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Geometric properties of nonlinear integral transforms

of certain analytic functions

By Yong Chan Kim,∗) S. Ponnusamy,∗∗) and Toshiyuki Sugawa
∗∗∗)

(Communicated by Shigefumi Mori, m. j. a., May 12, 2004)

Abstract: By using norm estimates of the pre-Schwarzian derivatives for certain analytic
functions defined by a nonlinear integral transform, we shall give several interesting geometric
properties of the integral transform.
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1. Introduction. Let H denote the class of
all analytic functions in the open unit disk D =
{|z| < 1} and A denote the class of functions f ∈
H normalized by f(0) = 0 = f ′(0) − 1. Also let
S denote the class of all univalent functions in A.
Let S∗ and K denote the familiar classes of func-
tions in A that are starlike (with respect to origin)
and convex, respectively. As is well known (cf. [5]),
these two classes are analytically characterized, re-
spectively, by

f ∈ K ⇔ Re
(

1 +
zf ′′(z)
f ′(z)

)
> 0, z ∈ D,

and

f ∈ S∗ ⇔ Re
(
zf ′(z)
f(z)

)
> 0, z ∈ D.

Note that f ∈ S∗ ⇔ J [f ] ∈ K, where J [f ] denotes
the Alexander transform [2] of f ∈ A defined by

J [f ](z) =
∫ z

0

f(ζ)
ζ

dζ =
∫ 1

0

f(tz)
dt

t
.

In 1960, Biernacki claimed that f ∈ S implies
J [f ] ∈ S, but this turned out to be wrong (see [5,
Theorem 8.11]). This means that the Alexander in-
tegral operator J does not preserve the class S.

A function f ∈ A is said to be close-to-convex
if there exists a (not necessarily normalized) convex
function g such that
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Re
(
f ′(z)
g′(z)

)
> 0, z ∈ D.

We shall denote by C the class of close-to-convex
functions in D. It is well known that a close-to-
convex function is univalent (cf. [5]).

In [11], Y. J. Kim and Merkes considered the
nonlinear integral transform Jα defined by

Jα[f ](z) =
∫ z

0

(
f(ζ)
ζ

)α

dζ

for complex numbers α and for functions f in the
class

ZF = {f ∈ A : f(z) �= 0 for all 0 < |z| < 1}
and showed that

Jα(S) = {Jα[f ] : f ∈ S} ⊂ S
when |α| ≤ 1/4. Up to now, the best constant is not
known for this result. Also, Singh and Chichra [17]
proved that, for α ∈ C with |α| ≤ 1/2, the inequality

Jα(S∗) ⊂ S
holds, where 1/2 is sharp. Note also that Aksent’ev
and Nezhmetdinov proved in [1] that Jα(S∗) ⊂ S
precisely when either |α| ≤ 1/2 or α ∈ [1/2, 3/2].
More generally, for a given constant β > 0, it may
be interesting to find a subclass F of A such that
Jα(F) ⊂ S for all α ∈ C with |α| ≤ β. The main
purpose of this note is to give such classes F in a
concrete way.

Let f : D → C be analytic and locally univalent.
The pre-Schwarzian derivative Tf of f is defined by

Tf (z) =
f ′′(z)
f ′(z)

.

Also, with respect to the Hornich operation [7], the
quantity
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‖f‖ = sup
z∈D

(1− |z|2)|Tf (z)|

can be regarded as a norm of the space of uniformly
locally univalent analytic functions f in D (see [8] for
details). Here, an analytic function f on D is said
to be uniformly locally univalent if f is univalent on
each hyperbolic disk in D with a fixed radius. Note,
in fact, that f is uniformly locally univalent if and
only if ‖f‖ < ∞ (see [18]). In connection with the
above norm, the following result is important to note.

Theorem A. Let f be analytic and locally
univalent in D. Then

(i) if ‖f‖ ≤ 1 then f is univalent, and
(ii) if ‖f‖ < 2 then f is bounded.

The constants are sharp.
The part (i) is due to Becker [3] and sharpness

of the constant 1 is due to Becker and Pommerenke
[4]. The part (ii) is obvious (see [9, Corollary 2.4]).
Note also that, recently, Kari and Per Hag [6] gave
a necessary and sufficient condition for f ∈ S to
have a John disk as the image in terms of the pre-
Schwarzian derivative of f . Also, the norm estimates
for typical subclasses of univalent functions are inves-
tigated by many authors ([19, 9, 10], and so on).

In the present paper, first we estimate the norm
of Jα[f ] for a function f in a subclass of A and then
make use of Theorem A to obtain boundedness and
univalence of the nonlinear integral transform Jα[f ]
of f . We give also conditions for Jα[f ] to be in typical
subclasses of univalent functions such as S∗, K and
C.

