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Collision or non-collision problem for interacting Brownian particles
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Abstract: The purpose of this paper is to study the collision or non-collision problem for
interacting Brownian particles in the framework of theory of Dirichlet forms. The result is closely
related to a question on existence and uniqueness of strong solutions for stochastic differential
equations with singular drifts.
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1. Introduction and main results. One-
dimensional interacting Brownian particles are
stochastic dynamics of N -particles moving in R
with effects of mutual interactions and external
forces. Mathematically, we consider a diffusion pro-
cess {X(t) = (X1(t), . . . , XN (t)), t = 0} given
as the solution for the stochastic differential equa-
tion (SDE) of the following form: for a permuta-
tion invariant function F : RN → R and for an N -
dimensional Brownian motion {(B1(t), . . . , BN (t))},

(1.1) dXi(t) = dBi(t) +
∂F

∂xi
(X1(t), . . . , XN (t)) dt,

i = 1, . . . , N .
In many important examples (cf. [7, 8]), the po-

tential F is given in the form
(1.2)

F (x1, . . . , xN ) =
∑

15i<j5N

Φ(xi, xj) +
N∑

i=1

Ψ(xi)

for a symmetric function Φ: R2 → R and Ψ: R →
R. The functions Φ and Ψ are called an interacting
and a self potential, respectively.

In particular, when the potentials Φ and Ψ are
given by

Φ(ξ, η) = γ log |ξ − η|, Ψ(ξ) = −1
2
βξ2,

for positive constants γ and β, the corresponding
diffusion process is called Dyson’s model (in finite
dimension), which Dyson [3] studied in connection
with the statistics of the eigenvalues of some random
matrices.

Throughout this paper, taking into account
Dyson’s model, the eigenvalue processes of Wishart

2000 Mathematics Subject Classification. Primary 60J60.

processes discussed below and so on, we assume that
the potential F is given by (1.2) and that Φ(ξ, η)
diverges as ξ tends to η for all η ∈ R.

The purpose is to study the (non)collision prob-
lem for the solutions of the SDE (1.1) and (1.2) in the
framework of theory of Dirichlet forms. We say that
the interacting Brownian particles collide, if {X(t)}
hits the diagonal set D,

D = {x ∈ RN ; xi = xj for some i 6= j}

in finite time with positive probability. As is men-
tioned later, this problem is closely related to that
on the existence and uniqueness of a strong solution
for (1.1).

For Dyson’s model, Rogers-Shi [7] have proven
that the particles do not collide if γ = 1/2, and Cépa-
Lépingle [2] have proven that a strong solution ex-
ist uniquely by using some results on multi-valued
SDE’s. These results may be obtained from our re-
sults and we will also show that the particles collide
if γ < 1/2.

On the other hand, the eigenvalue processes of
Wishart processes may also be treated in our frame-
work. Let {B(t)} be anN×N Brownian matrix, that
is, a matrix-valued stochastic process whose elements
consist of independent 1-dimensional Brownian mo-
tions. A Wishart process {St} of dimension n > N−
1 may be obtained as a solution for the SDE
(1.3)
dS(t) =

√
S(t) dB(t) + dB(t)T

√
S(t) + nIN dt,

where IN is the N -dimensional identity matrix and
we denote by AT the transpose of a matrix A. In
particular, when n is a positive integer, letting {β(t)}
be an n×N Brownian matrix, {S(t)}may be realized
as S(t) = β(t)Tβ(t).
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Bru [1] has shown that, if n > N − 1, (1.3) has
a unique solution and that the eigenvalue process
{(X1(t), . . . , XN (t))} of {S(t)} satisfies an SDE. We
present the SDE satisfied by Yi(t) =

√
Xi(t): for i =

1, . . . , N ,

dYi(t) = dWi(t)

+
1

2Yi(t)

(n−1)+
N∑

j=1,j 6=i

(Yi(t))2 +(Yj(t))2

(Yi(t))2−(Yj(t))2

dt,
(1.4)

where {(W1(t), . . . ,WN (t))} is an N -dimensional
Brownian motion. She has also proven that the par-
ticles (eigenvalues) do not collide.

Now we formulate our results. We follow the
notions and the notations in [4].

Let ρ be a locally bounded, non-negative func-
tion on RN . Throughout this paper we assume:
(A-1) ρ(x) is permutation invariant.
We denote by L2(RN ; ρ) the space of real-valued
functions on RN which are square integrable with
respect to ρ(x) dx.

