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A generalization on the difference between an integer

and its inverse modulo q. (II)

By Tianping Zhang∗), ∗∗) and Wenpeng Zhang∗)

(Communicated by Heisuke Hironaka, m. j. a., Jan. 12, 2005)

Abstract: Let q > 2 and c are two integers with (q, c) = 1, for each integer a with 0 <

a < q and (a, q) = 1, there exists one and only one b with 0 < b < q such that ab ≡ c (mod q). Let

M(q, k, c, n) =
q∑′

a1=1

· · ·
q∑′

an=1

q∑′

b=1
a1···anb≡c (mod q)

(a1 · · ·an − b)2k
,

the main purpose of this paper is to study the asymptotic behavior of M(q, k, c, n), and prove that
for any positive integers k and n with n ≥ 2 we have

M(q, k, c, n) =
φn(q)q2kn

(2k + 1)n
+ O

(
4kq(2k+1)n−(1/2)d2(q) ln q

)
.

Key words: Generalization; asymptotic formula.

1. Introduction. Let q ≥ 1 be a positive in-
teger. For any integers a and b, the classical Kloost-
erman sums S(a, b; q) is defined by:

(1) S(a, b; q) =
q∑′

n=1

e

(
an + bn

q

)
,

where
∑′ denotes the summation over all n such that

(n, q) = 1, nn ≡ 1 (mod q) and e(y) = e2πiy.
The various properties of S(a, b; q) were inves-

tigated by many authors. Perhaps the most famous
property of S(a, b; q) is the estimate (see [1] and [2]):

(2) |S(a, b; q)| ≤ d(q)q(1/2)(a, b, q)(1/2),

where d(q) is the divisor function, (a, b, q) denotes
the greatest common divisor of a, b and q.

In reference [3], Professor Smith generalized the
classical Kloosterman sums S(a, b; q) by introducing
the n-dimensional Kloosterman sums as

Sn(a; q) =
∑′

x mod q

e

(
a · x + an+1Nx

q

)
,

where a = (a1, a2, . . . , an) is a given vector from
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Zn, an+1 ∈ Z, summation is over vectors x =
(x1, x2, . . . , xn) from Zn each of whose components
belongs to a residue class relatively prime to q ≥ 1,
a · x = a1x1 + a2x2 + · · ·+ anxn, Nx = x1x2 · · ·xn,
and u as in (1) denotes the multiplicative inverse of
u (mod q). Then he proved a number of results con-
cerning Sn(a; q), among which is the upper bound,

|Sn(a; q)| ≤ q(n/2)(a; q)(n/2)
n dn+1(q),

where (a; q)n is precisely defied, and dn+1(q) denotes
the number of representations of q as a product of
n + 1 factors.

Apparently this inequality generalized (2) for
the one-dimensional Kloosterman sums S(a, b; q).

Let q > 2 and c are two integers with (q, c) = 1.
For each integer 0 < a < q with (a, q) = 1, we know
that there exists one and only one integer 0 < b < q

with (b, q) = 1 such that ab ≡ c (mod q). Let

M(q, k, c) =
q∑′

a=1

q∑′

b=1
ab≡c (mod q)

(a − b)2k
,

where
q∑′

a=1
denotes the summation over all a such that

(a, q) = 1. In reference [4], the second author used
the estimates for Kloosterman’s sums and trigono-
metric sums to obtain a sharp asymptotic formula
for M(q, k, c), and proved the following theorem:
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Let q > 2 and c are two integers with (q, c) = 1.
Then for any positive integer k, we have the asymp-
totic formula

M(q, k, c) =
1

(2k + 1)(k + 1)
φ(q)q2k(3)

+ O
(
4kq(4k+1)/2d2(q) ln2 q

)
,

where φ(q) is the Euler function.
For k = 1 and any fixed positive integer c with

(q, c) = 1, let

E(q, 1, c) = M(q, 1, c)− 1
6
φ(q)q2 − 1

3
q
∏
p|q

(1 − p) .