2. Main results. For a constant 0 < λ ≤ 1,
consider the class U(λ) defined by

U(λ) = {f ∈ A : |f ′(z)(z/f(z))2 − 1| < λ, z ∈ D}.
The class U(λ) looks natural through the transfor-
mation F (ζ) = 1/f(1/ζ), where |ζ| > 1. In fact,
F ′(1/z) = f ′(z)(z/f(z))2 and therefore, f ∈ U(λ) if
and only if |F ′(ζ)− 1| < λ in |ζ| > 1. Note that f ∈
U(λ) has no zeros in D∗ = D \ {0}, namely, U(λ) ⊂
ZF , because z2f ′(z)/f(z)2 is analytic in D. It is
known [16] that U(λ) ⊂ S for 0 < λ ≤ 1 and that ev-
ery f ∈ U(λ) admits a K-quasiconformal extension
to the Riemann sphere when K = (1 + λ)/(1− λ) <
∞ (see [12]). In particular, the Bieberbach theorem
yields that |a2| = |f ′′(0)/2| ≤ 2 for f ∈ U(1). Set

Uσ(λ) = {f ∈ U(λ) : |f ′′(0)| ≤ 2σ}
for σ ≥ 0. Recently, the class U(λ) and its re-
lated classes have been studied extensively by M.

Obradović and Ponnusamy [14]. Furthermore, it is
shown in [15] that U0(λ) ⊂ S∗ for 0 < λ ≤ 1/

√
2,

and that, for 1/
√

2 < λ ≤ 1, every function in U0(λ)
is starlike in |z| < 1/

√
2λ.

Theorem 2.1. Let λ, µ and σ be non-negative
numbers with µ = σ + λ ≤ 1. For a function f ∈
Uσ(λ), one obtains the estimate

(2.2) ‖Jα[f ]‖ ≤ 2|α|µ
1 +

√
1− µ2

for every α ∈ C, where equality holds precisely when
f(z) = z/(1−az) with |a| = µ. In particular, Jα[f ] ∈
S whenever |α| ≤ (1 +

√
1− µ2)/2µ.

Proof. Taking a logarithmic differentiation, we
obtain Jα[f ] = αJ [f ] and thus

‖Jα[f ]‖ = |α| ‖J [f ]‖.
Hence it suffices to show the inequality (2.2) in the
case α = 1. Let f(z) = z + a2z

2 + · · · be in Uσ(λ)
and set F = J [f ]. Since f ′(z)(z/f(z))2 = 1 + (a3 +
3a2

2)z2 + · · · , we can write

f ′(z)
(

z

f(z)

)2

= 1 + λz2ω(z),

where ω is an analytic function in D with |ω(z)| ≤ 1.
If we set g(z) = 1/f(z) − 1/z, then we see that g is
analytic in D and g(0) = −a2. Using the identity

g′(z) = − f ′(z)
f2(z)

+
1
z2

= −λω(z),

we get the representation

(2.3)
z

f(z)
= 1− a2z − λz2

∫ 1

0

ω(tz) dt,

of f . (Conversely, for an arbitrary analytic function
ω : D → C with |ω(z)| ≤ 1, the function f given by
(2.3) belongs to the class U(λ) as long as the right-
hand side of (2.3) does not vanish in D. The require-
ment that f ∈ ZF is guaranteed by |a2| ≤ 1− λ.)

Since |a2|+ λ ≤ µ, by (2.3), we get∣∣∣∣ z

f(z)
− 1
∣∣∣∣ ≤ |a2z|+ λ|z|2 < µ.

This implies that F ′(z) = f(z)/z is subordinate to
the function p(z) = 1/(1+µz). By the Schwarz-Pick
lemma, we easily obtain

‖F ‖ ≤ sup
z∈D

(1− |z|2)
∣∣∣∣p′(z)p(z)

∣∣∣∣ ,
see [9, Theorem 4.1]. Since
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p′(z)
p(z)

= − µ

1 + µz
,

a computation shows that

sup
z∈D

(1− |z|2)
∣∣∣∣p′(z)p(z)

∣∣∣∣ = µ sup
0<t<1

1− t2

1− µt

=
2µ

1 +
√

1− µ2
,

where the supremum is attained by z = t = µ/(1 +√
1− µ2). Thus inequality (2.2) follows. The case

of equality can be easily analyzed in the above.
Because

‖Jα[f ]‖ ≤ 2|α|µ/(1 +
√

1− µ2) ≤ 1,

Becker’s univalence criterion (Theorem A) yields the
second assertion.

Letting a2 = 0 in Theorem 2.1, we obtain the
following corollary.

Corollary 2.4. Let 0 < λ ≤ 1, and α ∈ C
with |α| ≤ (1 +

√
1− λ2)/2λ. Then, Jα(U0(λ)) ⊂ S

holds.
We may rewrite the last corollary in the follow-

ing equivalent form.
Corollary 2.5. For β ≥ 0, set Fβ =

U0(4β/(1 + 4β2)). Then Jα(Fβ) ⊂ S holds for all
α ∈ C with |α| ≤ β.

When α is real, we can deduce a stronger con-
clusion.

Theorem 2.6. Let f be a function in U1−λ(λ)
for some λ ∈ (0, 1]. Then Jα[f ] is a close-to-convex
function for each α ∈ [−1, 1].

