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Abstract:

This is the second part of a work dedicated to the study of Bernstein-Sato poly-

nomials for several analytic functions depending on parameters. In this part, we give constructive
results generalizing previous ones obtained by the author in the case of one function. We also make
an extensive study of an example for which we give an expression of a generic (and under some

conditions, a relative) Bernstein-Sato polynomial.
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Let X € C" and Y C C™ be compact poly-
discs centered at the origin, 7 = X x Y and f =
(fi,---» fp) (p > 2) an analytic map from X to
CP. We are interested in the study of Bernstein-
Sato polynomials of f(z,yo) when yo moves through
Y. Our work is related to the notion of generic
Bernstein-Sato polynomials as in Briangon et al. [10]
(for p = 1) and Biosca [7]. Herein we shall adopt a
more constructive method as in Bahloul [4] (where
the case p = 1 was treated), based on the first part
[5] and Bahloul [2].

Our goal is to give analogous results to [4]. How-
ever, since the construction in [2] is entirely algorith-
mic only when p = 2, a part of the results herein
shall be shown only for p = 2. It would be a nice re-
sult if one could wholly achieve [2] in an algorithmic
way (here “algorithmic” means “in an infinite way”).
Note that a similar question was treated in the case
of polynomials f; in Bahloul [1] with direct methods
while constructive methods were used in Leykin [16]
(for p = 1) and Briangon, Maisonobe [13] (for p > 1).

Note. If Ogn+m denotes the sheaf of analytic
functions on C™, we shall identify Oz with the
germ Ogn+m . Sometimes, we will reduce Z without
an explicit mention so that Oz shall be identified
with the set Ogn+m (U) of sections of Ogn+m on an
open (poly)disc 0 e U C Z.

1. Main results. Dy/y denotes the ring of
relative differential operators. It is the subring of
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Dz made of elements without derivations 9,,. Let
us write s = (s1,...,5,) and 0y = (0,,...,0;,). Fol-
lowing [13], define C(s,0;) as the algebra Cls, 0]
with the relations 0y, s; = 5;0;, — 0, (j = 1,...,p)

and set Dz(s,0;) = Dz ® C(s,0). If t =
(t1,...,tp) are new indeterminates, the identification
55 = —0,;t; gives the inclusions of rings: Dz[s] C

Dz(s,0t) C Dzxcr. This identification comes from
the fact that the free Oz[1/F, s]-module Oz[1/F,s]-
f¢ (here F = fi...f, and f5 = f7'---f,7) is a
Dzxcr-module and the action of s; coincides with
that of —0;,t; (see Malgrange [17]).

For a given set of (germs at 0 of) analytic func-
tions ¢ = (g1,...,9p) on X, B(g) shall denote the
ideal of Bernstein-Sato of g (at x = 0): it is the set
of b(s) € Cl[s| satisfying b(s)g® € Dx|[s]g*"! (here
g*tt = Hg;ﬁl). This ideal is not zero (Sabbah
[19]) and in fact it contains a polynomial of the form
[[(lis1 + -+ lpsp+a) with I; € N and a € Qo
(Gyoja [15]).

Remark 1.1. Ifforanyj=1,...,p, g;l(O) ¢
Ur; g5 *(0) then B(g) C CJs] - [1;(s; +1). Indeed,
it suffices to specialize s; = —1 in a functional equa-
tion.

When the g; are in k[[z]] for some field k (of
characteristic 0) we can also consider B(g) C k[s] the
ideal defined by the same relation where we replace
Dx by D, (k) = k[[z]][8.]. Tt is well known [11] that
given g € (Ox)? C C[[x]], the formal Bernstein-Sato
ideal coincides with the analytic one.

