
Lindelöf theorems for monotone Sobolev functions

with variable exponent

By Toshihide FUTAMURA
�Þ and Tetsu SHIMOMURA

��Þ

(Communicated by Shigefumi MORI, M.J.A., Jan. 15, 2008)

Abstract: Our aim in this note is to deal with Lindelöf theorems for monotone Sobolev

functions with variable exponent.
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1. Introduction. Let B be the unit ball of

the n-dimensional Euclidean space Rn. We denote

by �BðxÞ the distance of x from the boundary @B,

that is, �BðxÞ ¼ 1� jxj. We denote by Bðx; rÞ the

open ball centered at x with radius r and set

�Bðx; rÞ ¼ Bðx; �rÞ for � > 0.
A continuous function u on B is called mono-

tone in the sense of Lebesgue (see [8]) if the

equalities

max
D

u ¼ max
@D

u and min
D

u ¼ min
@D

u

hold whenever D is a domain with compact

closure D � B. If u is a monotone function on B

satisfyingZ
B

jruðzÞjp dz < 1 for some p > n� 1;

then

juðxÞ � uðyÞjð1:1Þ

� Cðn; pÞr1�n=p

Z
2B

jruðzÞjp dz

� �1=p

whenever y 2 B ¼ Bðx; rÞ with 2B � B, where

Cðn; pÞ is a positive constant depending only on n

and p (see [11, Chapter 8] and [15, Section 16]).

Using this inequality (1.1), the first author and

Mizuta proved Lindelöf theorems for monotone

Sobolev functions on the half space of Rn in [2].

For related results, see Koskela-Manfredi-Villamor

[6], Manfredi-Villamor [9,10], Mizuta [11,12],

the first author and Mizuta [3,4] and the first

author [1].

Our aim in this note is to establish Lindelöf

theorems for monotone Sobolev functions u on B

satisfying Z
B

jruðzÞjpðzÞdz < 1ð1:2Þ

with variable exponents pð�Þ satisfying so called a

log-Hölder condition. For generalized Lebesgue

spaces, we refer to Orlicz [13], Kováčik-Rákosń�k
[7] and Růžička [14]. In this note, we are concerned

with a positive continuous function pð�Þ on Rn

satisfying the following conditions:

(p1) p�ðBÞ � inf
B

pðxÞ > n� 1,

(p2) jpðxÞ � pðyÞj � C

logð1=jx� yjÞ
whenever jx� yj < 1=e, x 2 B and y 2 B, for

some constant C > 0.

Theorem. Let u be a monotone function on

B satisfying (1.2). Define a set E of all � 2 @B which

satisfies

lim sup
r!0

rpð�Þ�n

Z
Bð�;rÞ\B

jruðzÞjpðzÞ dz > 0:

If � 2 @B n E and there exists a rectifiable curve � in

B tending to � along which u has a finite limit L,

then u has a nontangential limit L at �.

Remark 1. We know that E is of C1;pð�Þ-
capacity zero. For the definition of ð1; pð�ÞÞ-capacity
C1;pð�Þ and this fact, we refer to [5].

2. Proof of the Theorem. Throughout this

paper, let C denote various constants independent

of the variables in question.

For a proof of the Theorem, we prepare the

following lemmas.

Lemma 1. Let u be a monotone function on

B satisfying
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Z
B

jruðzÞjpðzÞdz � 1:ð2:1Þ

Then

juðxÞ � uðyÞj � C�BðxÞ þ C�BðxÞ1�n=pðxÞ

�
Z
2BðxÞ

jruðzÞjpðzÞdz
 !1=pðxÞ

ð2:2Þ

for whenever x 2 B and y 2 BðxÞ, where BðxÞ ¼
Bðx; �BðxÞ=4Þ.