We consider a symmetric bilinear form E on
L2(RN ; ρ) defined by

(1.5) E(f, g) =
1
2

N∑
i=1

∫
RN

∂f

∂xi

∂g

∂xi
ρ(x) dx,

for f, g ∈ C∞0 (RN ), and assume the following:
(A-2) the symmetric form E is closable.

We denote its closure by (E ,D(E)), using the
same symbol. It is known (cf. Osada [6]) that, the
lower semicontinuity of the density ρ is sufficient
for (A-2).

(E ,D(E)) is a regular Dirichlet space relative
to L2(RN ; ρ) and we denote by (X(t), Px) the dif-
fusion process starting from x ∈ RN \ D associ-
ated with (E ,D(E)). For simplicity, we also assume
the following:
(A-3) the diffusion process is conservative.

Let σD denote the hitting time to D defined by

(1.6) σD = inf{t > 0 ; X(t) ∈ D}.

If ρ is of C1-class and positive outside D and if we set

bi(x) =
1
2
ρ(x)−1 ∂ρ(x)

∂xi
,

then {X(t)} may be realized as a solution for the
following SDE, based on anN -dimensional Brownian
motion {(B1(t), . . . , BN (t))},

(1.7){
dXi(t) = dBi(t) + bi(X(t)) dt, i = 1, . . . , N,
X0 = x ∈ RN \D,

for t < σD. Its generator is given by,

(1.8) L =
1
2

N∑
i=1

ρ(x)−1 ∂

∂xi

(
ρ(x)

∂

∂xi

)
.

Since, taking the two examples into account, we do
not assume the smoothness of the drift coefficient
b at D, the existence and uniqueness of the global
strong solution for (1.7) is nontrivial. If ρ is smooth
outside the set D and if one proves that the particles
do not hit D in finite time, then one obtains the
unique existence of a strong solution for (1.7). This
observation is one of the motivations of our study
about the collision or non-collision problem for this
diffusion process.

A sufficient condition for a diffusion process not
to hit a set with measure zero is found in [4] (cf. The-
orem 6.3.3 p.291), where a transformation of drift is
used. We cannot apply this result since we do not
assume the global smoothness of ρ. We will prove
the results by some estimates for the capacity.

Now we present our results.
Theorem 1.1. In addition to (A-1), (A-2),

(A-3), we assume that , for each a ∈ D with ai =
aj (i 6= j), there exist a positive constant λ and a
non-negative continuous function h(η) = hλ,a(η) on
(0, λ) such that

ρ(x) 5 h(|xi − xj |)

for all x ∈ U(a, λ) ≡ {z ; |z − a| < λ} and∫
0+

h(η)−1 dη = ∞.

Then we have Px(σD <∞) = 0 for q.e.x ∈ RN\D.
Remark 1.1. If ρ is smooth outside D, we

can take a version of Px which is continuous out-
side D, and obtain the result Px(σD < ∞) = 0 for
all x ∈ RN\D.

As is mentioned above, we obtain the following
from Theorem 1.1.

Corollary 1.2. If the function ρ(x) is of C1-
class on RN \ D and satisfies the assumptions of
Theorem 1.1, then the SDE (1.7) has a unique strong
solution.

We next consider the collision case.
Theorem 1.3. In addition to (A-1), (A-2),

(A-3), we assume that ρ(x) is locally uniformly posi-
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tive on RN \D and that there exist a ∈ D with ai =
aj (i 6= j), λ > 0 and a non-negative continuous
function h(η) = hλ,a(η) on (0, λ) such that

ρ(x) = h(|xi − xj |)

for all x ∈ U(a, λ) and

(1.9)
∫

0+

h(η)−1 dη <∞.

Then we have Px(σD <∞) > 0 for q.e.x ∈ RN\D.
We apply these theorems to the two examples

above.
Example 1.1 (Dyson’s model). We set

ρ(x) = exp

(
−β

N∑
i=1

x2
i

)
·

N∏
i<j

|xi − xj |2γ .

Then we obtain the Dyson’s model mentioned above.
Hence if γ = 1/2, we have non-collision for the so-
lution of SDE (1.1). In particular, when N = 2 and
β = 0, non-collision property may be obtained from
Feller’s test for explosion [5]. In fact, setting Y (t) =
X1(t) −X2(t), we easily see that {Y (t)} satisfy the
SDE,

(1.10) dY (t) =
√

2 dW (t) +
2γ
Y (t)

dt,

where {W (t) ; 0 5 t < ∞} is a 1-dimensional Brow-
nian motion. Hence, letting {R(t)} be a (2γ + 1)-
dimensional Bessel process, we see that {Y (t)} is
identical in law with {R2t}. Hence, if γ = 1/2,
{Y (t)} never hits zero a.s. In the case γ < 1/2,
we obtain P (σD <∞) > 0 by Theorem 1.3, namely,
we have collision.