For g € (k[[z]])? it is still an open question
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whether or not B(g) is zero. We know it is not zero
only when p =1 (Bjork [9]).
Let us come back to our situation. We retain the
notations of part 1 [5]. Set C = Oy and Q € Spec(C).
Each f; is viewed as an element of C[[z]] and we
consider the specialization (f;)g € Frac(C/Q)[[z]] to
Q so that B((f)o) is an ideal of Frac(C/Q)[s].
For any b(s) € C[s], the follow-
ing conditions are equivalent:

() b(s) € B((f)o).

(il) 3h(x,y) € Oz with h(0,y) ¢ Q such that

h(m,y)b(s)fs € Dz/y[s]fs+1 + sz/y<87at>fs.

(iii) Je(y) € Oy N Q such that for any yo € V(Q)

V(e), b(s) € B(f(x,y0))-

Proof. The proof is similar to that of [4, Th. 1].
Let us give its main lines. For (ii) = (i), it suffices to
specialize to Q, while (ii) = (iii) is trivial by taking
c(y) = h(0,y).

Let us introduce two ideals: Iy the ideal
of D(C)(s,0¢) = C[[z]][0.] ® C(s,0:) generated
by the s; + f;0, 7 = 1,...,p, and the 0., +

L _1(0f;/02:)0;, i = 1,...,n; and Ij C D,(C)[s]
defined as

Iy = (Io + Dy (Q)(s,3)) N Dx(C)[s] + Dx (C)[s] - F-

Theorem 1.

For any yo € Y, lo|y—y, is the annihilator in
D,(C)(s, ;) of 1 fi(z,y0)® (see e.g. [3, sect. 4] for
p = 1, the proof for p > 2 is the same).

Moreover, we have the following (by using an
arbitrary generic standard basis of I)): (Ij))g equals

(I)o NDa(Frac(C/Q))[s] + Da(Frac(C/Q))[s] - (F)e.

As a consequence, for b € Cls], b € B((f)o) if
and only if b € (I})g.

Now assume we have (iii). Consider the division
modulo Q of b by (a generic standard basis of) I}
(see [5, Prop. 2.2] and [4, Prop. 3.5]) and denote by
R the remainder modQ. It follows that for a generic
Yo € V(Q), Rjy—y, isin I(/)Iy:yo‘ This is possible only
if R is zero modulo Q, thus

b€ Do(Cle™)[s] - I + Da(Cle™])s] - F

for some ¢ € C . Q. Specializing this relation to Q,
we get b= (b)g € (I))g- Thus (i) is satisfied.

Now assume we have (i), which means that b €
(I))o. Let us consider the division modulo Q of b
by (an arbitrary generic standard basis of) I). The
remainder is zero modulo @, which means that
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b e Dy(Cle™)]s] - I, + Da(Qle])[s]

for some ¢ € Oy \ Q. Applying b to f*, we obtain a
formal functional equation of the form

bf* € Du(Oy e DIsLf* ™ + Du(Qle™ (s, 00} f*.

We may then pass from the formal to the analytic
setting (following the same arguments as in the last
section of [4]) and we get (ii). [l

We still don’t know whether or not B((f)g) N
CJs] is zero.

Theorem 2. Here p = 2 (see the comments
in §2 of the introduction). There exists a non zero
polynomial b(s) of the form [[(lis1 + -+ lpsp +a)
with 1; € N and a € Qxo, that belongs to B((f)a).

The proof will be given in Section 4.

As a consequence: there exists a finite stratifi-
cation Y = |J W into locally closed subsets W and
polynomials by (s) of the above form such that for
any yo € W, bw (s) € B(f(z, o))

Consider the lecm of the by, and denote it by
beomp then for any yo € Y, beomp is a Bernstein-Sato
polynomial of f(z,yo). Here beomp should be read
“comprehensive Bernstein-Sato polynomial.” It is
clear that any “relative Bernstein-Sato polynomial”
is comprehensive but the converse is obviously wrong
since a relative Bernstein-Sato polynomial does not
exist in general, even when p = 1 (see e.g. [8] for
the definition of a relative Bernstein-Sato polyno-
mial, see also [12] for general results on the subject
in the hypersurface case).