The second author [5] showed that for any integer
q > 2, we have the asymptotic formula

q∑′

c=1

E2(q, 1, c) =
5
36

q3φ3(q)
∏
pα‖q

(p+1)3

p(p2+1)
− 1

p3α−1

1 + 1
p + 1

p2

+ O

(
q5 exp

(
4 ln q

ln ln q

))
,

where
∏

pα‖q denotes the product over all prime di-
visors of q with pα|q and pα+1 � q.

This proves the error terms in (3) is the best
possible.

Now we consider a generalization on this prob-
lem. For any integers q > 2 and n ≥ 1, let

M(q, k, c, n) =
q∑′

a1=1

· · ·
q∑′

an=1

q∑′

b=1
a1···anb≡c (mod q)

(a1 · · ·an − b)2k ,

for n = 1, we have M(q, k, c, 1) = M(q, k, c), which
has been stated above; while for n ≥ 2, we still know
nothing about it yet. In this paper, we shall use the
estimates of n-dimensional Kloosterman sums and
the properties of trigonometric sums to give an in-
teresting asymptotic formula for M(q, k, c, n). That
is, we shall prove the following

Theorem. Let q > 2 and c are two integers
with (q, c) = 1, then for any positive integers n, k

with n ≥ 2, we have the asymptotic formula

M(q, k, c, n) =
φn(q)q2kn

(2k + 1)n

+ O
(
4kq(2k+1)n−(1/2)d2(q) ln q

)
.

Taking k = 1, q = p, an odd prime in our The-
orem, we immediately deduce the following

Corollary. For any odd prime number p and
positive integer n with n ≥ 2, we have

M(p, 1, c, n) =
p3n

3n
+ O

(
p3n−(1/2) lnp

)
.

2. Several Lemmas. In this section, we
shall derive the estimates from n-dimensional Kloost-
ermann sums and trigonometric sums used in the
proof of the theorem. First we have the following
several lemmas.

Lemma 1. Fixed integer n > 2. For any inte-
ger r and nonnegative integer p, we define K(r, p) =∑n

a=1 ape( ra
n

), where e(y) = e2πiy. Then we we have

K(r, p)


=

np+1

p + 1
+ O (np) if n | r;

� np

| sin (
πs
n

) | if n � r,

where s = min(r, n− r) with 1 ≤ r ≤ n − 1.
Proof. See reference [4].
Lemma 2. For each prime p, and any y ∈

Zn+1, there exist a unique integer r ≥ 0 such that
y = prx for some x ∈ Zn+1 − pZn+1; let t denotes
the number of components of x which are divisible by
p so that 0 ≤ t ≤ n. For each α ≥ 0, define

(y; pα)n = pσn(y;pα)n

where

σn(y; pα)n

=


α if r ≥ α;
r if r < α − 1;
r if r = α − 1 and t = 0;
r − 1 + 2(t−1)

n if r = α − 1 and 1 ≤ t ≤ n.

For any integer q ≥ 1, we now define

(y; q)n =
∏
pα‖q

(y; pα)n.

Then for all integers n, q ≥ 1 and all y ∈ Zn+1, we
have the upper bound

|Sn(y; q)| ≤ qn/2(y; q)n/2
n dn+1(q).

Proof. See reference [3].
Lemma 3. Let q > 2 and c are two integers

with (q, c) = 1, then for any positive integers n, pi,

(1 ≤ i ≤ n), f with n ≥ 2, we have the following
asymptotic formula
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q∑′

a1=1

· · ·
q∑′

an=1

q∑′

b=1
a1···anb≡c (mod q)

ap1
1 · · ·apn

n bf

=
φn(q)qp1+···+pn+f

(p1 + 1) · · · (pn + 1)(f + 1)

+ O
(
qp1+···+pn+f+n−(1/2)d2(q) ln q

)
.

Proof. Using the trigonometric identity

(4)
q∑

a=1

e
(

au

q

)
=

{
n, if n | u;
0, if n � u.