Proof. For x 2 B, consider the function

p�ðxÞ ¼ infz22BðxÞ pðzÞ. Since u is monotone in

4BðxÞ and p�ðxÞ � p�ðBÞ > n� 1, we see that

juðxÞ � uðyÞj

� C�BðxÞ1�n=p�ðxÞ
Z
2BðxÞ

jruðzÞjp�ðxÞdz
 !1=p�ðxÞ

for every y 2 BðxÞ. First note that

�BðxÞ1�n=p�ðxÞ

¼ �BðxÞ1�n=pðxÞ�BðxÞ�nðpðxÞ�p�ðxÞÞ=ðpðxÞp�ðxÞÞ

� �BðxÞ1�n=pðxÞ�BðxÞ�C= logð1=�BðxÞÞ

� C�BðxÞ1�n=pðxÞ:

Set G ¼ fz 2 2BðxÞ : jruðzÞj � 1g. ThenZ
2BðxÞ

jruðzÞjp�ðxÞdz

¼
Z
G

jruðzÞjpðzÞjruðzÞjp�ðxÞ�pðzÞdz

þ
Z
2BðxÞnG

jruðzÞjp�ðxÞdz

�
Z
2BðxÞ

jruðzÞjpðzÞdzþ C�BðxÞn;

so that we obtain by (2.1)

juðxÞ � uðyÞj

� C�BðxÞ1�n=pðxÞ
Z
2BðxÞ

jruðzÞjpðzÞdz
 !1=p�ðxÞ

þ C�BðxÞ

� C�BðxÞ1�n=pðxÞ
Z
2BðxÞ

jruðzÞjpðzÞdz
 !1=pðxÞ

þ C�BðxÞ;
as required. �

The following lemma can be proved by (2.2).

Lemma 2 (cf. [2, Lemma 1]). Let u be a

monotone function on B satisfying (1.2). If � 2
@B n E and there exists a sequence frjg such that

2�j�1 � rj < 2�j and uðð1� rjÞ�Þ has a finite limit L,

then u has a nontangential limit L at �.

Lemma 3. Let fpjg be a sequence such that

p� ¼ inf pj > 1 and p� ¼ sup pj < 1. ThenX
jajbjj 5 2

X
jajjpj

� �1=q X
jbjjp

0
j

� �1=q0
;

where 1=pj þ 1=p0j ¼ 1, q ¼ p� if
P

jajjpj �
P

jbjjp
0
j

and q ¼ p� if
P

jajjpj �
P

jbjjp
0
j .

Proof. Let A ¼
P

jajjpj and B ¼
P

jbjjp
0
j . In

case A � B, for 0 < k � 1, we haveX
jajbjj � k

X
jajjpj þ

X
jbj=kjp

0
j

� �
� k Aþ k�ðp�Þ0B
n o

:

Here considering k such that kðp�Þ
0 ¼ B=A, we findX

jajbjj � 2A1=p�B1=ðp�Þ0 ;

as required.

The remaining case can be proved similarly.�

Now we can prove the Theorem.

Proof of the Theorem. Without loss of

generality we may assume that (2.1) holds. For

r > 0 sufficiently small, take xðrÞ 2 � \ @Bð�; rÞ and
set yðrÞ ¼ ð1� rÞ�. We can take a finite chain of

balls B0, B1, . . ., BN such that

(i) Bj ¼ BðxjÞ, xj 2 @Bð�; rÞ \B, x0 ¼ xðrÞ and

yðrÞ 2 BN ;

(ii) f�BðxjÞg increase and �BðxjÞ � CjxðrÞ � xjj
for some constant C > 0;

(iii) Bj \ Bk 6¼ ; if and only if jj� kj � 1.

See [3, Lemma 2.2]. Set pj ¼ pðxjÞ and pick zj 2
Bj�1 \ Bj for 1 � j � N ; set z0 ¼ xðrÞ and zNþ1 ¼
yðrÞ. Since pð�Þ > n� 1, there exists � > 0 such that

n� pð�Þ < � < 1. Further, by the continuty of pð�Þ,
we may assume that pðxðrÞÞ � ðn� �Þ > ðpð�Þ �
ðn� �ÞÞ=2. By Lemmas 1 and 3, we see that

juðxðrÞÞ � uðyðrÞÞj

�
XN
j¼0

juðzjþ1Þ � uðzjÞj

� C
XN
j¼0

�BðxjÞ1�n=pj

Z
2Bj

jruðzÞjpðzÞdz
 !1=pj
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þ C
XN
j¼0