Corollary 3. Here p is not mnecessarily 2.
Take n = 2 and suppose that for a generic yo
in V(Q), fi(z,yo),..., fp(z,y0) are irreducible and
pairwise relatively prime. Take b(s) € CJ[s] then
b(s) € B((f)o) if and only if there exists H(y) €
Oy \ Q with

H(y)b(s) € DZ/Y[S]fS+1 + QD vy (s, 0¢) f°.

This means that b(s) is a “generic Bernstein-
Sato” polynomial in the sense of Biosca [7] (notice
that in previous works on this subject, the notion
of generic Bernstein-Sato polynomial is defined only
when Q = (0), see e.g. loc. cit. and its references).

The assumptions of this corrolary mean that the
relative singular locus V(0F/0x1,...,0F/0xy, F)
projects to 0 by the projection X x Y — X when
we restrict ourself to X x U and U is a Zariski open

set of V(Q).
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Let us give a:

Sketch of proof of Cor. 3. The “if” sense is
trivial. Let us prove the converse. We don’t give all
the details of the proof for it is analogous to that
of [4, Cor. 2]. Denote by J the ideal of Oz gener-
ated by F and the 0F/dz;’s. The hypothesis can be
rephrased as follows:

V(V/T+0z-Q:hy) C (0) x V(Q)

in Z=X xY, for some ho(y) € Oy ~\ Q. Thus the
zero locus of /J + Oz - Q : hg + Oz - h is included
in the zero set of h(0,y), where h is obtained from
Th. 1 (ii). As a consequence H := (hoh(0,y))* is
inJ+ 0Oz -Q+ Oz - h, for some k € N, by using
Hilbert’s Nullstellensatz. This H is in Oy ~\ Q.

Now, for a generic yo in V(Q), b(s) is a
Bernstein-Sato polynomial for f(z,yo), thus by as-
sumption and Rem. 1.1, [T} (s; +1) divides b(s). Let
us write b(s) = [[¥(s; +1) - b(s). Fori=1,...,n,
we have:

0
bs) S
- " of, F
=b(s) [[(s6 + 1) Zaff fe
k=1 j=1 I
7 z aj 1 s+1
=b(s)> | [TGse+1) (55 + V5., 7f
J=1 \k#j v

P
=0(s) 3 | [TGu+ 1)) oot
=1 \k#j
From this equality, and relation (ii) in Th. 1, we get
the desired equation with H(y). [
2. An example related to [3]. Let us con-
sider the following example:

fi(z,y) = c1(y)zf + ca(y)ah + g1 (21, 22,)
fa(2,y) = es(y)a§ + ca(y)a§ + ga(w1, w2, y)

with y = (y1,...,Ym), € = (1,22), a,b,c,d € Nxg.
Here, ¢; € Oy and g;(z,y) € Oz. We assume that
C(y) := [, ci(y) is not zero, and we work with Q =
(0) so that V(Q) =Y.

Consider the weight vectors a3 = (b,a), az =
(d,c) on the variables (x1,z2), with bc > ad. The
weight of an element g in Oy for «;, denoted by
Pa;(g), is the minimum of the a;-degrees in = of the
monomials of g.

We assume that pa,(g;) > pa, (fi), i = 1,2. As
a consequence, for any yo with C(yo) # 0, it is easy

[Vol. 82(A),

to check that fi(z,yo) and fo(z,yo) are irreducible
and relatively prime, so f satisfies the assumptions
of Cor. 3.

On the other hand, for any yo with C(yo) #
0, the main result of Bahloul [3] applies. Put
Ny = 2ab+ ad — 2a — 2b, Ny = 2cd + ad — 2¢ —
2d, W1 = {deg,, (2)} (resp. Wy = {deg,,(2)}),
z running over the monomials with deg, (z) <
Nt + pon (o) (1esp. dego, () < N + poy (f2)), and
b(s1,82) = (s1+1)(s2+1) [[, e, (absi +adsa +a+
b+ p1)I1,,ew,(adsit +cdsa + c+d + p2).

