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1. Introduction. In the study of stabiliza-
tion of boundary control systems, most fundamental
is the static feedback control scheme: Based on a fi-
nite number of the observed data (outputs), it is the
scheme to feed them back directly into the system
through the boundary. Let {2 denote a bounded do-
main of R™ with the boundary I" which consists of
a finite number of smooth components of (m — 1)-
dimension. The control system studied here is the
following initial-boundary value problem:

ou .
aJrEufO in (0,00) x {2,
N
(1)  7u= Z(u, wy) b on (0,00) x I,
k=1
u(0,-) =wuo(-) in £2.

Here, £ denotes a uniformly elliptic differential op-
erator of order 2 in {2 defined by

Lu=— i acjc(aw(z)ggj)

3

7,7=1

“ Ju
Fobi@) g el

=1

and a;;(z) = aji(x) for 1 <4, j <m, x € 2. The
boundary operator 7 associated with £ is either 7y
of the Dirichlet type or 75 of the Robin type:

mu = ulp,
ToU = % +o(&u
i ou
= > ai©u© 5| +oulr,
ij=1 Lj Ir
where (11(£), ..., vm(€)) denotes the unit outer nor-

mal at £ € I'. Necessary regularity on {2 and on I’
of coefficients of £ and 7 is assumed tacitly. The in-
ner product and the norm in L2({2) are denoted by
(-, ), and [| - ||, respectively. The symbol || - || is also
used for the £(L?(£2))-norm. In eq. (1), (u, wi),

denote the outputs, where w;, € L2(£2), and hy
the actuators belonging to H?/2(I') in the case of
the Dirichlet boundary condition, or H'/?(I") in the
Robin boundary condition.

Let us define the linear operators L; and M;, i =
1,2 in L?(§2) by

L'L'u = ﬁu, u e D(LZ),
D(Li) ={u¢€ HQ(Q); Tiu=0on I}

and

Miu = ,C’ll,, u € D(MZ),

D(M;) = {u e H*(2);

N

U= Z(u, wy) , by on F} ,

k=1

respectively. Henceforth L stands for either Ly or Lo
when it is distinguished from the context. The same
symbolic convention applies to M; as well as other
operators. Eq. (1) is then simply rewritten as the
equation in L%(£2):

du

2 =+ Mu=
) o+ Mu =0,

u(0) = up.

Given a p > 0, the problem is to find wy’s and
hy’s such that the semigroup exp (—tM) satisfies the
decay estimate

(3) le ™| < conste ™™, t>0.

In [4], this estimate was established via the fractional
powers LY, L. = L + ¢, ¢ > 0 and the related frac-
tional calculus. In the case of the Robin boundary
condition, for example, we set

1 1
- <w< =,

#t) = Lyu(t), §<w< g

and, noticing the relation: D(L§,) = H**(£2) for



138 T. NAMBU

0 <w < 3/4 (2], turn eq. (2) into

N

=+ Loz = ;u:gcx, wi) o Lys Y,

-T(O) = L;cwuo,
where ¢, € H2(2) satisfy (£ + )i, = 0, mth, =

hi, 1 <k < N. The problem is then reduced to that
of finding the estimate

N
exp {—t <L2 - Z@%’c', wi) g, Lég‘%ﬁk) }H

k=1
< conste™™, ¢ > 0.

We propose in this note an alternative alge-
braic approach to the stabilization which requires
no fractional powers of L.. The common idea is,
however, to turn the problem into another with no
feedback term on I'. A merit of the present ap-
proach is that the idea is equally applied to a va-
riety of boundary control systems. In fact, the ap-
proach via fractional powers requires exact charac-
terization of D(L¥). This seems in general a difficult
(but challenging) problem when general elliptic op-
erators with more complicated boundary conditions
are studied.

The spectrum o (L) consists only of eigenvalues
Ai, @ > 1, lying symmetrically in the interior of a
parabola: {\ = (at? —b) ++v/—17; T € R}, a >0
[1]. They are labelled according to increasing Re A;.
As usual, Py, = 1/(27y/~1) fIA—/\i\:E()‘ —L)"td\is
a projection which maps L?(£2) onto the generalized
eigenspace for \;, where € > 0 is small enough. Set
dim Py, L2(£2) = m; (< o), and let ¢;1,. .., 0im,
be the basis for Py, L?(£2). As is well known [1], P,
maps L2(£2) onto the generalized eigenspace for \; of
L*, and dim P;;LQ(Q) = m;. The basis for Py, L?(02)
is denoted by ¢i17 co oy Yim, -

For a given p > 0, suppose that

Red < <Redrg < p <Reldgqi.

