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Abstract:

In this paper, we study length spectrum of circles on a complex projective space

and on a complex hyperbolic space. In particular, we focus ourselves on the asymptotic behaviour
of the number of congruency classes of circles with length A and on the asymptotic behaviour
of the number of congruency classes of circles of prescribed geodesic curvature with length not

greater than A.
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Introduction. Let M be a complete Rieman-
nian manifold. A smooth curve v : R — M
parametrized by its arclength is called a circle of
geodesic curvature k if it satisfies

V5 Vsi(t) = —r%5(1).

Here  is a non-negative constant and V5 denotes
the covariant differentiation along v with respect to
the Riemannian connection. In preceding papers [A]
and [AM], S. Maeda and the author studied lengths
of circles on non-flat complex space forms, which are
complex projective spaces and complex hyperbolic
spaces. The aim of this paper is to add some results
to their papers.

A circle v is said to be closed if there exists posi-
tive t, with y(t) = y(t+t.) for every ¢. The minimum
positive t. with this property is called the length of
~ and is denoted by length(y). For an open circle v,
a circle which is not closed, we put length(y) = co.
We are interested in how lengths of circles are dis-
tributed on the real line. In order to get rid of the
influence of the isometry group of the base manifold
M, we consider congruency classes of circles. We
call two circles y; and 2 on M congruent if there
exist an isometry ¢ of M and a constant ty satisfy-
ing v1(t) = @ o ya(t + to) for all ¢.

For a complex projective space CP™ and a com-
plex hyperbolic space CH™ of complex dimension
n (> 2), we showed in the preceding papers that for
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each positive A there is at least one circle with length
A. So we are interested in quantitative properties.
In section 1, we consider the multiplicity at A, that
is the number of congruency classes of circles with
length A, and study its asymptotic behaviour when
A goes to infinity by counting pairs of relatively prime
positive integers with some conditions.

In section 2, we classify circles by their geodesic
curvature. A circle of null geodesic curvature is
nothing but a geodesic. It is well known that for
a compact Riemannian manifold of negative curva-
ture there is a resemblance between length of closed
geodesics and prime numbers (see [PP], for exam-
ple). Although our situation is much simpler than
this case, we prepare a corresponding result for cir-
cles of prescribed geodesic curvature on non-flat com-
plex space forms. We consider the number of con-
gruency classes of circles of given geodesic curvature
x whose length is not greater than A, and study its
asymptotic behaviour when A goes to infinity.

1. Multiplicity of length spectrum of cir-

For a complete Riemannian manifold M, we
denote by Cir(M) the set of all congruency classes
of circles on M. The length spectrum of circles
Ly : Cir(M) — R U {oo} is defined by Ly ([v]) =
length(v), where [y] denotes the congruency class
containing v. We also call the set LSpec(M) =
Ly (Cir(M)) N R the length spectrum of circles on
M. For example, the length spectrums of real space
forms, that is a standard sphere S™(c¢) of curvature
¢, a Euclidean space R™, and a hyperbolic space

cles.

H"™(—c) of curvature —c, are
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LSpec(5™(c)) = (0,27 /+/c],
LSpec(R") = LSpec(H"(—¢)) = (0, ).

For a complex hyperbolic space CH"(—c) of holo-
morphic sectional curvature —c and a complex pro-
jective space CP™(c) of holomorphic sectional curva-
ture ¢ whose complex dimension n is not less than 2,
their length spectrums are set theoretically simple:

LSpec(CP"(c)) = LSpec(CH"(—c)) = (0, c0).

We hence study the number of congruency classes
of circles with given length spectrum. We call the
cardinality mas()) of the set £, (\) the multiplicity
of Ly at a length spectrum A. For example, for real
space forms their multiplicities satisfy

mgn(ey(A) =1 for 0 < X < 27//c,
Mmgn(e)(A) = 0 for A > 21/\/c,
mpRn(A) = mpn(—¢)(A) =1 for each A > 0.

It is much complicated for length spectrums of circles
on non-flat complex space forms. In [A] and [AM],
we showed the following on multiplicities: When n >
2

1) mgpn(e)(A) and mepgn(—c)(A) are finite at each
point A, but they are not uniformly finite with
respect to A,

2) mgpn(—¢) is left continuous and monotone in-
creasing.