By [3, Prop. 1], for any yo € Y with C(yo) # 0,
the polynomial b(sy, s2) is in B((f1, f2)(z,y0)), that
is, b satisfies Th. 1 (iii). Applying Cor. 3, we get:

H(y)b(s1,82) ;' f32 € Dyyy[s1, 2l f7 T f32 1

for some non zero H(y) € Oy. This means that b
is a generic Bernstein-Sato polynomial in the usual
sense. If we look at the details of the proof of (iii) =
(ii) in Th. 1 and the proof of Cor. 3, we notice that
the H(y) obtained in this corollary is of the form
C(y)* for some k € N, thus:

Proposition 2.1.

C(y) b(s1,52) fi* f52 € Dyyy lsn, s T 52T

As a consequence, if C(y) 1is invertible
(i.e. C(0) # 0) then b is a relative Bernstein-Sato
polynomial. In fact, we have a more precise state-
ment:

For some k € N, we have

Set C'(y) = c1(y)ea(y). If
C' is invertible then the polynomial b above is a Tel-
ative Bernstein-Sato polynomial:

Proposition 2.2.

b(s1,82)f1' f3? € Dz/y[sl, S9] f1+1f52+1.
It is a direct consequence of the following result.

Claim 2.3. The polynomial b above satisfies:

k S S S S
(1+p)C"b(s1,s2) [1* f5? € Dzy|s1, s2] 11+1fz2+1

for somep ey, Oz[C"" "] - z; and some k € N.
Proof of the claim. The proof follows [3].
Let us first review it and then explain how it can
be adapted to our situation. In [3], the data are
analytic functions fi, fo satisfying some conditions.
For example, f; = x¢ + 25 + g1(z) and fo = 2§ +
a5 + go(x) with pa,(9:) > pa, (fi). We define &, 4, =
ko (51— k) TI25g (s2—k) S £33 for (in,i2) €
N2 €10 = [P Gomr = T 6o =
sitl g2t Then we attach ag-weights to the ele-
ments of Dx[s1,52]&, i, (see [3, Def. 1.3]), by defin-
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ing pa, (ka,l 98 st shugri ()&, i,) as the minimum
of pa, (ugki(x)) = i1pa, (f1) = i2pa; (f2)-

On the other hand, we introduce the ideals of
Ox: I = (fi,f2), I = (f1,J) and I = (f2,J).
Here J is the determinant of the jacobian matrix
of (f1, f2)(x1,22). We show that these ideals have
a finite colength lower than N; and N,. For this
purpose we use divisions and standard bases settings.
The local order used in the divisions is such that the
leading terms of f1, fo and J are x¢, 4, adx‘f_lxg_l
respectively.

Step 1. The first step of the proof is to show
that applying b to 0.0 = fi' f5? gives rise to a (finite)
sum of elements (s1 + 1)(s2 + 1)P(s)&;, i, With ;-
weight > N;.

Step 2. By division first by I and then by the
I;’s we can go down from Dx [s]&;, i, 10 Dx[s]€i;—1,i,
and Dx|s]&;, i,—1 while the a;-weight is conserved.
This enables an induction on 4; and 45, so that we
can go back to {0 = fi'f52.

Now let us see how the proof of [3] can be
adapted to prove our claim.

We work in a formal setting so that f; are viewed
in Oy|[z]]. Step 1 can be done without any prob-
lems. In Step 2, we shall do divisions by I (resp. Iy,
I;). But the leading terms of fi, fa,J are cjzf,
caxd, clc4adx‘1l_1:1:g_1 (see Propr. 2.5 and the proof
of Aff. 4.1 in [3]) so all the divisions will take place
in Oy[C" "[[z]]. Therefore, the equation obtained
will be of the form:

b(s1, 52) 7 f52 € D(OY[C' Dlsu, sal fi 524,

As above, we may pass from the formal to the ana-
lytic setting to conclude. []

