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L2-torsion invariants and homology growth of a torus bundle over S*
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Abstract:

We introduced an infinite sequence of L2-torsion invariants for surface bundles

over the circle in [4]. In this note, we investigate in detail the first two terms for a torus bundle

case. In particular, we show that the first invariant can be described by the asymptotic behavior
of the order of the first homology group of a cyclic covering.

Key words:

1. Introduction. LZ-analogues of the Rei-
demeister and the Ray-Singer torsion were initiated
by Mathai [11], Carey-Mathai [1] and Lott [6]. They
are defined by using the Fuglede-Kadison determi-
nant of von Neumann algebras. It is shown in [3, 10]
that the L2-torsion for the regular representation of
fundamental groups is equal to a constant multiple of
Gromov’s simplicial volume. Thus, for a hyperbolic
manifold, it is essentially equal to its hyperbolic vol-
ume.

Recently we started to study an infinite se-
quence {7i}ren of L2-torsion invariants, which
should approximate the original L2-torsion 7, of a
surface bundle over the circle S'. The purpose of
this note is to show that the first invariant 7, can be
described by the asymptotic behavior of the order
of the first homology group of cyclic coverings. We
give a proof only for genus one case, but we easily
see that it holds for higher genera. Further we show
that the second term 75 of our L2-torsion invariants
is trivial for all torus bundles over S*.

First we review a definition of the Fuglede-
Kadison determinant. Let 7 be a finitely presentable
group and Cr denote its group ring over C. For
an element y° . Agg € Cmr, we define the Cr-trace
trgx : Cr — C by trex (dew )\gg) = X € C,
where e is the unit element in 7. Next, for a ma-
trix B = (b;;) € M(n, Cr), we extend this definition
of Cr-trace by means of
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tI‘Cﬂ-(B) = Z trex (b“)
=1

Let ?(7) denote the complex Hilbert space of formal
sums Y gex Agg which are square summable. For any
matrix B € M (n,Cr), we consider the bounded 7-
equivariant operator

) "2 "2
Rp: ®i=1l (r) — 691':1[ (m)
defined by natural right action of B. We fix a positive

real number K so that K > ||Rp||e holds, where
||RB||oo is the operator norm of Rp.

Definition 1.1. The Fuglede-Kadison deter-
minant of a matrix B is defined by

detcw(B)
11
-2 *\P
= K"exp<—§p5=15trcﬂ- (I—K BB ) > € Ry,

if the infinite sum of non-negative real numbers
S°(1/p) trex (I-K~2BB*)” converges to a real num-
ber. Here I is the identity matrix and B* denotes
the adjoint of B. That is, B* = (b;;) and Y. \,g =
S A9t

Remark 1.2. (i) The Fuglede-Kadison de-
terminant detc,(B) is independent of the choice of
the constant K.

(ii) Recently Schick [12] defined some class of
groups, which includes abelian groups and amenable
groups, and proved the following: If a group =
belongs to this class and lim, .o (1/p)tres (I —
K_QBB*)p = 0, then the above infinite sum con-

verges.

2. Definition of 7. From now on, we re-
strict ourselves to a surface bundle over S' and re-
view the construction of its L2-torsion invariants (see
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[4] for details). As for the definition of the original
L2-torsion 7, see [9)].

Let ¥,1 be a compact oriented smooth surface
of genus g > 1 with one boundary component. For an
orientation preserving diffeomorphism ¢ of ¥, 1, we
form the mapping torus W, by taking ¥, 1 %[0, 1] and
gluing ¥, 1 x {0} and ¥, 1 x {1} via . For simplicity,
we put m = 7 (W, *) and I' = 71 (2,1, *), where the
base point * of m and I is the same one on the fiber
Yg,1 x {0} C W,,. Then 7 is isomorphic to the semi-
direct product of I and m St =2 Z = (t).

Now let us consider the lower central series of I':

F1:FDF23---DFkD"'a

where Ty, = [['y—1,T1] for & > 2. Let Nj be the
kth nilpotent quotient Ny = T'/Ty, and py : T' — Ny
be the natural projection. The group I'y is a nor-
mal subgroup of 7, so that we can take the quotient
group (k) = 7/T. It should be noted that w(k) is
isomorphic to the semi-direct product Ny x Z. We
denote the induced homomorphism m — 7 (k) by the
same letter py. Thereby we can consider the chain
complex

Cy (W, 12 (n(k))) = 12 (m(k)) @z C(W,y)

through the projection py, where Wq; — W, is a uni-
versal covering space. By using the Laplace operator
on this complex, we define the kth L?-torsion 7, (W)
as follows:

Definition 2.1.

3

_q1yitLs

(W) = [T detorgn (A7),
=0

where Agk) : C’i(Ww, Cr(k)) — C’i(Ww, Cr(k)) is the
Laplace operator on Cr(k).

Remark 2.2. For some K, a limit of
(1/p)trex (I — K_QAgk)(Agk))*)p on p is zero by
Liick [8]. Furthermore it is easy to see w(k) belongs
to the class of groups defined by Schick. Therefore
every T is well-defined.

Here let us state our volume conjecture for a
surface bundle over S*.

Conjecture 2.3. The sequence {7 (Wy)},cn
converges to T(W,,) when we take the limit on k.

