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Abstract: We show that two analytic function germs ðC2; 0Þ ! ðC; 0Þ are topologically

right equivalent if and only if there is a one-to-one correspondence between the irreducible

components of their zero sets that preserves the multiplicites of these components, their Puiseux

pairs, and the intersection numbers of any pair of distinct components.
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By Zariski [12] and Burau [2], the topological

type of an embedded plane curve singularity

ðX; 0Þ � ðC2; 0Þ is determined by the Puiseux

pairs of each irreducible component (branch) of

this curve and the intersection numbers of any pair

of distinct branches. In this note we show the

following

Theorem 0.1. Let f, g : ðC2; 0Þ ! ðC; 0Þ be

(not necessarily reduced) analytic function germs.

Then f and g are topologically right equivalent if and

only if there is a one-to-one correspondence between

the irreducible components of their zero sets that

preserves the multiplicites of these components,

their Puiseux pairs, and the intersection numbers

of any pair of distinct components.

Sketch of the proof. The ‘‘only if’’ follows

from the above cited result of Zariski and Burau.

To show ‘‘if’’ we proceed as follows: We connect

the embedded zero sets ðf�1ð0Þ; 0Þ � ðC2; 0Þ and

ðg�1ð0Þ; 0Þ � ðC2; 0Þ by an equisingular (topologi-

cally trivial) deformation of plane curve germs

ðF�1ð0Þ; 0� P Þ � ðC2; 0Þ � P;

where P is a parameter space and F : ðC2; 0Þ � P !
ðC; 0Þ is analytic. Then, by [14] section 8, the pair

ðF�1ð0Þ n 0� P; 0� P Þ satisfies Whitney condi-

tions. Consequently, by [1,8], the strata ðC2; 0Þ �
P n F�1ð0Þ, F�1ð0Þ n 0� P , and 0� P , stratify F

as a function with the strong Thom condition wf .

This shows, by Thom-Mather theorem, that F is

topologically trivial along P . �

Remark 0.2. The following result was pro-

ven in [3] and [9] by different arguments. Let f ,

g : ðCn; 0Þ ! ðC; 0Þ, n � 2, be isolated analytic

singularities such that the germs ðCn; f�1ð0Þ; 0Þ
and ðCn; g�1ð0Þ; 0Þ are homeomorphic. Then either

f or f is topologically right equivalent to g.

Remark 0.3. In the isolated singularity case

we may proceed as follows: By [15] and [7], the

embedded topological type of a plane curve singu-

larity at a singular point is determined by the

embedded topological type of each analytically

irreductible component and the intersection of any

pair of distinct branches. Using this result it was

shown in [6] that the multiplicity is a topological

invariant of plane curve singularity and that a

� constant deformation of two variable isolated

singularity germ is topologically trivial.

Note also that by Zariski [13] an equisingular

family of plane curves is � constant and multipliciy

constant, i.e. �� constant in the sense of Teissier

[10]. It is known, c.f. [1,8], and the bibliography

quoted therein, that a �� constant family of

isolated singularities satisfies the strong Thom

condition wf .

Remark 0.4. In [5] Kuo and Lu introduced

a tree model T ðfÞ of an isolated singularity

f : ðC2; 0Þ ! ðC; 0Þ. This model allows one to visu-

alise the Puiseux pairs of irreducible components of

f�1ð0Þ and the contact orders between them. Kuo

and Lu’s model can be easily addapted to the non-

isolated case by adding the multiplicities of compo-

nents. Then theorem 0.1 says that f and g are
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topologically right equivalent if and only if their

tree models coincide.

We give now details. First we connect f by an

equisingular deformation to a normal family that

depends only on the embedded topological type of

ðf�1ð0Þ; 0Þ � ðC2; 0Þ and the multiplicities of its

branches. A similar construction gives an equisin-

gular deformation connecting f and g. For these

deformations we give elementary proofs of Whitney

and strong Thom conditions and explicit formulae

for vector fields trivializing them.