Example 1.2 (Eigenvalue processes of Wishart
process). Setting

ρ(x) =

(
N∏

i=1

xn−N
i

)(
N∏

i<j

|xi + xj |

)(
N∏

i<j

|xi − xj |

)
,

we obtain the generator (1.8). Hence we have non-
collision for the solution of the SDE (1.4).

2. Proof of Theorem 1.1. First of all, we
recall the notion of capacity. Let O denote the collec-
tion of all open sets in RN . For A ∈ O, the capacity
Cap(A) is defined by

Cap(A) = inf{E(f, f) + (f, f)L2 ; f ∈ LA},
LA = {f ∈ D(E) ; f = 1, ρ-a.e. on A}.

For a general subset B ⊂ RN , we define Cap(B) =
infB⊂A∈O Cap(A).

By the general theory of Dirichlet forms [4], The-
orem 1.1 follows if we show

(2.1) Cap(D) = 0.

For this purpose, let Di,j(k, l) denote the following
subset of RN :

Di,j(k, l) = {x ∈ RN ; xi = xj , k 5 xi < k + 1,

|xν | 5 l, ν 6= i, j}.

Then, by the sub-additivity of capacity, if we show

(2.2) Cap(Di,j(k, l)) = 0

for every i, j = 1, . . . , N , l ∈ N and k ∈ Z, we
obtain (2.1). For details of the general theory of
Dirichlet forms and the corresponding diffusion pro-
cesses, we refer to [4].

To prove (2.2), we need to introduce another set
Dδ

i,j(k, l), δ > 0, given by

Dδ
i,j(k,l) = {x∈RN ; |xi−xj |<

√
2δ,

k5xi<k+1, |xν |5 l, ν 6= i,j}

and show the following proposition. Since

lim
λ↓0

lim
δ↓0

F (δ, λ) = 0,

by assumption, we obtain Theorem 1.1 from the
proposition.

Proposition 2.1. Let λ be a constant given in
Theorem 1.1. Then, there exists an absolute constant
C such that

Cap(Dδ
i,j(k, l)) 5 C · F (δ, λ)

holds for any δ < λ and for any i, j = 1, . . . , N , l ∈
N, k ∈ Z, where

F (δ, λ) =

(∫ λ

δ

h(η)−1 dη

)−1

+
∫ λ

0

h(η) dη.

Proof . For notational simplicity, we only con-
sider the case i = 1 and j = 2. Moreover, without
loss of generality, we assume x1 > x2.

We change the variables by x1 − x2 =
√

2 ξ1,
x1 + x2 =

√
2 ξ2, xj = ξj , j = 3. Letting D̃δ

1,2(l) be
a subset of RN−1 given by

D̃δ
1,2(l) = {(ξ2, ξ3, . . . , ξN ) ∈ RN−1 ;

0 5 ξ2 5
√

2, |ξν | 5 l, ν = 3}

and ψ be a non-negative C∞ function on RN−1 with
compact support such that ψ(ξ2, ξ3, . . . , ξN ) = 1 on
D̃δ

1,2(l), we set
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ψk(ξ2, ξ3, . . . , ξN ) = ψ(ξ2 −
√

2 k, ξ3, . . . , ξN ).

Moreover, letting h be the function given in Theo-
rem 1.1 and setting g(ξ1) = h(

√
2 ξ1), we consider

the function φδ on [0,∞) such that φδ(ξ1) = 1 for
0 5 ξ1 5 δ, φδ(ξ1) = 0 for ξ1 = λ′ ≡ λ/

√
2 and

φδ(ξ1) =

∫ λ′

ξ1
g(η)−1dη∫ λ′

δ
g(η)−1dη

for δ 5 ξ1 5 λ′.

Now let us consider a test function f given by

f(x1, x2, . . . , xN ) = φδ(ξ1)ψk(ξ2, ξ3, . . . , ξN ).

Then we have

E(f, f) + (f, f)L2

=
1
2

∫ λ′

0

∫
RN−1


(
∂φδ

∂ξ1

)2

ψ2
k + φ2

δ

N∑
j=2

(
∂ψk

∂ξj

)2


× ρ(x) dξ1 dξ2 · · · dξN

+
∫ λ′

0

∫
RN−1

φ2
δψ

2
kρ(x) dξ1 dξ2 · · · dξN .