In our setting, Liick’s formula [7] of 7,(W,,) is
described as follows: Let 1, ..., 224 be a generating
system of the free group Fy, = I'. Then the funda-
mental group 7 is presented by

L2-torsion invariants 7

G Tag,t | Ty = tait! (pulai)) ",

1<i<2g),

7T=<$1,..

where ¢, : I' — I' is a homomorphism induced by ¢ :
Yg1 — 2g,1. Applying the free differential calculus
to relators rq, ..., 724, we obtain a Fox matrix

87“1'
A= M(2q,Zm).
(axj>€ (29, Zn)

Let pg, : Cr — Cr(k) be an induced homomor-
phism over the group rings and we put

A= (. (52)) € brtzg. Cxi).

J

Moreover we fix a constant K} satisfying Kj >
[|RA,||oo. Thereby the formula is given by

log 7 (W) = —2log det (i) (Ax)
= —4glog K},

(oo}
+ Z l’CI“(;W(;C) (I - Kk_QAkA;;)p .
p=1 P
3. A formula of 7 and cyclic covering.
In the following, we only consider torus bundles over
the circle. First we review a formula of the first in-
variant 71 (see [4, 5]).
Theorem 3.1.
given by

The logarithm of T (W) is

log 71 (W,) = —2log max{|a|, 1/]c|},

where a and 1/« are the eigenvalues of the homology
representation o, € SL(2,7Z).

Remark 3.2. In other words, the first term
log 7 is nothing but minus twice of the Mahler mea-
sure (see [2]) of the characteristic polynomial of ¢, €
SL(2,7Z).

From this description, we obtain the following
notable corollary.

Corollary 3.3. A mapping torus W, admits
a hyperbolic structure if and only if W, has a non-
trivial L?-torsion invariant 7 (Ww)'

Therefore, in some sense, we can say that the
first invariant 7 already approximates the simplicial
volume in genus one case.

By the way, if we consider only the first term 7,
we can define it for a manifold M with a surjection
m (M) — T = Z, for example an exterior of a knot,
not only for surface bundles. In this case, the above
formula of 71 is related with the following classical
result on knots (see [13]).
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We fix a prime number n > 2. Let Wyn —
W, be the n-fold cyclic covering of W,. Then
we define ord(p,n) to be the order of the quotient
group Hi(Wyn, Z)/(t). If its order is infinity, we put
ord(p,n) = 0. Here associated with

m(Wy) = 7(1) =T = (t) >t t € T = (| ),

we can define the L2-torsion invariant Tl(")(Ww). Be-

cause in this case, CT(") = [?(T(") = C" is a finite

dimensional vector space. We then obtain
Theorem 3.4. It holds that

2
(i) 10g7’1(")(W¢) =- logord(p, n),
(ii) lim log 7™ (W,) = log (W,).
n—oo
Proof. We consider the Fox matrix A(ln) S
M(2, CT™) over CT™), which is induced from A;
by the projection T — T("). We write fl(l") to its in-

duced linear endmorphism on 12(T™)) @ 12(T(™)) =~
C™ @ C" = C?™. Then we notice the fact that

1 -
treqm (A = o tr(A),

where ‘tr’ is the ordinary trace for matrices. By using
this fact and the definition of detc7eny , it follows that

1 .
log det o n) (A(I")) == log | det(A(ln))|,

where ‘det’ denotes the usual determinant. On
the other hand, A(ln) is a presentation matrix for
H1(Wyn,Z) as a ZT-module and fl(l") is such one
as a Z-module. Thus |det(/~1(1"))| = ord(p, n) holds.
Therefore, by using Liick’s formula mentioned in
the previous section, we obtain logrl(")(Ww) =
(—=2/n)logord(p,n).

To prove the second assertion, we only have to
show

nlingo trero (f()) = trer (f(t))

for any f(t) = > axt® € CT. Here we have written
f(f) to the corresponding element in CT(™).

By the definition, trarm (f(t) = =g @
The right hand side is equal to a finite sum
Sor(1/n)f(¢?), where ¢ is a primitive nth root of
unity. Because n is prime and ( is primitive, and
then

1 & i _akn ik ) ak
E;ak@)k—?zwﬁ—{o

i=1

(¢F=1)
(¢*#1)

holds. Furthermore it is clear that
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n 1
. 1 i\ 2my/—10
Jim D) = | e a.
1=
Here we recall from [4] Theorem 5.1 that

1
trer(7(0) = [ 1) as
0
holds. Hence we have

Jim troron (f(F)) = trer (f(2)-
|

Remark 3.5. The above theorem also holds
for higher genera. As for a related work to Theo-
rem 3.4, see [14].

4. Vanishing of log 75. As was showing in
[4], for a monodromy ¢ : X171 — X1 satisfying
[tr(ps)| < 2, the kth invariant 7,(W,,) is trivial for
every k. In general, we can prove the vanishing of
log 72(W,,) as follows:

Theorem 4.1.
ways trivial.

The second term (W) is al-

Proof. To prove this theorem, we use Liick’s
formula in the closed surface bundle case ([7] Theo-
rem 2.4). For any diffeomorphism ¢ on a closed torus
¥4, we simply denote its fundamental group 1 (W)
by 7©. We then obtain the same Fox matrix

A= (8”>.
é)xj

In this case, Liick’s formula of the original L?-torsion
7 is described as follows:

log7(Wy) = —2logdetcr(A).

Now we regard as 11 C Xy andlet ¢ : 3y — ¥4
be a diffeomorphism induced from ¢ : ¥1; — 311
(namely, ¢|s, , = ¢ holds). Thereby we have

log m5(We,) = log 7(Wy) = C[|[Wo||

by the above formula and the definition of 75. Here
C is a constant and ||Wy|| the simplicial volume of
Wy (see [7]). This Wy is a Seifert fibered space, or
a solvable manifold. Hence ||[Wy|| is zero. Therefore
log 72(W,,) is also zero. This completes the proof.
Ol
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