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Abstract:

In the following article we present the results on the existence of almost periodic

solutions for impulsive neural networks. We also formulate several results on exponential stability

of these equations.
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1. Introduction. The mathematical models
of many problems and phenomena in the real world
can be described with impulsive differential equa-

tions of the form

#(t) = F(t, x(t)),
Ax(t) = Ie(x(t)),

t# T,
t=m, k€Z,

where t belongs to the interval J C R, F': JxR"™ —
R"™, the sequence {7} has no finite accumulation
point, Az(t) = z(t +0) — z(t — 0), I : R — R™.

The theory of impulsive differential equations
goes back to the works of Mil'man and Myshkis
[13]. In the recent years impulsive differential equa-
tions have been intensively researched (see the mono-
graphs of Samoilenko and Perestyuk [2] and Laksh-
mikantham et al. [12]). Recently, some qualitative
properties (oscillation, asymptotic behavior and sta-
bility) are investigated by several authors (see [9-
10)).

In this paper, we investigate the existence and
attractivity of almost periodic solutions for impul-
sive cellular neural networks. It is well know that
the neural networks have successful applications in
many fields such as optimization, associative mem-
ory, signal and image procesing. Many authors have
paid much attention to research on the theory and
aplication of the cellular neural networks.

The main results related to the study of the ex-
istence almost periodic solutions for system with im-
pulses effects have been obtained in [3-8].

2. Preliminary notes. Let in n-dimen-
sional Euclidean space R"™ with elements z =
col(xy,xa,...,2,) the norm is defined by |z| =
max;{|z;]}, R = (—o00,0), Ry = [0,400), Q be
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a domain in R", Q # 0.

By B, B = {{Tk}l?;—oo e € Ry < Tk+1,
k € Z, limg_, 400 T = £00} we denote the set of all
sequences unbounded and strictly increasing.

We shall investigate the problem of existence of
almost periodic solutions of the system of impulsive
cellular neural networks in the form

(1)
Ti(t) = Z aij(t)z;(t) + Z aij(t) fi(x;(t))

+ i Bij(t)f; (Mj/oook?z'j (u)z; (t—u)dU) +7%(t),

j=1
t#7, i=1,2,...,n,

Ax(t) = Apx(t) + I (z(t)) + 7,
t=m, k€Z,

where

(i) teR, aij(t)a aij(t)a 5ij(t) € C(Ra R), fj(t) €
CR,R), 1j € Ry, kij(t) € C(Ry, Ry), %i(t) €
CR,R),i=1,2,...,n,j=1,2,...,n;

(ii) Ay e R™™"™, Ii(z) € C(QR™), v € R, {1} €
B, keZ.

Let PC(J,R™), J C R is the space of all piecewise

continuous functions z : J — R™ with points of dis-

continuity of first kind 7% in which it is left continu-

ous, i.e. the following relations hold

2(1,—0) = z(1%), (1 +0) = (1) +Ax(7), k € Z.

Recall [9] that the solution z(t) of (2) is from
PC(J,R"™).

The initial condition associated with (1) is of
the form

(2) z(t) = ¢o(t), t€R,
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where ¢o(t) € PC(R,R") is almost periodic func-
tion with points of discontinuity of first kind 7, k €
Z.

Since the solutions of (1), (2) are piecewise func-
tions we adopt from [1] the following definitions for
almost periodicity.

Definition 1 [2]. The set of sequences {7}},
T,f =Tht; — Tk, k € Z, j € Z, {r;} € B is said to
be uniformly almost periodic if for arbitrary € > 0
there exists relatively dense set of e-almost periods
common for any sequences.

Definition 2 [2]. The function p € PC(R,R")
is said to be almost periodic, if:

a) the set of sequences {Tg I3 T,f = Thyj — Tk,
ke Z jeZ {r} € B and it is uniformly almost
periodic.

b) for any € > 0 there exists a real number § >
0 such that if the points ¢ and ¢’ belong to one and
the same interval of continuity of ¢(t) and satisfy the
inequality [t' —t”| < 4, then |p(t") — ()| < e.

c¢) for any € > 0 there exists a relatively dense
set T such that if 7 € T, then |p(t+7) — p(t)| < € for
all t € R satisfying the condition |t — 7| > €, k € Z.