Proof. By (2.3), we have

Re
z

f(z)
> 1− (|a2|+ λ) ≥ 0, z ∈ D.

Therefore, both J−1[f ] and J [f ] = J1[f ] are close-
to-convex functions. Convexity of the class C with
respect to the Hornich operation (cf. [13]) implies
that Jα[f ] ∈ C for α ∈ [−1, 1].

Next, we consider a function f ∈ A satisfying
the condition |f ′′(z)/2| ≤ µ, z ∈ D, for a positive
constant µ. As we see below, if µ ≤ 1/2, then f is
starlike, and thus, univalent. Otherwise, however, f
may not be locally univalent as the example f(z) =
z + µz2 shows.

Theorem 2.7. Let f be a function in A such
that |f ′′(z)| ≤ 2µ, z ∈ D, holds for some constant
0 < µ ≤ 1. Then f ∈ ZF and the sharp inequality

(2.8) ‖Jα[f ]‖ ≤ 2|α|µ
1 +

√
1− µ2

holds for each α ∈ C. If, in addition, µ < 1, then
equality holds above precisely when f(z) = z + az2

for a constant a with |a| = µ. Moreover,
(i) Jα[f ] ∈ S if |α| ≤ (1 +

√
1− µ2)/2µ,

(ii) Jα[f ] ∈ K if |α| ≤ (1 − µ)/µ.

Note that (1 +
√

1− µ2)/2µ > (1− µ)/µ holds
for all µ > 0.

Proof. We may write f ′′(z) = 2µω(z), where
|ω| ≤ 1. By integration, we have

f ′(z) = 1 + 2µz
∫ 1

0

ω(tz) dt

and

f(z) = z + 2µz2

∫ 1

0

(1− t)ω(tz) dt.

Since | ∫ 1

0
(1 − t)ω(tz) dt| ≤ 1/2, we conclude that

|f(z)/z − 1| ≤ µ|z| < 1. In particular, f ∈ ZF .
Furthermore,

zf ′(z)
f(z)

− 1 =
2µz

∫ 1

0 tω(tz) dt

1 + 2µz
∫ 1

0
(1− t)ω(tz) dt

,

and hence, ∣∣∣∣zf ′(z)f(z)
− 1
∣∣∣∣ ≤ µ|z|

1− µ|z| .

In particular, it turns out that f is starlike when µ ≤
1/2. Since

1 +
z(Jα[f ])′′(z)
(Jα[f ])′(z)

= 1 + α

(
zf ′(z)
f(z)

− 1
)
,

we obtain the convexity of Jα[f ] under the assump-
tion |α|µ/(1 − µ) ≤ 1. In addition, we have the
estimate

‖J [f ]‖ ≤ sup
0<t<1

µ
1− t2

1− µt

= 2
1−√1− µ2

µ

=
2µ

1 +
√

1− µ2

in the same way as in the proof of Theorem 2.1,
where the supremum is taken by t0 = µ/(1 +√

1− µ2). When µ < 1, this point is contained in D.
Therefore, we can examine the equality case through
the above proof. The univalence of Jα[f ] under the
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hypothesis |α| ≤ (1+
√

1− µ2)/2µ follows from The-
orem A (i) because ‖Jα[f ]‖ = |α| ‖J [f ]‖ ≤ 1.
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[ 3 ] Becker, J.: Löwnersche Differentialgleichung und
quasikonform fortsetzbare schlichte Funktionen.
J. Reine Angew. Math., 255, 23–43 (1972).

[ 4 ] Becker, J., and Pommerenke, Ch.: Schlichtheit-
skriterien und Jordangebiete. J. Reine Angew.
Math., 354, 74–94 (1984).

[ 5 ] Duren, P. L.: Univalent Functions. Grundlehren
der Mathematischen Wissenschaften, vol. 259,
Springer-Verlag, New York (1983).

[ 6 ] Hag, K., and Hag, P.: John disks and the pre-
Schwarzian derivative. Ann. Acad. Sci. Fenn.
Math., 26, 205–224 (2001).

[ 7 ] Hornich, H.: Ein Banachraum analytischer Funk-
tionen in Zusammenhang mit den schlichten
Funktionen. Monatsh. Math., 73, 36–45 (1969).

[ 8 ] Kim, Y. C., Ponnusamy, S., and Sugawa, T.: Map-
ping properties of nonlinear integral operators
and pre-Schwarzian derivatives. (Preprint).

[ 9 ] Kim, Y. C., and Sugawa, T.: Growth and coef-
ficient estimates for uniformly locally univalent
functions on the unit disk. Rocky Mountain J.
Math., 32, 179–200 (2002).

[ 10 ] Kim, Y. C., and Sugawa, T.: Norm estimates of
the pre-Schwarzian derivatives for certain classes
of univalent functions. (2004). (Preprint).

[ 11 ] Kim, Y. J., and Merkes, E. P.: On an integral of
powers of a spirallike function. Kyungpook Math.
J., 12, 249–253 (1972).
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