In this section we study asymptotic behaviour of the
multiplicities mcpn(c)(A) and mepn(—c)(A) when A
goes to infinity.

Theorem 1. For a complex projective space
CP™(c) of constant holomorphic sectional curvature
¢ and complex dimension n (> 2), the multiplicity

mgcpn(e) of length spectrum of circles satisfies

mcpn(e)(A) 9

I -
N M2logh 8l

A—00

Proof. Following [AM] the length spectrum of
circles on CP"(c) is as follows.

LSpec(CP"(c)) = (07 \2/9 - (O’ ?/9
ulJ {If(p,q)

p and g are relatively prime }
)
where the interval I.(, o) is given by

positive integers with p > ¢
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47 47
(3\/5\/ 2¢(3p + q), ?Tﬁv 9p? — q2> )
if pq is even,
2 2T
= /2q(3 = — ¢
(3\/5 q(p+Q),3ﬁ p q>,

if pq is odd,

Ir(p,q) =

and the multiplicity mcpn(c)(A) hence coincides with
the number of sets I, ) containing A when A >
4n/y/c. Therefore what we have to do is to study
the cardinality of the set

p and ¢ are relatively prime
positive integers which satisfy
(p,q) | P> q, pq is even,
(47/3)1/2¢(3p + q)Jc < A
(A7/3)\/(9p? — ¢*)/c > A
p and ¢ are relatively prime
positive integers which satisfy
U (p,q) | P> q, pq is odd,
(27/3)1/2¢(3p + q) /e < A

(27/3)y/(9p* — ¢*)/c > A

For a positive real number A and a positive in-
teger k, we denote by a(\) and by a(A; k) the cardi-
nality of the sets

S:

p and ¢ are relatively
prime integers with
(p,q) €EZ x Z|9p? — q> > 2)2, ,
a(3p+4q) < N2,
p>q=1
9p? — q% > 2)2,
(p,q) € kZ x KZ | q(3p+ q) < N2,
p>q>1

A(N) =

AN k) =

respectively. Here kZ denotes the set {kj | j € Z}.
Since the correspondence (p,q) — (kp,kq) of
A(MNk; 1) to A(X; k) is bijective, we find the following
relation by using the Mobius function p;

o (A/2] A
o) =S u(Bah) = Y- nthda (1)
k=1 k=1

where [§] denotes the integer part of a real number
0. Since the area of the set

92 — y% > 2)2
2 - ’
{WW)GR‘y@x+MSA%x2y21}

is
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A2 A2
S log (\/2/\2 Y14 1) - (g2 +1)
1
+%—6(\/2/\2+1—1),
one can easily find positive constants C'; and Cy with

)\2
a(X1) — 3log)\’ <O\ +Cy

for every positive A. Therefore we get

ah) 1 “f (k)

Mlog\ 3 k2
_ |37 b (a1}
= k2 | (A/k)?logA 3
[A/2]
- Z k2 {3log)\
log(A/k) a(M\k;1) 1
logA | (A/k)?log(N/k) 3
< /2] Cl + CQ + logk
= 22\ #%logA " A2logA 3k log A
201 Cy  2log A+ A
S Togh | 2xlogh | 3Alogh 0 (A= o0).

We hence obtain

et )\2 log N

. 12
C3(2)
where in the product ¢ runs over all positive prime
integers and ¢ denotes the Riemann zeta function.

1
3
_ 1L
3

1}

In order to estimate the cardinality of the set S,
for a positive number A we denote by a°(\) and by
a®()\) the cardinality of the sets

p and ¢ are relatively prime
integers which satisfy

pq is odd, 9p? — g% > 2)2, ’
qBp+q) <X andp>qg>1
p and g are relatively prime
integers which satisfy

pq is even, 9p? — g% > 2)2,
qBp+q) <X andp>qg>1

(p,q) €EZXZ

(p,q) €EZXZ

respectively. For a positive real number A and a pos-

[Vol. T6(A),

itive integer k we consider the following three sets
P and @ are positive
odd integers which satisfy
P>Q,9P?—-Q?>2)\ (°
QBP+Q) < A\
p+1>q2>1,
Ip+1)2—¢%>2)\% 3,
a3(p+1) +q} <A
p>q+12>2,