0.1. Deformation of f to a normal family.

Fix f : ðC2; 0Þ ! ðC; 0Þ. Choose a system of coor-

dinates so that y ¼ 0 is transverse to the tangent

cone to f ¼ 0 at the origin. Write

fðx; yÞ ¼
YN
k¼1

ðfkðx; yÞÞdkð0:1Þ

¼ uðx; yÞ
YN
k¼1

Ymk

j¼1

ðx� �k;jðyÞÞdk ;

where f1; . . . ; fN are irreducible germs, uðx; yÞ is

a unit, uð0; 0Þ 6¼ 0, and x ¼ �k;iðyÞ are Newton-

Puiseux roots of fk. Then

�k;iðyÞ ¼
X

a�ðk; iÞy�;

are fractional power series: � 2 1
mk

N. The coeffi-

cients a�ðk; iÞ are well-defined if we restrict � to a

real half-line through the origin. In what follows

we choose y 2 R; y � 0. This allows us to define

the contact order between two such roots as

Oð�k1;i; �k2;jÞ :¼ ord0ð�k1;i � �k2;jÞðyÞ;

y 2 R; y � 0. All roots of fk can be obtained from

�k;1 by

�k;jðyÞ ¼
X

a�ðk; 1Þ�ðj�1Þ�mky�;

where � ¼ e2�i=mk .

Denote by �all;k ¼ f�jg the set of all contact

orders between �k;1ðyÞ and the other Newton-

Puiseux roots of f . The Puiseux exponents of

�k;jðyÞ form a subset �P;k � �all;k. Clearly a�ðk; jÞ 6¼
0 if � 2 �P;k. The other exponents of �all;k can be

divided into two groups. If the denominator of �

does not divide the greatest common multiple of the

denominators of �0 2 �P;k, �
0 < �, then a�ðk; jÞ ¼ 0,

since otherwise � 2 �P;k. For the remaining

exponents there is no condition on the coefficient

a�ðk; jÞ, so we denote their set by �free;k. Finally

we set

�k :¼ �P;k [ �free;k:

For fixed k we order the roots �k;j; j ¼ 1; . . . ;

mk, by the lexicographic order on the sequences

ðargða�ðk; jÞÞ; � 2 �P;kÞ. Here arg 2 ½0; 2�Þ. We

obtain exactly the same ordering if we use

the lexicographic order on ðargða�ðk; jÞÞ; � 2 �k;

a�ðk; jÞ 6¼ 0Þ, since for two conjugate roots Oð�k;i;

�k;jÞ is a Puiseux exponent. At the beginning

the choice of �k;1 was arbitrary. From now on we

assume that �k;1 is the smallest among all �k;i with

respect to the above lexicographic order.

Lemma 0.5. Let k1 6¼ k2. Then

max
i;j

Oð�k1;i; �k2;jÞ ¼ Oð�k1;1; �k2;1Þ:

Proof. Suppose, contrary to our claim, that

Oð�k1;1; �k2;1Þ < Oð�k1;i; �k2;jÞ:

Then there exist j0 and i0 such that

Oð�k1;i; �k2;jÞ ¼ Oð�k1;1; �k2;j0 Þ ¼ Oð�k1;i0 ; �k2;1Þ:

This shows that for � ¼ Oð�k1;1; �k2;1Þ, a�ðk1; 1Þ ¼
a�ðk2; j0Þ 6¼ 0 and hence

argða�ðk1; 1ÞÞ ¼ argða�ðk2; j0ÞÞ > argða�ðk2; 1ÞÞ:

Similarly

argða�ðk2; 1ÞÞ ¼ argða�ðk1; i0ÞÞ > argða�ðk1; 1ÞÞ

that is impossible. �

Definition 0.6. We define the deformation

space DðfÞ �
Q

k C
j�kj as follows: Write an element

of Cj�kj as aðkÞ ¼ ða�ðkÞ;� 2 �kÞ 2 Cj�kj. Then, a ¼
ðaðkÞ; k ¼ 1; . . . ; NÞ 2 DðfÞ if :
(1) if � 2 �P;k the a�ðkÞ 6¼ 0,