3. Recalls and preliminaries on
Bernstein-Sato polynomials. In order to prove
Th. 2, we shall review some results.

For more details, see [2]. The system of coor-
dinates (z,t) being fixed, we denote by V; the V-
filtration associated with the hypersurface t; = 0,
j=1,...,p,on Dxxcr (we can see it as the natural
filtration associated with the weight vector also de-
noted V; where the weight of ¢; and 9;, are —1 and
1 respectively, and the weight is zero for the other
symbols). For L = (I1,...,l,) in (R>0)?, we denote
by VI the filtration Y y [;V; and gr’ the associated
graded ring.

Given g = (g1, ...,9p) analytic on X, we define
I the annihilator of ¢° in Dxxcr. The ideal By, is
then defined as the set of ¢(s) € Csy,...,s,] with
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the relation
c(s)g® € VZ(Dx xcr)g’.

Then by, = br, 4 (if it is not zero) is the monic poly-
nomial e(A) in one variable of the least degree sat-
isfying: e(L(s)) € Br. Here L(s) = >_;1;s;. This
polynomial is not zero (Sabbah [19] and has roots in
Q<o Gyoja [17]). It can be seen as the Bernstein-
Sato polynomial of g in the “direction” L. Notice
that in the algebraic case, b ... 1) coincides with the
b-function considered in Budur et al. [16].

Now we can consider the restriction &y (h(I)) to
the space } ; R>oVj of the analytic Grébner fan of 1,
for which we denote by Sq(Ey (h(I))) the 1-skeleton.
This restriction leaves in (R>()? and this skeleton is
in N? (because the Grobner fan is rational).

Theorem 3.1 ([19] and [2]).
NP such that the polynomial

b= 11 11

LeSq(Ev (h(I))) —L(k+(1,,1))<k<0

There exists k €

is Bernstein-Sato polynomial of g.
Remark 3.2.

e In Sabbah [19], the author shows that there ex-
ists k € NP satisfying a certain property, say
(P). Then his shows that if x satisfies (P) then
it satisfies Th. 3.1.

e When p = 2, in [2], we construct explicitely
some k making (P) true. The construction goes
as follows: Let Li,...,L,; € N? be such that
Cr,(h(I)) are the maximal cones of the (open)
fan &y (h(I)). Let G; be the reduced standard
basis of h(I) for an order <} adapted to L; and
define k' as the maximum of the ord"*(P) —
ord"" (Im < (P)) where P runs over all the ele-

ment of all the G;’s. Then k = (k!,0) satisfies
property (P). Here ord"* means the order with
respect to the filtration V3 (see [2]).
Notice that this x depends (only) on two mono-
mials of each element of the standard bases.
Thus it depends on a finite number of mono-
mials.
Lemma 3.3.
(a) With the identification s; = —0yt;, we have
Br(g) = grb(I) N CJsy, ..., 5]
(b) br 4(L(s)) is the monic generator of gr’(I) N
C[l131 + .. + lpsp}.
The lemma is a straightforward consequence of
the definitions.
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4. Proof of Theorem 2. The proof shall be
partially sketched because it uses the same method
as in [4].

4.1. Formal algorithm for by. Given L €
(R>0)P, we give an algorithm for computing the
polynomial b, for formal power series gi,...,9p €
k[[z]], k denotes a field of characteristic 0.

Lemma 4.1. Let I be an ideal in T)m. Let
2 <k<pand{j1,.--,Jk} C{L,...,p} such that
Li=0if j =3, withl <i <k (if none of the I,
is 0 then put k = 1). Then gr™(D,,) is canonically
isomorphic to k([[z,t;,, ... t5_ |[(tj., .. t5,, 0, Ox),
where the commutation relations are obtained from
f)w,t by restriction.

The proof is straightforward. Thus this graded
ring is a subring of Zﬁz,t and it can be constructed
as in [4, Section 3]. Therefore all the results of
loc. cit. about (generic) standard bases apply.