�BðxjÞ

� C
XN
j¼0

�BðxjÞ1�ðn��Þ=pj

�
Z
2Bj

jruðzÞjpðzÞ�BðzÞ��dz

 !1=pj

þ Cr

� C
XN
j¼0

�BðxjÞp
0
jf1�ðn��Þ=pjg

 !1=q0ðrÞ

�
XN
j¼0

Z
2Bj

jruðzÞjpðzÞ�BðzÞ��dz

 !1=qðrÞ

þ Cr

� C

Z
Bð�;2rÞ\B

jruðzÞjpðzÞ r� jz� �jj j��dz

 !1=qðrÞ

� IðqðrÞ�1Þ=qðrÞ þ Cr;

where I ¼
XN
j¼0

�BðxjÞp
0
jf1�ðn��Þ=pjg, min pj � qðrÞ �

max pj and 1=qðrÞ þ 1=q0ðrÞ ¼ 1. Here note that

pj � ðn� �Þ
pj � 1

¼ pðxðrÞÞ � ðn� �Þ
pðxðrÞÞ � 1

� ðn� �� 1ÞfpðxðrÞÞ � pjg
fpðxðrÞÞ � 1gðpj � 1Þ

and

ðn� �� 1ÞfpðxðrÞÞ � pjg
fpðxðrÞÞ � 1gðpj � 1Þ

����
���� � C

logð1=jxðrÞ � xjjÞ

� C

logð1=�BðxjÞÞ
:

Therefore we have

I �
XN
j¼0

�BðxjÞ
pðxðrÞÞ�ðn��Þ
ðpðxðrÞÞ�1Þ �BðxjÞ

� C
logð1=�BðxjÞÞ

� C
XN
j¼0

�BðxjÞfpðxðrÞÞ�ðn��Þg=ðpðxðrÞÞ�1Þ

� CrfpðxðrÞÞ�ðn��Þg=ðpðxðrÞÞ�1Þ;

since pðxðrÞÞ � ðn� �Þ > ðpð�Þ � ðn� �ÞÞ=2 > 0.
Further, since

fpðxðrÞÞ � ðn� �ÞgðqðrÞ � 1Þ
pðxðrÞÞ � 1

� fpð�Þ � ðn� �Þg
����

����
� C

logð1=rÞ
;

we have

IqðrÞ�1 � Crpð�Þ�ðn��Þr�C= logð1=rÞ � Crpð�Þ�ðn��Þ:

Then we obtain

juðxðrÞÞ � uðyðrÞÞjqðrÞ � Crpð�Þ�ðn��Þ

�
Z
Bð�;2rÞ\B

jruðzÞjpðzÞ r� jz� �jj j��dzþ Cr:

Moreover, since 0 < � < 1, we see thatZ 2�j

2�j�1

r� jz� �jj j��dr � C2�jð1��Þ:

Hence it follows that

inf
2�j�1�r<2�j

juðxðrÞÞ � uðyðrÞÞjqðrÞ

� C

Z 2�j

2�j�1

�
rpð�Þ�ðn��Þ

Z
Bð�;2rÞ\B

jruðzÞjpðzÞ

� r� jz� �jj j��dz

�
dr

r
þ C2�j

� C2�jfpð�Þ�ðn��Þ�1g
Z
Bð�;2�jþ1Þ\B

jruðzÞjpðzÞ

�
Z 2�j

2�j�1

r� jz� �jj j��dr

 !
dzþ C2�j

� C2�jfpð�Þ�ng
Z
Bð�;2�jþ1Þ\B

jruðzÞjpðzÞdzþ C2�j:

Since � =2 E and u has a finite limit L at � along �, we

find a sequence frjg such that 2�j�1 � rj < 2�j and

lim
j!1

uðyðrjÞÞ ¼ lim
j!1

uðxðrjÞÞ ¼ L:

Thus u has a nontangential limit L at � by

Lemma 2. �

Remark 2. Let u be a monotone function on

B satisfying (1.2). Then u has a nontangential limit

at � 2 @B except in a set of C1;pð�Þ-capacity zero.

In fact, to show this, we define

E1 ¼ � 2 @B :

Z
B

j� � yj1�njruðyÞjdy ¼ 1
� �

and set F ¼ E [ E1, where E is as in the Theorem.

Note here from [5, Lemmas 4.1 and 4.4] that F is of

C1;pð�Þ-capacity zero. If � =2 E1, then u has a finite

limit L along a line �. In view of the Theorem, we

see that if � 2 @B n F , then u has a nontangential

limit L at �.
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Wk;pðxÞ, Czechoslovak Math. J. 41 (116) (1991),
no. 4, 592–618.

[ 8 ] H. Lebesgue, Sur le probléme de Dirichlet, Rend.
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