(p,q) €EZ X Z|9p? — (¢ +1)% >2)\2% 3,
¢{3p+ (g + 1)} < A2

which are denoted by A°(A; k), Bx(A) and By(\) re-
spectively, and put a®(\; k) the cardinality of the set
A°(X; k). Since the correspondences (2p+1,2g+1) —
(p, q) of A°(X;1) to B, (A/2) and (p, q) — (2p+1,2q+
1) of By(A\/2) to A°(A;1) are injective, by applying
the same argument on a(\; 1) to the cardinalities of
By (A) and By()), we find positive constants C and
C!, with

(P,Q) € kZ x kZ

(p,q) €ZXZ

2

A
a®(\1) — - log)\‘ <O\ +C)

for every A. As we have a°(\; k) = 0 for even k, we
obtain

W= uba sk = ¥ uker (Fi1).

k=1 1<k<[A/2]
k is odd

We therefore get along the same lines on a()\) that
L) 1= s 1 p (L
A—oo A2log A 12 4 k2 12 £2
Sheo ((#2)
k is odd
1412
12737 ¢(2) 3w
=a°(\) +a®()N), we find
o SN 4
A—oo A2 10g>\ N 32’

Coming back to our situation, as we see for A >

As a()N)

47 /+/c that
3v2¢ 3v/2¢
mepn(e)(A) = a° ( Ar A) o < 87 A) 7
we obtain
lim mgcpn(e) ()‘)
A—o00 )\2 log A

_2X90+4X90_90
T 3727 872 372 T 3272 8pd’
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For continuity of the function mgpn (., we have
the following.
(1) Generally, it is not left continuous at points

(27/3)1/2q(3p + q)/c for some relatively prime
positive integers p, ¢ with odd pg and
(47/3)1/2q(3p + q)/c for some relatively prime

positive integers p, ¢ with even pq.
(2) Generally, it is not right continuous at points

(27/3)/(9p? — ¢2)/c for some relatively prime

positive integers p, ¢ with odd pg and

(47 /3)/(9p? — ¢2)/c for some relatively prime

positive integers p, ¢ with even pq.

(3) These points forms a discrete unbounded set.
(4) Except these points it is continuous.

Next we study the asymptotic behaviour of the
multiplicity of length spectrum of circles on a com-
plex hyperbolic space.

Theorem 2.
CH"™(
curvature —c, the multiplicity mepn (-
spectrum of circles satisfies

For a complex hyperbolic space
—c) (n > 2) of constant holomorphic sectional
o) of length

mCH'n(fc) ()\) _ 96

I i
e Alog A 8l

A—00

Proof. Following [A] the length spectrum of
circles on CH"(—c) is as follows.
LSpec(CH"(—c)) = (0, 00) U (0, 00)
p and ¢ are relatively
U U (p,q)

prime positive integers p ,
with p > ¢
where the interval I, ;) is given by
4
(3\2 2q(3p — q), oo) , if pq is even,
Lrpq) = o
<3ﬁ 2¢(3p — q), OO) , if pq is odd,

and mcgn(—¢)(A) — 2 hence coincides with the num-
ber of sets I, ) containing A. Therefore what we
have to do is to study the cardinality of the set

p and g are relatively prime pos-
itive integers which satisfy

p > q, pq is even,
(47/3)7/2a(3p — q)/c < X

p and g are relatively prime pos-
U3 @9

S=4q @9

itive integers which satisfy
p > q, pq is odd,

(2m/3)1/24(3p — q)/c < A
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Since the area of the set
{(z,y) eR? |y(Br —y) <N, x>y > 1}

is (A2/3)log A — (A?/6)(1 + log2) + 1/3, we obtain
our result by just the same way as in the proof of
Theorem 1. []

2. The number of closed circles of pre-
scribed geodesic curvature. In this section, we
classify circles by their geodesic curvature and in-
vestigate the asymptotic behaviour of the number
of congruency classes of closed circles of prescribed
geodesic curvature. For a Riemannian manifold M
we denote by nps(A\; k) the number of congruency
classes of closed circles of geodesic curvature k on
M with length not greater than A. When M is a
compact manifold of negative curvature, the asymp-
totic behaviour of the number of closed geodesics is
well known: limy o, Ae™"#*np(X;0) = hyy, where
hys is the topological entropy of the geodesic flow on
the unit tangent bundle of M. Since for space forms
the length spectrum of geodesics is trivial, we here
consider the number of closed circles of prescribed
geodesic curvature.

