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Abstract:

In this paper, we prove by using Ichimura-Sumida criterion the vanishing of the

Iwasawa Az-invariant of the real quadratic field Q(1/39345017 ). We use also the fact that the field

has the infinite 3-class field tower.

Key words:

1. Introduction. Let p be an odd prime
number and k a real quadratic field. We consider
the following two sequences of p-extensions of k: Let
ks be the cyclotomic Z,-extension of k, which is
regarded as a sequence of the unique subfield k,
of degree p™ over k for n > 0. In the case k =
Q(+/39345017) which will be the main theme of the
present paper, koo /k is totally ramified at all primes
over p = 3, and unramified outside p. Let A (k) be
the Iwasawa A-invariant of k., over k. Greenberg’s
conjecture for ko asserts that A,(k) = 0, in other
words, p-Hilbert class field of k., is finite over k...
In [1] and [2], Ichimura and Sumida established a re-
markable criterion which is based on a deep investi-
gation of properties of cyclotomic units and Iwasawa
polynomials. By this criterion, it is confirmed that
A3(k) = 0 for all k = Q(y/m) with 1 < m < 10%.

As the other sequence, we consider the p-class
field tower of k denoted by k(°°), defined as follows.
Let k9 = k and kY be the p-Hilbert class field
of k™ for n > 0, then we have

k= kO CED C R C . o) = | B,

n>0

The field £(°°) is the maximal unramified p-extension
of k. The p-class field tower of k is called finite if
k() is a finite extension of k and infinite otherwise.
Let Cl(k) be the ideal class group of k. In quadratic
case, it is known that if p-rank of Cl(k) > 3 then k
has infinite p-class field tower. We know that k =
Q(v/39345017) has class number 27 and 3-rank of
Cl(k) = 3, hence k has infinite 3-class field tower
(cf. Schoof [4]).
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If £ has the infinite p-class field tower and
Ap(k) = 0, the maximal unramified p-extension of
koo is also infinite over ko, but the maximal un-
ramified abelian p-extension of k. is finite over k.
In [3], Ozaki constructed infinitely many cyclotomic
Zs-extensions k., of real quadratic fields k such that
A2(k) = 0 and k,, has the infinite 2-class field tower
for sufficiently large n > 0. The purpose of this paper
is to prove the vanishing of the Iwasawa Az-invariant
of the real quadratic field k = Q(+/39345017), ap-
plying Ichimura-Sumida criterion to k.

2. Ichimura-Sumida criterion. We de-
note by f the conductor of a real quadratic field k.
Let x be a Q,-valued non-trivial Dirichlet charac-
ter associated to k and w a Teichmiiller character
Z/pZ — Z,. In this section, we assume xw™'(p) # 1
and that p remains prime in k. We fix a topological
generator vy of I' = Gal(ks/k) and an isomorphism
Z,[[T] ~ Z,[[T]] : v — 14T, and take a generator ¢
of A = Gal(ks/Qoo). Let gy (T') be a power series in
A = Z,[[T]] related to the p-adic L-function L,(s, x)
such that

gx((l + fp)lis -1)= Lp(st)-

By p-adic Weierstrass preparation theorem, we ob-
tain a distinguished polynomial P, (T) of g, (T),
called Iwasawa polynomial. It is known that A,(k) <
deg P, (T) by Iwasawa main conjecture, so we con-
sider the case deg P (T') > 0. Let P;(T) (1 <i <)
be all irreducible factors of P (T") in Z,[T], and put
wn(T) = (14+T)?" —1 (n > 0). As Leopoldt’s con-
jecture holds for (k,,, p), the Z,-modules A/(P;,wy)
are finite. We denote by p®:~ the exponent of
A/(P;,wy), and let X; ,(T) be the unique polyno-
mial in Z,[T] satisfying X;,P; = p*~ (mod w,)
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and deg X; ,, < p". We take a polynomial Y; ,,(T) in
Z[T) such that Y; ,,(T) = X; »,(T) (mod p®).

Let z be an integer satisfying 2z = 1
(mod p*n), and take an element e;, = z(1 — o)
in Z[A]. We take the cyclotomic unit

Cin = {Noer(Cfp"+1)/kn(1 - Cfp"‘*'l)pz_l}Ei’"'
Now, the Ichimura-Sumida criterion states as fol-
lows.

Theorem 1 (cf. Theorem in [1] or Corollary 1
in [2]). Under the above setting, we have \y(k) =0
if and only if for any i (1 <i <), the condition

(Hin) (Ci,n)Yi‘"(“f_l) ¢ (k;rf)f’ai’"

holds for some n > 0.

We note that the condition (H,,) implies
(H;nt1) (cf. Lemma 1 in [2]).

3. Computational result. Let k=
Q(+v/39345017). The field k has the prime conductor
f = 39345017, and 3 remains prime in k. Then we
can apply the Theorem 1 to k with p = 3. In this sec-
tion, we prove vanishing of the Iwasawa Az-invariant
As(k).

By calculating g, (T) modulo (ws, 3%), we have

P(T) =T° +2175T° 4 1737T* + 15967

+ 62172 + 9367 + 1917  (mod 37).

By Hensel’s lemma, it is decomposed to P, (T) =

P (T)=T+219 (mod 3°),
Py(T) = T? + 81T + 222 (mod 3%),
P3(T) =T?% 41212 + 21T + 66  (mod 3*).

For P;, we have a3 = 4 and obtain Y; 35(7) by Eu-
clidean algorithm. But (c;3)Y130=1 is 3%-th power

[Vol. T6(A),

in k3, so we have to work in k4. There is a surjective
homomorphism A/(w4/ws, P1) — (w3, P1)/(ws, P1)
as A-modules, and we see that the exponent of
A/(ws/ws, P1) is 3. We have a;4 = 5 and ob-
tain Y1 4(T) € Z[T] such that wy(T)u = (T +
219)Y1 4(T) + 3° (mod 3°%) for some u € Z N Z5.
Fortunately we see that (6174)}/1*4(7_1) is 3%-th power
but not 3°-th power in k4. For P, and P;, we
have azp = 3 and az2 = 2. We also see that
(0272)Y2’2(“”1) is 9-th power but not 27-th power in ks
and (c3,2)Y%20~1 is cube but not 9-th power in k.
Hence we can conclude that A3(k) = 0 and obtain
the following result by the Theorem 1.

Theorem 2. The Iwasawa A3-invariant of a
real quadratic field Q(v/39345017) which has infinite
3-class field tower is zero.

Our computations carried out by
using excellent calculation software UBASIC86

were

Ver. 8.8 which is available by ftp at
ftp://rkmath.rikkyo.ac. jp/.
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