¼
‘p; 1 � p < 2,

‘2�; p ¼ 2,

‘1þp
2
; p > 2.

8><
>:

Proof. For 1 � p < 2 we have IpðfÞ < þ1 so

that �pðfÞ ¼ ‘p by Theorem 2.

Assume p � 2 and a ¼ fakg 2 �pðfÞ. Then, a 2
‘p by Theorem 1 and, sinceZ þ1

�1
fðx� aÞ � fðxÞj jpdx

¼
Z þ1

�1
fðxþ aÞ � fðxÞj jpdx

for every a 2 R, we have �pða; fÞ ¼ �pðjaj; fÞ,
where jaj :¼ fjakjg. Therefore, without loss of

generality, we may assume ak > 0 for every k � 1
and � :¼ supk ak < þ1.

By definition we have

þ1 > �pða; fÞp

¼
X
k

Z þ1

�1
fðx� akÞ � fðxÞj jpdx
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¼
Z ak

0

fðxÞj jpdx

þ
Z þ1

0

fðxþ akÞ � fðxÞj jpdx

¼: JpðaÞ þKpðaÞ
so that

þ1 > JpðaÞ ¼
Z ak

0

x
p
2e�pxdx �

2e�p�

pþ 2

X
k

a
1þp

2
k :

Therefore we have a 2 ‘1þp
2
and �pðfÞ � ‘1þp

2
.

In particular, assume p ¼ 2. Then we have

a 2 ‘2 and

þ1 > K
1
p
2 þ

X
k

a2k

 !1
2

�
X
k

Z þ1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ ak

p
e�ðxþakÞ �

ffiffiffi
x

p
e�x

�� ��2dx
 !1

2

þ
Z þ1

0

xe�2xdx
X
k

1� e�2ak
�� ��2 !1

2

�
X
k

Z þ1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ ak

p
�

ffiffiffi
x

p�� ��2e�2ðxþakÞdx

 !1
2

�
X
k

Z þ1

0

e�2ðxþakÞffiffiffiffiffiffiffiffiffiffiffiffiffi
xþ ak

p þ ffiffiffi
x

p
j j2

dxa2k

 !1
2

�
1

2

X
k

Z þ1

0

e�2ðxþakÞ

jxþ akj
dxa2k

 !1
2

�
1

2

X
k

Z þ1

ak

e�2x

x
dxa2k

 !1
2

� C1

X
k

a2k log
1

ak

 !1
2

�C2

X
k

a2k

 !1
2

;

where C1 and C2 are positive constants. Conse-

quently we haveX
k

a2k 1þ log jakjj jð Þ < þ1

and a 2 ‘2�.
Conversely by similar discussions it is not

difficult to show that a 2 ‘1þp
2
implies �pða; fÞ <

þ1 for p > 2, and that a 2 ‘2� implies �2ða; fÞ <
þ1 for p ¼ 2. �
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