The elements of T are called e-almost periods of
(t)-

Together with the system (1) we consider the
linear system

o [H0=A00, 1#7
Ax(t) = Agx(t), t=1k, k € Z,

where t € R, A(t) = (ai5(t), i = 1,2,...,n, j =
1,2,...,n.

Introduce the following conditions:
H1l. A(t) € C(R,R") and is almost periodic in the
sense of Bohr.
H2. det(E+ Ag) # 0 and the sequence {Ax}, k € Z
is almost periodic, £ € R™*"™,

H3. The set of sequences {7} }, 70 = Tp4j — Tk, k €
Z,j € Z,{r;} € B is uniformly almost periodic and
there exists 6 > 0 such that infy, T,% =0>0.

Recall [9] that if Ug(t, s, ) is the Cauchy matrix
for the system

z(t)dt = A(t)x(t), -1 <t <7k, {7k} €B

then the Cauchy matrix for the system (3) is in the
form
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Uk(t,s), Th—1 < s <t <7,
Uk41(t, 7 + 0)(E + Ap) Ui (8, 9),
Th—1 <8 < T <t < T,
Uk41(t, 7 + 0)(E + Ag)Ug (7%, 7 + 0)
(B + A)Ui(Ti, s),
Tic1 <8< T < T <t < Tpgr

and the solutions of (3) are writen in the form
x(t; to, $0) = W(t, to)xo.

Lemma 1 [2].
fulfilled:

1. Conditions H1-H3 are fulfilled.

2. For the Cauchy matriz W (t, s) of the system
(3) there exist positive constants K and X\ such that

Let the following conditions be

[W(t,s)| < Ke 2% ¢ >5 tsecR.

Then for anye >0,t e R, s e R, t > s, [t —7%| > &,
|s — 16| > €, k € Z there exists a relatively dense
set T of e-almost periods of the matriz A(t) and a
positive constant T' such that for 7 € T it follows

W (t+7,5+7)— W(t,s)| < ele”N2(E=9),

Introduce the following conditions:
H4. The functions «;;(t) are almost periodic in the
sense of Bohr, and

0 < sup |ay;(t)] = @,y < oo.
teR

H5. The functions f;;(t), i = 1,2,...,n, j =
1,2,...,n are almost periodic in the sense of Bohr,
and

0 <sup|B;;(t)] = Bij < oo.
teR
H6. The functions f;(¢) are almost periodic in the
sense of Bohr,
0 <sup|f;(t)| < oo, f;(0)=0,
teR
and there exists L1 > 0 such that for t,s € R
mjax|fj(t) — i) <Lilt—=s|, j=1,2,...,n.

H7. The functions k;;(t) satisfies

/ kij(s)ds =1, / skij(s)ds < o0,
0 0

ij=1,2,...,n.

H8. The functions v;(¢t), ¢ = 1,2,...,n are almost
periodic in the sense of Bohr, {7 }rez is almost pe-
riodic sequence and there exists Cy > 0 such that
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max{max [3()], max [yl b < Co.
K3

H9. The sequence of functions Ij(z) is almost peri-
odic uniformly with respect to z € 2 and there exists
Lo > 0 such that

[Tk (x) — I (y)| < Lalz —yl

fork eZ, x,y € Q.