Let Cir, (M) denote the set of all congruency
classes of circles with geodesic curvature k on M. We
set LSpec,, (M) = L (Cir,(M)) NR. For real space
forms, since circles on these spaces are congruent if
and only if they have the same geodesic curvature,
length spectrum of circles of geodesic curvature s
consists of a single point:

LSpec, (8" (c)) = {2n/V/i? + ¢}

LSpec,,(R") = {Qw/m}

LSpec, (H"(—c {%/M} if k > /e,
LSpec,, (H"(—c ) 0, if K < Ve

For non-flat complex space forms we showed the
following in [A] and [AM] when n > 2.

1) LSpec,(CP"(c)) and LSpec, (CH"(—c)) are
discrete unbounded sets.

2) The multiplicities mc pr (o) (A k), Mo (—c)(A; k)
of length spectrum of circles of geodesic curva-
ture k and of length A on a complex projective
space and a complex hyperbolic space satisfy

lim sup me pr (c) (A £)
A—o0
= limsup mgpn (—c) (A &) = o0o.
A—0o0
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More precisely, the length spectrum of circles of
geodesic curvature x on a complex hyperbolic space
is as follows (see [A]). When /¢/2 < k < 4/,

LSpec,, (CH"(— {477/\/@

3% + ¢ p and q are relatively prime

U 47, | ——=—— | positive integers which

3(4k? —¢)

satisfy p > ¢ and pq is even
32+ 2 |P and ¢ are relatively prime

U 27 m positive integers which
satisfy p > ¢ and pq is odd

and when k > +/c,

LSpec, (CH"(—c)) = {477/\/4/-@2 — ¢, 21/ /K2 — c}
p and ¢ are relatively prime
U 4m 3p? +¢* |positive integers which
3(4k2% — ¢) |satisfy p > a.q and pq is
even
p and q are relatively prime
U o 3p2 + ¢ |positive integers which
3(4k2% — ¢) |satisfy p > a.q and pq is
odd
Here «,; (> 1) denotes the number with
(2.1) 3v/3ck _ 90[% —1
’ (4K2 —¢)3/2 (302 +1)3/2’
which is

i) monotone increasing,
i) limy— oo i = 00, lim, | go, =1
These expressions yield the following.
Theorem 3. For a complex hyperbolic space

CH"™(—c) of constant holomorphic sectional curva-
ture —c and complex dimension n(> 2), we have

lim A2 neHn (—e) (A k)

Ao
1\6/53 (4‘%2 - C)’ \/6/2 <K< \/Ef
%tan’l(l/(\/ﬁa,{)), K> e

Proof. What we have to do is to study the car-
dinality b (\) of the set

p and ¢ are relatively prime

7 positive integers which satisfy

pq is odd, 3p? + ¢ < A? and
p>aqg>0

(p,q) € Z x

[Vol. T6(A),

and the cardinality 0% (\) of the set

p and ¢ are relatively prime
positive integers which satisfy
pq is even, 3p% + ¢® < A? and
p>aq>0

(p,q) €EZXZ

)

for « > 1 and A > 0. First we study the cardinalities
ba (), ba(A; 1) of the following sets

p and g are relatively prime
(p,q) € Z x Z |integers with 3p? + ¢ < A2
and p > aqg >0

{(p,q) €EZ xZ|3p*>+¢*> <)\, p>aq>0}.

Put C, = (1/(2v3))tan"!(1/(v/3a)). As the area
of the set {(z,y) € R? | 322 +4?> < A%, 2 > ay >
0} is C,A\?, we find positive constants ¢, ¢y with
[ba(A;1) — CoA2| < 1A + o for every positive A.
By a similar argument as in the proof of Theorem 1,
one can easily obtain limy .. bo(A)/A2 = 6C, /2.
Next we consider the following three sets for a > 1:

P and @ are positive odd
integers which satisfy ,
P>aQ,3P?+ Q%< \?
3p+ 1) +q* <N
p+1>aqg>0 ’
3p+1)+(g+1)? < A%,
p+1>alg+1), g>1 '

(P,Q)€ZxZ

{(p,q)EZxZ

{(p,q)GZxZ

We denote these sets by BS(A;1), Uy(A) and V,(A)
respectively. Since the correspondences B2(\;1) 3
(2p+1,2¢+ 1) — (p,q) € UN/2) and V(A/2) >
(p,q) — (2p+1,2¢ + 1) € BS(\;1) are injective, by
the same way as in the proof of Theorem 1, we obtain