We obtain the identity

(5)

q∑′

a1=1

· · ·
q∑′

an=1

q∑′

b=1
a1···anb≡c (mod q)

ap1
1 · · ·apn

n bf

=
1

qn+1

q∑′

a1=1

· · ·
q∑′

an=1

q∑′

b=1
a1···anb≡c (mod q)

q∑
c1,...,cn,d=1

cp1
1 · · · cpn

n df

×
q∑

y1,...,yn,s=1

e
�

y1(a1−c1) + · · · + yn(an−cn) + s(b−d)

q

�

=
1

qn+1

q∑
y1,...,yn,s=1

q∑′

a1=1

· · ·
q∑′

an=1

e
(

y1a1 + · · ·+ ynan + sca1 · · ·an

q

)

×
q∑

c1=1

cp1
1 e

(−y1c1

q

)

· · ·
q∑

cn=1

cpn
n e

(−yncn

q

) q∑
d=1

dfe
(−sd

q

)

=
1

qn+1

q∑
y1,...,yn,s=1

S(y1 , . . . , yn, sc; q)K(−y1, p1)

· · ·K(−yn , pn)K(−s, f)

=
1

qn+1
S(q, . . . , q, qc; q)K(−q, p1)

· · ·K(−q, pn)K(−q, f) +
n∑

r=1

Cr
n

qn+1
M

+
n∑

r=1

Cr−1
n

qn+1
N +

1
qn+1

q−1∑
y1=1

· · ·
q−1∑

yn=1

q−1∑
s=1

S(y1 , . . . , yn, sc; q)K(−y1 , p1)

· · ·K(−yn , pn)K(−s, f).

where Cr
n = n!

r!(n−r)!
, (1 ≤ r ≤ n), K(r, p) and

S(y1 , . . . , yn, sc; q) = Sn(y; q) are defined on the
above, and

M =
q−1∑
y1=1

· · ·
q−1∑
yr=1

S(y1 , . . . , yr , q, . . . , q, qc; q)

× K(−y1, p1) · · ·K(−yr , pr)K(−q, pr+1)

· · ·K(−q, pn)K(−q, f),

N =
q−1∑
y1=1

· · ·
q−1∑

yr−1=1

q−1∑
s=1

S(y1 , . . . , yr−1, q, . . . , q, sc; q)

× K(−y1 , p1) · · ·K(−yr−1, pr−1)K(−q, pr)

· · ·K(−q, pn)K(−s, f).

Since 2/π ≤ sin(x/π) for |x| ≤ π/2, we obtain

1
qn+1

S(q, . . . , q, qc; q)K(−q, p1)(6)

· · ·K(−q, pn)K(−q, f)

=
φn(q)
qn+1

(
qp1+1

p1 + 1
+ O(qp1)

)
· · ·

(
qpn+1

pn + 1
+ O(qpn)

) (
qf+1

f + 1
+ O(qf)

)
=

φn(q)qp1+···+pn+f

(p1 + 1) · · · (pn + 1)(f + 1)

+ O
(
qp1+···+pn+f+n−1

)
.

Similarly, we can get the estimates

M =
q−1∑
y1=1

· · ·
q−1∑
yr=1

q∑′

a1=1

· · ·
q∑′

ar=1

q∑′

ar+1=1

(7)

· · ·
q∑′

an=1

e
(

y1a1 + · · ·+ yrar

q

)
K(−y1 , p1)

· · ·K(−yr , pr)K(−q, pr+1)

· · ·K(−q, pn)K(−q, f)

� φn−r(q)qr/2dr(q)
q−1∑
y1=1

· · ·
q−1∑
yr=1

(y1, q)1/2qp1

| sin(πy1
q )|

· · · (yr , q)1/2qpr

| sin(πyr

q
)|

(
qpr+1+1

pr+1 + 1
+ O(qpr+1 )

)
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· · ·
(

qpn+1

pn + 1
+ O(qpn)

)(
qf+1

f + 1
+ O(qf)

)