Lemma 2 [2]. Let the conditions H1-H6, HS
be fulfilled. Then for each € > 0 there exist €1, 0 <
€1 < € and relatively dense sets T of real numbers
and Q of whole numbers, such that the following re-
lations are fulfilled:

(a) J[A(t+7)—At)| <e, teR, 7€ T;
(b) Jouj(t+7)—aj(t)| <e, teR, 7T, [t—T14] >

e kel i,7=12,....n;

(C) |ﬁij(t+7') _ﬁij(t)l <eteR, 7eT, |t—Tk| >

e kel i,7=12,...,n;

@) |fit+7)=f;@t)] <e,teR, 7T, [t—T1%| > ¢,
keZ,j=1,2,...,n;

(€) |Aktq — Akl <e, teR,qeQ, k €Z;

) |1yt+1)—vi@t)| <e, teR, 7T, |t—Tk| > &,
keZ,j=12,...,n;

(8) Mhtq — Wl <& teR,geQ, keZ;

h) [Tl —7|<e,qeQ, 7€T, keZ

Lemma 3 [2]. Let the set of sequences {1} be
uniformly almost periodic. Then for each p > 0 there
exists a positive integer N such that on each interval
of length p no more than N elements of the sequence
{Tk}, i.e.,

i(s,t) < N(t—s)+ N,

where i(s,t) is the number of points Ty, in the interval
(s,t).
3. Main results

Theorem 1. Let the following conditions be

fulfilled:
1. Conditions H1-H8 are fulfilled.
2. The number

n
— L
— -1 [e% :
r_K{m?X)\ ng (aij"‘ﬁz‘j”j)"_m}

j=1
< 1.
Then:
1. There exists unique almost periodic solution x(t)
of (1).

2. If the following inequalities hold
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14+ KL, <e,
n
A= KLymax» (@i + Byp;) —NIn(1 + KLy) > 0
K]
j=1
then the solution x(t) is exponentially stable.

Proof of assertion 1. We denote with D, D C
PC(R,R"™) the set of all almost periodic functions
o(t) satisfying the inequality ||¢|| < K, |l¢|| =
supser |o(t)], K = KCo(5 + == )-

Set

G(t,z) = col {Gl(t, x),Ga(t, x),. .., Gult, x)},
,Y(t) = COl(,yl (t)a VQ(t)a R 'Yn(t)),

where

Gi(t,z) = Z ijfi(z;(t))

+> B f; (Mj/ k?z'j(u)xj(t—u)du),
j=1 0
i=1,2,....n.

Define in D an operator S,
t
@ Sp= [ WtSIGpo) + 1)y

+ 3 Wt ) (o) + ],

TE<t

and subset D*, D* C D,

. rK
0 ={peDillo-wll <2

where
t
o= [ Witsn(s)ds + 3 Wt nu.
- tr<t
We have

t

) llgull = sup{ma( [ Wt 9)ll(5)1ds)

—00

+ 0 Wl }

TE<t

< sup{maX(/t Ke_k(t_s)lw(S)ldS)

teR ~
+ Y Ke My |

TR <t
SK(%JF 1—02%) =K

Then for arbitrary ¢ € D* from (4) and (5) we
have
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K
<lp - <—+K= -
lell < [l = woll + ligoll < T +F = =

Now we prove that S is self-mapping from D* to D*.
For arbitrary ¢ € D* it follows

(6)  [[Se — gl

n

= sup {max/_; |W (¢, s)|( 1 |aij(s) fi(x(s))l

teER g iz
+ i 1B (s)] ‘f] (Mj /O°° kij(w)p;(s — u)du) ‘ds)
£ 20 Wl (el }

TE<t

t n
< {mzfctx(/_oo Ke M=), ;(aij +5ijﬂj)d5)

+ > Ke ML g

T <t

n
< & L 3@+ B + s el

rK
.

=rllell <

Let 7 € T, ¢ € (Q where the sets T and @ are
determined in Lemma 2.

Then
(7) [ISe(t+7) = Se()]

¢
< sup {max(/ [W(Et+7,s+71)—W(t,s)|
teR B oo

x \iaixs)fj(w(s )
+jZ:5ij(5+T)fj (s [ stwdes(s + r—ujau)fas
[ e s>|\j§:au<s>fj (¢s(s+7)
* JZ: Big(s ) (1 /O " ks (s+ r—u)du)
—jziaixs)fj (95(5))
- jz:ﬁij(s)fj (ks /O " oy () (s — u)du [ ds)

+ 3 W+ 7, Thrg) = Wt 70) [ Tt q(0(Th))|

TE<t
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0 W) g (p(ia)) — Telp(m))] |

