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Abstract:

Let F be a real quadratic field and p a prime ideal of degree 2. We construct

a quadratic extension of the Hilbert class field in the ray class field of conductor p.

Key words:

Let F be a real quadratic field and o, € the
maximal order and a fundamental unit of F', respec-
tively, and x the character of F, that is x(p) = 1 if
and only if p splits in F for a rational prime p. For
a prime number p, we define £, by

1 if x(p)=1,
(p—1)/2 if x(p)=N(e) = -1,
p—1 if x(p)=—-N(e) =—1,

where N denotes the norm from F' to the rational
number field Q.

Let p be a prime ideal lying above p, and denot-
ing by E(p) the subgroup of (or/p)* consisting of
classes represented by units of F', we put

Iy = [(or/p)* : E(p)]-

The class field theory tells us that the degree of the
ray class field F(p) of conductor p of F over F is a
product of the class number of F' and I,. It is easy
to see that ¢, divides I, and so I, is a product of
two integers ¢, and I,,/¢,. The behavior of the num-
ber I,/¢, depends heavily on each prime. However
we have shown that under generalized Riemann hy-
potheses the set of prime ideals satisfying I,,/¢, =
1 has a positive (modified natural) density in each
case ([IK, L, M, CKY, R]). Hence the subfield F’(p)
corresponding to the degree ¢, may be considered a
basic part of the ray class field F(p).
The field F’(p) is given as follows:
(i) F'(p) = the Hilbert class field Fy when x(p) =
L
(ii) F’(p) = the composite of F and Q((, + ¢, ')
when x(p) = N(e) = -1,
(iii) F'(p) = a quadratic extension of the composite
of Fiy and Q(¢+¢, ") when x(p) =—N(e)=—1.
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Here the Hilbert class field F'y is in the weak sense,
i.e. it is real in this case, and (, is a primitive pth
root of unity.

The first aim is to describe explicitly the
quadratic extension in the case (iii) (Theorem 1).

The second is to show that the fickle extension
degree I,/¢, = [F(p) : F'(p)] is controlled by the
property of the Frobenius automorphism of the fields
F(Cam, %/€) independent of F(p) (Theorem 2).

The followings are known.

Lemma 1. Let K/F be a finite abelian exten-
sion and let L = K(y/a) (a € K) be a quadratic
extension of K. Then the extension L/F is abelian
if and only if there is an element b, € K for any au-
tomorphism r € Gal(K/F) such that k(a) = ab? and
£(bn)bx = n(bk)by, hold for any 1,k € Gal(K/F).

Lemma 2. Let L = K(y/a) be a quadratic ex-
tension of an algebraic number field K. Let p be a
prime ideal of K. If ordya is odd, then p is rami-
fied at L/K. If p {2 and ord, a is even, then p is
unramified at L/K. If p| 2 and ord, a = 0, then p
is unramified at L/ K if and only if 2* = a mod p>™
has a solution in ox where m = ordy 2.

Hereafter till Theorem 1, F = Q(v/D) is a real
quadratic field and € is a fundamental unit of F' and
assume N (€) = 1. We denote the (real) Hilbert class
field of F' by Fp. Because of the assumption N(e) =
1, there is a totally positive element o € Fy such
that a field Fy(y/—a) is abelian over F and every
finite place of F' is unramified. We can take « so
that (a,2) = 1. By virtue of Lemma 2, « satisfies
that for a prime ideal p of F| ord, « is even and 2% =
—a mod 4 has a solution in of,, . Using this «, we can
construct the quadratic extension of Fy in question.

Lemma 3. Let p be an odd prime number un-
ramified at F/Q. Put a = (1 —(p)(1 — ¢, M and
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K= FH(Cp—i—Cp_l), where C, is a primitive pth root of
unity. Then L = K(\/a) is a real abelian extension
of F.

Proof. a is obviously totally positive and hence
L is real. For k,n € Gal(K/F), we define odd num-

bers m,n by £(¢p + (1) =G + G (G + G =
G+ ¢, ™. Then we have
rla)/a= (1= = ")r(e)/
(1-G)1-¢ha
:(Cg_l+...+1)
< (G -+ k() /a
— (Cpgn—l)/Q 4+t Cp—("—l)/2>2
x k(a)/a.
On the other hand, Fy(v/—a)/F is abelian and
hence there is an element ¢, € Fy such that
k(—a)/(—a) = 2 and c¢n(cy) = cuk(cy) since
KlFysMry € Gal(Fy/F). Now we put b, =
(gﬁ"f”” +-- 4 Cpf(nfl)/z)c,i; then (a)/a = b2 and
we have, because of p{ m
byn(by) = (C,(,’”_l)/g 4ot C;(m_l)/2)cn
~ ((C;n)(nfl)ﬂ NS (C;n)f(nfl)/Z)
X 1(ck)
=G TVRAG -1/(G - 1)

e (GO R VI (CUE)
X cyn(cx)
= RGN = 1)/~ 1)
X cpn(ce).
Hence b,n(bi) = b.k(by) holds. Thus L/F is abelian.
L]
Lemma 4. The conductor of L/F isp if p is

an odd prime number and unramified at F/Q.