(2) if � < Oð�k1;1; �k2;1Þ and � 2 �k1 \ �k2 then

a�ðk1Þ ¼ a�ðk2Þ.
(3) if � ¼ Oð�k1;1; �k2;1Þ and � 2 �k1 \ �k2 then

a�ðk1Þ 6¼ a�ðk2Þ.
We write each Newton-Puiseux root of f as

ð0:2Þ
�k;jðyÞ ¼

X
��1

a�ðk; jÞy� ¼
X
�2�k

a�ðk; jÞy� þ Rk;jðyÞ;

and then for ðs; aÞ 2 C�DðfÞ

�k;jðs; a; yÞ ¼
X
�2�k

a�ðkÞ�ðj�1Þ�mk

k y� þ sRk;jðyÞ;

where �k ¼ e2�i=mk . Consider the following deforma-

tion of f
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ð0:3Þ
F ð�; s; u0; a; x; yÞ ¼

ð�ðuðx; yÞ � uð0; 0ÞÞ þ u0Þ
YN
k¼1

Ymk

i¼1

ðx� �k;iðs; a; yÞÞdk ;

where ð�; s; u0; aÞ 2 P :¼ C�C�C� �DðfÞ. (P

stands for the parameter space). Then F is

analytic in all variables and fðx; yÞ ¼ F ð1; 1;
uð0; 0Þ; aðfÞ; x; yÞ, where aðfÞ is given by the coef-

ficients a�ðk; 1Þ of the Newton-Puiseux roots of f .

We call F ð0; 0; 1; a; x; yÞ : DðfÞ � ðC2; 0Þ !
ðC; 0Þ the normal family of germs associated to f .

It depends only on the topological type of

ðf�1ð0Þ; 0Þ � ðC2; 0Þ and the multiplicities dk of

irreducible components of f .

We may as well embedd f and g in one

equisingular family by taking

F ð�; s; u0; a; x; yÞ ¼ð0:4Þ

ð�1u1 þ �2u2 þ u0Þ
YN
k¼1

Ymk

i¼1

ðx� �k;iðs; a; yÞÞdk ;

where u1ðx; yÞ ¼ ufðx; yÞ � ufð0; 0Þ and u2ðx; yÞ ¼
ugðx; yÞ � ugð0; 0Þ and uf , resp. ug, denote the unit of

(0.1) for f and g respectively, s ¼ ðsf ; sgÞ 2 C2 and

�k;jðs; a; yÞ
¼
X
�2�k

a�ðkÞ�ðj�1Þ�mk

k y� þ sfRf;k;j þ sgRg;k;j:

0.2. Whitney Conditions and Thom

Condition. Let X ¼ F�1ð0Þ � U � P �C2, where

U is a small open neighbourhood of P � f0; 0g in

P �C2. We show by elementary computations

that ðU nX;X n P; P Þ as a stratification, satisfies

Whitney conditions and the strong Thom condtion

wf .

Let G be a reduced equation of X:

Gð�; s; a; x; yÞ ¼ uð�; x; yÞ
YN
k¼1

Ymk

i¼1

ðx� �k;iðs; a; yÞÞ;

The pair ðX n P; P Þ satisfies Verdier condition w,

[11], equivalent to Whitney conditions in the

complex analytic case, if for any ðx0; y0Þ 2 P there

is a constant C such that on X near ðx0; y0Þ the

following inequality holds

@G

@v

����
���� � Ckðx; yÞk @G

@x
;
@G

@y

� �����
����ð0:5Þ

where v denotes any of the coordinates on the

parameter space P . A direct computation on x ¼
�k0;i0ðs; a; yÞ gives

@G

@v
¼ �

@�k0;i0

@v

� � Y
ðk;iÞ6¼ðk0;i0Þ

ðx� �k;iðs; a; yÞÞ;

@G

@x
¼

Y
ðk;iÞ6¼ðk0;i0Þ

ðx� �k;iðs; a; yÞÞ:

and (0.5) follows from

@�k0;i0

@v

����
���� � Cjyj;ð0:6Þ

that is a consequence of the fact that all exponents

in
S

k �k are � 1.

Similarly, ðU nX;X n P; P Þ as a stratification

of F satisfies the strong Thom condition wf if for

any ðx0; y0Þ 2 P there is a constant C such that in a

neighborhood of ðx0; y0Þ the following inequality

holds

@F

@v

����
���� � Ckðx; yÞk @F

@x
;
@F

@y

� �����
����ð0:7Þ

in the complement of the zero set of F .