TE<t

<eC
where

Ly - — L, TN
Cr= 2 o (S 4103, )+ 22

Jj=1

From (6) and (7) we obtain that S¢ € D*.
Let ¢ € D*, ) € D*. We get

(8) IS¢ — S|
< spfme([ w0
[Z |vij ()11 £ (05 (s)) — fi(¥5(s))]

+ i 185 (s) ‘fj (Mj /O°° kij(u)p;(s — u)du)

— [ (Mj /000 kij(w)y;(s — u)du) ‘ } ds)
+ 0 W mk(p(m)) = Tk((m))] |

T <t
" L
-1 2 2
< K (max(A'L, jzﬂmjuj) + =) lle =yl
=rllg =il

Then from (8)it follows that S is contracting op-
erator in D*. So there exists unique almost periodic
solution of (1). O

Proof of assertion 2. Let y(t) be arbitrary so-
lution of (1) with initial condition y(to + 0, to, o) =
wo, wo € PC(tp). Then from (3) we obtain
y(t) — x(t) = W(t, to)(wo — o)

t

to

+ > W) () — L (@(7))].

to<Tr <t

Then
ly(t) — x(t)] < Ke 2710 g — |

t
+ max( Ke M=),

% to

(@i + Boghti) () — i(s)|ds)

n
X

J
+ D Ke M Lyly(ry) — a(m)]-

to<Tr <t



202 G. T. StAMOV

Set u(t) = |y(t) — z(t)|e* and from Gronwall-
Bellman’s lemma [2] we have

ly(t) — =(t)]
< K|wo — pol(1 + K Ly)'to-t)

n
X eXp(—)\ + KLy m?xZ(aij + ﬁijuj)) (t —to).
j=1
U

Thus Theorem 1 is complete.

We note that the main inequalities which are
used in proof of Theorem 1 are connect with the
properies of the matrix W (¢, s) for a system (3). Now
we will consider special case in which these properties
are accomplished.

Example 1. Now consider the classical model
of impulsive Hopfield neural networks

9)
(1) = —a;(t)xi(t) + Z aij fi(z(t))

+ zn:@'jfj (uj/oook:ij(u)xj(t—u)du) +(t),

j=1
t# Tk,
Ax(t) = Agx(t) + I (z(t) + %, t=7k, k €Z,

i=1,2,...,n,

where

(i) t € R, ai(t) S C(R, R), Qj, ﬁij € R, fj(t) S
CR,R), 1 € Ry, kij(t) € C(R4, Ry), 7%i(t) €
CR,R),i=1,2,...,n,j=1,2,...,n;

(ii) Ay € R™™"™, Ii(z) €e C(QR™), v € R™, {711} €
B, keZ.
Lemma 4.

filled:

1. For the matriz A(t) = diag[—a1(¢), —az(t),
ooy —aq(t)] it follows that a;(t) i =1,2,...,n is al-
most periodic function in the sense of Bohr and

1 T
Th—»néof/t a;(t)dt >0, i=1,2,...,n.

2. The conditions H2, H3 are fulfilled.
Then for the Cauchy’s matriz W (t, s) it follows

[W(t,s)| < Ke Mt=s)

Let the following conditions be ful-

wheret € R, s € Rt > s, K, \ are positive con-
stants.
Proof. The proof of Lemma 4 is analogous with
the proof of Lemma 2 from [3]. O
Theorem 2. Let the following conditions be
fulfilled:
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1. Conditions of Lemma 4 are fulfilled.
2. Conditions H6-H9 are fulfilled.
3. The number

n
— —L2
r= K{)\ 'y ;(aij +Bihg) + 1= e—)\} <l

Then there exists unique almost periodic solu-
tion x(t) of (9).
If the following inequalities hold

1+KL2<6,

n
A= KLY (ij+ Bijpg) — NIn(1+ KLy) >0

=1

then the solution x(t) is exponentially stable.

Proof. The proof of Theorem 2 it follows from
Lemma 4, the proof of Lemma 2 and the proof of
Theorem 1. Ol
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