Proof. First, we show that every prime ideal
not lying above p is unramified at L/K. Let q be a
prime ideal of K. If q 1 2p, then ordy(a) = ordq(«)
is even and hence q is unramified at L/K. Suppose
q | 2; then by Lemma 2, we have only to show 22 =
(1—¢p)(1—¢, ")ermod 4 has a solution in ox. Since
we have

1-G)A-¢1

=(1=¢ " Na-¢h
_ (ngpfl)ﬂ _ Cpf(pfl)/2)

X (¢ V/2 — clrm1/2)
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_ _(C]gp—l)/2 _ Cp—(p—l)/2)2

= _(41(31971)/2 + Cpf(p*l)/?)2 +4
= _(C]gp—l)/2 + Cp—(p—l)/2)2 mod 4,

and 22 = —a mod 4 has a solution in og,,, there is a
solution z in ox for #* = (1 — (,)(1 — ¢, ')armod 4.
Therefore q is unramified at L/K. Thus every prime
ideal not lying above p is unramified at L/K and
hence at L/F. Let B be a prime ideal of L lying
above p. For Hasse’s function ¢ p with respect
to P, and for the last non-trivial ramification group
Vi (B; L/ F), the PN F-factor of the conductor of L/F
is given by (mﬂF)wZ/lF(t)H. For Hasse’s function, we
know ¢r/r = 0r/rpPry/F and @p, F is the iden-
tity since Fiy/F is unramified. On the other hand, a
divisor [L : Fg] of p—1 is prime to p and then the first
ramification group V4 (B; L/ Fy) is trivial since its or-
der is a power of p. Thus ¢r,/p(v) = ¢r/p, (V) = ev
holds if v > 0, where e is the ramification index of
B at L/Fy. Since the last non-trivial ramification
group of P with respect to L/F is the inertia group,
the contribution of 8 N F' to the conductor of L/F
is PN F itself. L]

Thus we have shown, as a special case of
Lemma 4

Theorem 1. Let F be a real quadratic field
and suppose that the norm of the fundamental unit
€ is 1. Then for a prime number p which remains
prime in F, the quadratic extension of the composite
field of the Hilbert class field and Q((, + Cp’l) in the
ray class field of F' of conductor p is given by L in

Lemma 3.

Theorem 2. Let F be a real quadratic field
and € the fundamental unit. Let p be an odd prime
number unramified in F and put F,, = F((om, /€)
for a natural number m. Then I,/¢, is the mazimal
integer m relatively prime to p such that

(i) p is completely decomposable in Fy, if x(p) =1,
(ii) the Frobenius automorphism p of a prime ideal
B of Fi, lying above p satisfies
_ 2 —2
=Gty W = v

if x(p) = N(e) = —1.
(iii) the Frobenius automorphism p of a prime ideal
B of F, lying above p satisfies

Cé)m = CQ_n}u %P = %_1
i X(p) = ~N(0) = 1.
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Proof. This is an immediate corollary of
Lemma 4 in [K2]. Define the polynomial g(x) by
x—1, z+ 1, x + 1 according to the case (i), (ii),
(i), respectively. The automorphism 7 € Gal(F/Q)
stands for the identity in the case (i), and for the
non-trivial automorphism, otherwise. Then g(x) is a
primitive integral polynomial of minimal degree such
that the group

{ug(n) |u € ol}

is finite, and the order §; of the group is 1,2,1 ac-
cording to the case (i), (ii), (iii), respectively. The
polynomial h(z) is defined by 1 in case of (i), and
x — 1, otherwise. Applying Lemma 4 in [K2] to this
situation with K = F, we have, for Yu € o}

mh(p) /6 | I, & /" =1

for the Frobenius automorphism p of a prime ideal
P of F,, lying above p, where m is supposed to be
relatively prime to p. This completes the proof, since
h(p)/é1 = £, holds. []
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