Jim b5 (A VA% =2C, /72,

Setting a, = 1 for \/¢/2 < k < /¢, we get
c)(A7 ’%)

T B N 3(4k? —¢)
N AILH;O )\Q{bo‘” ( 2m A

3(4k2 —¢)
o, | Y——
+ e ( 4m

Jim b5 (V) /N2 =40, /n?.

lim )\72nCHn(_
A—00

)

_ 3(4K% —¢) y 2C,, 3(4k? —¢) " 4C,,
472 w2 1672 2
?é{(éln —¢)tan"1(1/(V3ay,)).
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We here study the dependence of
NCH”(fc)(K’) = )\h—>nolo AiZ”CH”’(fc)(/\; 'k‘:)

on K.

Proposition 4. For a complex hyperbolic
space CH™(—c) (n > 2) the function Nepn(—c) (k) is
monotone increasing for \/c/2 < k < y/c and mono-
tone decreasing for k > \/c. It takes the mazimum
value 3\/§c7r_3/16 at k = +/c. It satisfies

9c

lim Ngpgn(—e)(k) =0, HILHC}ONCH"(—C)(H) T 167t

wlVe/2
Proof. By using (2.1) we see that

. K? . K2 3vV3ck (3a2 4 1)3/2
lim — = lim — x X
koo,  K—oo . (4K2 — ¢)3/2 902 —1
_ 3¢

3v/3c 1
8 V3 8"

X —_
Thus for the behaviour at infinity we have

’}LH;O NCH"(—C) (“i)

3v3 42 — ¢
= lim X \/504,€ tan"1(1 \/goz,.6
ooy Jim L (1/(vBas,)
_3V3 L 3¢ _ 9
- 8rt T 2y/3 167t
It is trivial that Nggn(—c)(k) is monotone in-

creasing for \/c/2 < k < /¢, so we study on k > \/c.
Differentiating both sides of (2.1) we have

ax(a2 —1) o — 8k + ¢
(302 +1)(9a2 — 1) *  27k(4K2 —c)’

Since s +— (1/s)tan~! s is monotone decreasing for
s > 0, we find

d
%NCH”(fc)(K)
— -1 2 a:{
= 8rtan " (1/(V3a,)) — V3(4k* — C)W
_ 85 VBERP+ (903 — 1)
27Tka, (a2 — 1)

Vi3,

64r2 + c(9a2 — 1)
= - <0,
9v3kay (a2 — 1)

hence we obtain Ngpn(—¢)(x) is monotone decreas-
ing for k > +/c. [

The length spectrum of circles of geodesic cur-
vature k on a complex projective space is as follows
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(cf. [AM]).

LSpec,.(CP™(c)) = {2#/\/ K2+ ¢, 4w/ 4Kk? + c}
p and ¢ are relatively prime
integers which satisfy

pq is even and p > B.q > 0

3p? + ¢?
U Jam [ 2L
3(4k2 +¢)
p and ¢ are relatively prime

integers which satisfy
pq is odd and p > B,q > 0

3p? + ¢?
3(4k2 +¢)

U27r

Here (3, (> 1) denotes the number with

3\/30/@ _
(4K2 4 ¢)3/2
which satisfies
i) 5\/%/4 =1,
ii) monotone decreasing when 0 < k < \/27c/ 4, and
monotone increasing when x > \/%/4,
iii) limyjo Bx = limk— o0 B = 00.
Since the situation is almost the same as for a com-
plex hyperbolic space we obtain the following.
Theorem 5. For a complex projective space
CP"(c) (n > 2) of constant holomorphic sectional
curvature ¢, we have for k > 0
2
Nepio(w) = 202D nm11/158,)).
In particular, Napn () (V2c/4) = 3v/3en™3/32. The
function Nepn(e) (k) is monotone increasing for 0 <
Kk < \/%/4 and satisfies

932 -1
(352 + 1)

9

= 6.0
It is not clear for the author on the behaviour of

Nepnie) (k) for k> V2¢/4. At least, it is decreasing

for \/%/4 <K< \/%/4+e.

lifl(’)l./\/‘cpn(c)(lﬁ) =0 and lim Ngpn(e)(K)
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