Replace y by tn so that the roots �k;iðs; a; tnÞ
become analytic. We denote them using a single

index as ~��mðs; a; tÞ. Given a power series �ðv; tÞ ¼P1
�¼1 a�ðvÞt�, where v 2 P , we consider a horn-

neighborhood of �

Hdð�; wÞ ¼ fðx; v; tÞ; jx� �ðv; tÞj � wjtjdg;

where d 2 N [ f0g and w > 0, compare [5] §6. In

Hdð�; wÞ we use the coordinates ~xx; t; v, where

x ¼ ~xxtd þ �ðv; tÞ:

In what follows �ðv; tÞ will be one of the roots ~��m.

Denote em;j ¼ Oð~��m; ~��jÞ for j 6¼ m. Let C > 0
stand for a large constant and " > 0 for a small

constant.

Lemma 0.7. For any d 2 N [ f0g, (0.7)

holds on ĤHdð~��m; "; CÞ :¼ Hdð~��m; "Þ n
S

l Hem;j
ð~��m;CÞ,

where the union is taken over all j 6¼ m such that

em;j > d.

Proof. Denote I ¼ fj; em;j > dg, m 2 I. Then

on ĤHdð~��m; "; CÞ

F ðv; ~xx; tÞ ¼ uðv; ~xx; tÞ tM
Y
j2I

ð~xx� �jðv; tÞÞdj ;

where M ¼
P

j=2I djem;j þ d
P

j2I dj, u is a unit,

and �j ¼ t�dð~��j � ~��mÞ, �m � 0. Then

@F

@v
¼

X
j2I

dk
�@�j=@v

~xx� �jðt; vÞ
þ

@u=@v

u

 !
F;ð0:8Þ
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@F

@x
¼ t�d @F

@~xx
ð0:9Þ

¼
X
j2I

dk
1

~xx� �jðt; vÞ
þ

@u=@~xx

u

 !
t�d F :

If ð~xx; t; vÞ 2 ĤHdð ~��m; "; CÞ and j 2 I; j 6¼ m, then

j�jj � 	j~xxj, for 	 small provided C is chosen large.

Hence j~xx� �jj � j~xxj. Moreover, for " small, the

first summand in the parenthesis of (0.9) is domi-

nant. Consequently for any j 2 I and ð~xx; t; vÞ 2
ĤHdð~��m; "; CÞ

@F

@~xx

����
���� � c

j~xx� �jj
jF j;

where c stands for a small constant. Then (0.7)

follows from (0.8) and (0.6) since j @�j
@v

j � Cjt�dyj.
The case I ¼ fmg is left to the reader. �

Lemma 0.8. Fix d ¼ em;j. Then (0.7) holds

on ~HHdð~��m;C; "Þ ¼ Hdð~��m;CÞ n
S

l Hdð~��l; "Þ, where

the union is taken over all l such that Oð~��m; ~��lÞ � d

(including l ¼ m).

Proof. On ~HHdð~��m;C;"Þ, F ðv; ~xx;tÞ ¼ uðv; ~xx;tÞtM,

and hence

t
@F

@t

����
���� ¼ M þ

t@u=@t

u

� �
F

����
���� � ðM � 	Þ 	 jF j

where 	 ! 0 as t ! 0. Then by a direct computation

of @F=@t

@F

@v

����
���� � C1jF j � C2 t

@F

@t

����
���� � C3jyj

@F

@x
;
@F

@y

� �����
����
�

To complete the proof of (0.7) we note that a

finite family of horns ĤHdð~��m; "; CÞ, ~HHdð~��m;C; "Þ,
with d ¼ em;j or d ¼ 0, covers a neighborhood of the

origin in C2 (times a neighborhood in the parameter

space).

0.3. Trivialization. By Thom-Mather theory

the family F is locally topologically trivial along P .

Moreover, it can be show easily that it can be

trivialized by Kuo’s vector field, cf. [4]. Suppose

that the parameter P space is one-dimensional with

the parameter v. Define the vector field V on each

stratum separately by formulae :

@

@v
on P

@

@v
�

@G=@v

k gradx;y Gk2
@G

@x

@

@x
þ

@G

@y

@

@y

 !
on X n P

@

@v
�

@F=@v

k gradx;y Fk2
@F

@x

@

@x
þ

@F

@y

@

@y

 !
on U nX:

The flow of V is continuous and preserves the levels

of F by the arguments of [4].
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[ 1 ] J. Briançon, P. Maisonobe and M. Merle, Local-
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