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Abstract:

Let H@ be the graded ring generated by the r-th higher weight enumerators

of all codes of any length, 1 < r < ¢g. In this note we will prove that $©) is not finitely generated.
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1. Preliminaries. Let ¢ be a power of an
arbitrary prime number and F, the field of ¢ ele-
ments. A code C of length n means a subspace of
F}. For the details of coding theory and the weight
enumerators we shall next define, we refer to [4] and
its references.

Let C be a code of length n. For a positive inte-
ger g we define the g-th complete weight enumerator
Wég) (x4 : a € FY) of the code C by

Wég) (xa ra e F‘g) = Z H xZa('Uh“'v'“Q),
V150,04 €C a€FY
where n4(v1,...,v,) denotes the number of ¢ such
that @ = (v14, ..., vg). This is a homogeneous poly-

nomial of degree*) n. Direct computation shows
(9) .
(1) Wee,(a:aeF))

= Wégl)(xa ra€FY)- Wéi)(xa ra € FY)

for codes C and C5, where & denotes the direct sum
of codes.

Let C be a code of length n. We write Wég) (x,y)
after transforming the variables of Wég ) (Ta:a €FY)
as

z if a=0€Fy,
Tq ~
y otherwise.

We define the 0-th higher weight enumerator by
Héo)(x, y) = a™ and for a positive integer g we in-
ductively define the g-th higher weight enumerator
H(Cg) (x,y) by the formula
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*) Throughout this note we assume that each degree of z
and y is 1, thus the degree of z'y? is i + j.
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(2) W (@,y) = Y ol HEY (2,9),

0<r<g
where [glo =1 and [g], = (¢ —¢"")(¢? —¢" %) -
(¢9 —q)(¢9 — 1) for 1 < r < g. Compare with [1, 2].
2. Result. Let H@ be the ring generated by
the Hg) (x,9)'s, 1 <r < g, of all codes of any length
over the complex number field C. Our result in this
note is

Theorem. The ring ?)(9) is not finitely gener-
ated.

In order to prove Theorem we need the following

Lemma. Let C be a code of length n. Then
x"Hg) (x,y) is contained in H9) forany r, 1<r<
g.

Proof of Lemma. We prove this by induction
on r. Recall that C' is a code of length n.

If r =1, we have
1 1
Wlo(@,y) = 2" + Ho) o, y).
Using the identity (1), we have
2
1
B oo — (5D o)

of this

20" HY (2, y) =

The right hand side thus
x"H(Cl)(x, y), lies in H(9).
Suppose that r > 2. Considering C & C instead

of C in the identity (2), we have

r 2 (r)
(Z[ [ HE (2 y>> = [rlHE, o (2, y),

i=0 =0

formula,

or,

20" HE (w,y) = Y [rliH Lo (2, y)
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- { (i[r]zf‘[g)(x,y)> + ([T]THg)(x,y))Q

+ 22" (T_ H(z) (x,y )
+2 ( B y>> 1Y y>}

Applying the induction hypothesis to the right hand
side of this identity, we conclude that x™H, g ) (x,y)

lies in (9. This completes the proof of Lemma. [
Proof of Theorem. If

by aoy”,
=ag—1 =0, a@#oa

f=apnx™ + ap_12""

Ap = -+~

then we write w(f) = —¢. We put w(0) = co. For
any code C of length n and any positive integer r,
we have w(Hg) (x,y)) > —n. This fact will be used
below.

Preparing this, we shall show that 5(9) is not
finitely generated. Assume that H@ is finitely gen-
erated: H©@ = C[H(Cill)(x,y), . ,Hg:)(x,y)] For a
positive integer d, we shall denote by H9) (d) the sub-
ring of H9) generated by all elements of $9) whose
degrees are multiples of d. The degrees of the gen-
erators of $) may be different, however, a certain
subring of $@) is able to be generated by the ele-
ments whose degrees are the same. More precisely
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there exists a positive integer 7 such that $(9) (r) can
be generated by the F1, ..., F};, whose degrees (as ho-
mogeneous polynomials in Clz, y]) are r (¢f. [3], p. 89
Lemma 3). Here we may take each F; as a monomial
of Hgll)(x,y), .. .,Hg:)(x,y). Moreover we assume
w(Fy) > w(Fy) > -+ > w(Fy,). We remark that
w(Fy,) > —r because of the fact stated after the def-
inition of w(x). By Lemma, 2" F},, belongs to Ha) (r)
and must be written in the form

'y = Z (const.) FiF;.

But this is not the case because of the fact
w(@"Fy,) = —r + w(Fy,) < w(FF;) for every i, j.

Hence $@ is not finitely generated. Ol
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