Since ρ(x) 5 g(ξ1) if 0 < ξ1 < λ′ by assumption, we
have,

E(f, f) + (f, f)L2

5
1
2

∫ λ′

0

(
∂φδ

∂ξ1

)2

g(ξ1) dξ1
∫
RN−1

ψ2
k dξ2 · · · dξN

+
1
2

∫ λ′

0

φ2
δg(ξ1) dξ1

∫
RN−1

N∑
j=2

(
∂ψk

∂ξj

)2

dξ2 · · · dξN

+
1
2

∫ λ′

0

φ2
δg(ξ1) dξ1

∫
RN−1

ψ2
k dξ2 · · · dξN .

Hence there exists a constant K, which depends only
on the function ψ and its first derivatives, such that

E(f, f) + (f, f)L2

5 K

(∫ λ′

0

(
∂φδ

∂ξ1

)2

g(ξ1) dξ1 +
∫ λ′

0

φ2
δg(ξ1) dξ1

)
.

Moreover, by the definition of the function φδ(ξ1),
we obtain

E(f, f) + (f, f)L2

5 K


(∫ λ′

δ

g(η)−1 dη

)−1

+
∫ δ

0

g(η) dη

+

(∫ λ′

δ

g(η)−1 dη

)−2

I

 ,

where

I =
∫ λ′

δ

(∫ λ′

ξ1

g(η)−1dη

)2

g(ξ1) dξ1.

By integration by parts, we obtain

I 5 −

(∫ λ′

δ

g(η)−1 dη

)2 ∫ δ

0

g(η) dη

+ 2

(∫ λ′

δ

g(η)−1dη

)2 ∫ λ′

0

g(η) dη

and

E(f, f) + (f, f)L2

5 K


(∫ λ′

δ

g(η)−1 dη

)−1

+ 2
∫ λ′

0

g(η) dη

 ,

which implies the assertion of the proposition.
3. Proof of Theorem 1.3. We give a proof,

assuming i = 1 and j = 2. For a ∈ D with a1 = a2,
we let Va(λ, µ), λ > 0, µ > 0, be the set defined by

Va(λ,µ) = {x ∈RN ; |x2−x1|< λ,

|x1 +x2− 2a1|< µ,

|x3− a3|< µ,...,|xN − aN |< µ}

and consider

E1(f, f) =
1
2

N∑
i=1

∫
Va(λ,µ)

(
∂f

∂xi

)2

ρ(x) dx,

E2(f, f) =
1
4

∫
Va(λ,µ)

(
∂f

∂x1
− ∂f

∂x2

)2

h(|x1 − x2|) dx

for f ∈ C∞0 (RN ). We denote by (E1,D(E1)) and
(E2,D(E2)) the corresponding Dirichlet spaces rela-
tive to L2(RN ; ρ).

Lemma 3.1. Let Cap,Cap1,Cap2 be the ca-
pacities associated with the regular Dirichlet spaces
(E ,D(E)), (E1,D(E1)), (E2,D(E2)), respectively .
Then we have

Cap(D) = Cap1(D) = Cap2(D),

where D = {x ∈ RN ; xi = xj for some i 6= j}.
Proof . Since E(f, f) = E1(f, f) for any f ∈D(E)

and D(E) ⊆ D(E1), we have Cap(D) = Cap1(D).
For the other inequality, we note the trivial in-

equality

N∑
i=1

(
∂f

∂xi

)2

=
1
2

(
∂f

∂x1
− ∂f

∂x2

)2

.
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Then, by assumption, we have E1(f, f) = E2(f, f)
for f ∈ C∞0 (RN ), which implies the assertion.

From the lemma, we obtain Theorem 1.3 if we
show Cap2(D) > 0. For the purpose, we use the same
change of variables as in the proof of Theorem1.1.
Then we have

E2(f,f)=
1
2

∫
Va(λ,µ)

(
∂f

∂ξ1

)2

h
(√

2ξ1
)
dξ1 dξ2 · · ·dξN .

Now we consider one more regular Dirichlet
space (E3,D(E3)) relative to L2([0,∞);h(

√
2 · )) de-

fined from

E3(φ, φ) =
1
2

∫ λ/
√

2

0

(
∂φ(ξ)
∂ξ

)2

h
(√

2 ξ
)
dξ,

for φ ∈ C∞0 ([0,∞)) and denote by Cap3 the cor-
responding capacity. Then it is easy to see that
Cap2(D) > 0 if and only if Cap3({0}) > 0. The
assumption (1.9) means that, for the diffusion pro-
cess corresponding to E3, 0 is a regular boundary by
Feller’s test. Hence we obtain Cap3({0}) > 0 and
have proven Theorem 1.3.
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