� q(p1+···+pn+f+2n− r
2+1)dr(q)

q−1∑
y1=1

· · ·
q−1∑
yr=1

(y1 , q)1/2 · · · (yr , q)1/2

y1 · · · yr

� q(p1+···+pn+f+2n− r
2+1)d2r(q) lnr q,

N �
q−1∑
y1=1

· · ·
q−1∑

yr−1=1

q−1∑
s=1

qn/2(y; q)n/2
n dn+1(q)(8)

qp1

| sin(πy1
q )| · · ·

qpr−1

| sin(πyr−1
q )|

qf

| sin(πs
q )|

×
(

qpr+1

pr + 1
+ O(qpr )

)
× · · · ×

(
qpn+1

pn + 1
+ O(qpn)

)

� q(p1+···+pn+f+ 3n
2 +1)dn+1(q)

q−1∑
y1=1

· · ·
q−1∑

yr−1=1

q−1∑
s=1

(y1, . . . , yr−1, s, q)
n/2

y1 · · ·yr−1s

� q(p1+···+pn+f+ 3n
2 +1)dn+1(q)

∑
d|q

(q−1)/d∑
l1=1

· · ·
(q−1)/d∑
lr−1=1

(q−1)/d∑
lr=1

d(n−2r)/2

l1 · · · lr−1lr

� q(p1+···+pn+f+2n−r+1)dn+1(q)d(q) lnr q,

and

1
qn+1

q−1∑
y1=1

· · ·
q−1∑

yn=1

q−1∑
s=1

S(y1 , . . . , yn, sc; q)K(−y1, p1)

(9)

· · ·K(−yn, pn)K(−s, f)

� 1
qn+1

q−1∑
y1=1

· · ·
q−1∑

yn=1

q−1∑
s=1

qn/2(y; q)n/2
n dn+1(q)

qp1

| sin(πy1
q )| · · ·

qpn

| sin(πyn

q )|
qf

| sin(πs
q )|

� q(p1+···+pn+f+ n
2 )dn+1(q)

q−1∑
y1=1

· · ·
q−1∑

yn=1

q−1∑
s=1

(y1, . . . , yn, s, q)(n/2)

y1 · · · yns

� q(p1+···+pn+f+ n
2 )dn+1(q)

∑
d|q

(q−1)/d∑
l1=1

· · ·
(q−1)/d∑

ln=1

(q−1)/d∑
ln+1=1

1
d(n+2)/2l1 · · · lnln+1

� q(p1+···+pn+f+ n
2 )dn+1(q) lnn+1 q.

Combining (5)–(9) we immediately deduce that
q∑′

a1=1

· · ·
q∑′

an=1

q∑′

b=1
a1···anb≡c (mod q)

ap1
1 · · ·apn

n bf

=
φn(q)qp1+···+pn+f

(p1 + 1) · · · (pn + 1)(f + 1)

+ O
(
qp1+···+pn+f+n−(1/2)d2(q) ln q

)
.

This completes the proof of Lemma 3.
3. Proof of the theorem. In this section,

we shall complete the proof of the Theorem. In
fact by the expansion of the binomial expression and
Lemma 3 we get

M(q, k, c, n)

=
q∑′

a1=1

· · ·
q∑′

an=1

q∑′

b=1
a1···anb≡c (mod q)

(a1 · · ·an − b)2k

=
2k∑

i=0

Ci
2k(−1)i

q∑′

a1=1

· · ·
q∑′

an=1

q∑′

b=1
a1···anb≡c (mod q)

(a1 · · ·an)2k−i
bi

=
2k∑

i=0

Ci
2k(−1)i

{
φn(q)qn(2k−i)+i

(2k − i + 1)n(i + 1)

+ O
(
qn(2k−i)+i+n−(1/2)d2(q) ln q

)}
=

2k∑
i=1

Ci
2k(−1)i

{
φn(q)qn(2k−i)+i

(2k − i + 1)n(i + 1)

+ O
(
qn(2k−i)+i+n−(1/2)d2(q) ln q

)}
+

φn(q)q2kn

(2k + 1)n
+ O

(
4kq(2k+1)n−(1/2)d2(q) ln q

)
=

φn(q)q2kn

(2k + 1)n
+ O

(
4kq(2k+1)n−(1/2)d2(q) ln q

)
,

where n ≥ 2.
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This completes the proof of the theorem.
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