In the following, in order to simplify, we assume
s eoosdeaat = {1, .. k=1},ie. L= (0,1k,...,1,).
Consider the following ideals:

() I = 351 Daplty = 95) + 2isy DOy +
7-1(09;/02:)0y,).

This ideal is the annihilator of ¢g® in f)myt.

(1) Il = gI‘L(I) in k[[l‘,tjl7 ce 7tjk—1]]<tjk7 NN ,tjp,at,8£).
(2) IQ = ]1 N kHSC,tl, cee ,tk,ﬂ](tk, cee ,tp,atk, oo ,8tp>.

It is an elimination of the “global” variables 0,

and Oy, for j=1,...,k—1.

(3) We introduce a new indeterminate A and we con-
sider the ring

Ste—1]] (e, - -

where the new relations are: [\, z;] = [A,t;] =0
for any i and any 1 < j < k — 1 and for j >
k [tj,>\] = ljtj and [8tj7>\} = *ljatj- In other
terms, A behaves like ls; + --- + l,s, where
Sj = —8t]. tj.

We consider then the previous ideal in this ring
and we put

k[[ﬂ:,tl,.. ~7tpaatk7"'7atp>[)\]

Is=1nN k[[x,th .. ,tkfl]][)\].

We have eliminated the “global” variables t; and
0y, for j > k. Notice that now we have a com-
mutative setting.
(4) Iy = Is Nk[A]. We eliminate the “local” vari-
ables z; and ¢;.
Lemma 3.3 asserts that the monic generator of
I, (if it is not zero) is the polynomial by, 4.
The reason why we need to go through step (3)
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is that we know how to go from a given ideal
T C Ky, Ym)][M1, ..., Ag] to the ideal Z N
k[A1,...,Ag] only when ¢ = 1. We can find such
an algorithm in [4, 4.1] (which is a variant of Oaku’s
[18, Algo. 4.5]).

Details for step (1). All the steps but step (1)
consist in the elimination of global or local variables.
The elimination of global variables can be done as
in [4, Prop. 3.8] whereas the local elimination is de-
scribed in [4, 4.1]. Let us discuss step (1). As in
[5], we consider h(I) C D, (h) (we use h instead
of z not to make confusions with [4]) generated by
the degree-homogenization of the elements of I. This
ideal can be obtained via a standard basis with re-
spect to an order that respects the total degree in
the ,,’s. Then we compute a <"-standard basis G
and G),—; shall be a system of generators of gri ().
This is well known, see for example [6].

In conclusion, we can get gr’(I) from I via stan-
dard bases computations for (admissible) orders as in
[5, 4].

4.2. Here is the proof. For the proof, we
shall use tools from [4] and the first part [5].

Consider by, ((5)o)- We don’t know a priori
whether or not it is zero. By [4, sect. 4-5] applied to
the previous algorithm, we have: for a generic yg €
V(Q), br, f(x,yo) is constant and equal to by, ((f),)- So
the latter is not zero and has rational roots. (Notice
that this argument is valid for any p > 2).

Now consider the ideal I in Dy, cr/y gener-
ated by the t; — f;, 7 = 1,...,p, and the 0, +

Y1 (0f/02:)0,;, i = 1,...,n. From [5], we know
that the analytic Grobner fan of I is constant for a
generic yo € V(Q), so that the same is true for its
restriction to the space Z?Zl R>oVj, and it equals
Ev(h((I)g)). Moreover, it follows from Remark 3.2
(it is here that we need to assume p = 2) that the
element x obtained from the Grébner fan (as it is ex-
plained in this remark) is generically constant. This
k satisfies property P for f(z,yo) for a generic yog €
V(Q). This implies that the polynomial

II II b, ()0 (L(s) — k)
LeSq(Ev (h((Ig)))) —L(k+(1,-,1))<k<0

belongs to B(f(x,yo)) for a generic yo € V(Q). We
then apply (iii) in Th. 1 to conclude.
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