Set P = Py, + -+ + Py, . In view of the expression:
Lpi; = Xipij + qu a;'kipik, 1 < 5 < my, the re-
striction of L onto the invariant subspace PL?(2) is
bounded and similar to the upper triangular matrix
A, the diagonal elements of which are A1, ..., Aq,...,

mi

Ak, Ax. If Ais in p(L;), the boundary value
—_——

m g
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problem:

(A= L)y =0,
1<k<N,

Tiql)k = hk7
i=1,2
admits a unique solution vy, [3] which is denoted by
N;(A)hg,where
NN € LHY2(I); H3(92),
Nao(X) € L(H'*(I); H?(92)).

The operators N;(A) are simply rewritten as N ().
2. Main result.

Theorem 2.1.

(i) The operator M is densely defined. The prob-
lem (2) is well posed, and the semigroup e~ *M
is analytic in t > 0.

(ii) The adjoint M* is given by

N/ ou
Ml*uzﬁ*u+§ <a hk> Wk,
o1 VY r

e D(OM;) = HX(Q) N HY(9),
N

Mju = L — Z(U, hi) rwg,
k=1

u€D(My)={ue H*(2); 7*u=0o0n T},

Our first result is

where (L*, 7*) denotes the formal adjoint of

(L, 7).

For notational convenience, let us introduce the
symbol [u] as

%, in the case of the Dirichlet boundary
[u] = condition,
u, in the case of the Robin boundary
condition.

Then M are simply rewritten as

N
Miu= L~ (=1 ([u], h) rwg,
k=1

i=1,2.

For a large ¢ > 0 with —c € p(L), set PN(—c)h, =

D<K Clkj ;. It is well known -via Green’s formula-

that there is an S x .S nonsingular matrix A such that
(S:m1+...+mK)

(t1 (hies [Yu])r

: =A :

Cf(mK <hk> [’L/)KmKDF
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We define the S x S matrix A and the S x N matrix
H as

(4) A~:A71AA7
and
H =
G (i oy kLN
(hi, [Vis])rs (,7) L (1,1),..., (K, mg) )’
respectively.

Based on Theorem 2.1, our main result is stated
as follows:

Theorem 2.2. Suppose that (A, H) is a con-
trollable pair, i.e.,

(6) rank (H AH A°H ... AS7'H) = 8.

Then there is a set of wy’s € P*L?(2) such that the
estimate (3) holds.

Outline of the proof. The proof of Theorem
2.1, (i) is almost the same as in [5, Theorem 2.3]:
There exists a sector X, = {\ —a € C;0p < |arg \|
<7}, 0< 6y <7/2, « € R, such that

(M =M f=0-L)7'f
HIN(Nhy ... N(Ahy](1—D(N) " -
(A=L)"'f,w),, AeZa,

where (-, w), denotes the transpose of a vector:

({ w1>_Q v wN>_Q)7

and

B(\) = <<N()\)hk, wj)g ; f?i::%)

IA| = 00, A €X,,

— 0,

uniformly. Thus the estimate:

const =
, AEX,
1+ A

holds, and e~*M is analytic in ¢ > 0.

The expression of the adjoint M7 is found in [5,
Proposition 2.4], and M3 is obtained in almost the
same manner as M7

As to the proof of Theorem 2.2, the main feature
is to propose an approach entirely different from and
simpler than in [4]. Let us define the operator T' by

I =2~ <

N

(8) U:Tu:ufZ(u, W) o N(—c)hg.
k=1

Here the vectors w;’s are to be determined later in re-
lation to ¢ > 0 and the associated finite-dimensional
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stabilization problem (12a). The operator T belongs
to L(L%(2))NL(D(M); D(L)). The bounded inverse
T~ exists, and is given by

u = Tﬁlfu =v—+ [N(*C)hl A N(*C)h]\[]
(1= P(—c) " v, w),,.

Here we have assumed with no loss of generality that
(1—®(—c))~ ! exists. In fact, consider the case where
det (1 — @(—c)) = 0. We then replace w;’s by (1 +
e)w;’s for a sufficiently small e. The function det (1—
(14 ¢e)®(—c)) in € is a polynomial of degree at most
N; not a constant; and analytic. Thus det (1 — (1 +
g)P(—c)) # 0 for some small ¢ # 0. As far as ¢ is
small enough, this does not affect the stabilization
problem under consideration. The other properties
of T are easily examined.

For a solution u € D(M) to the problem (2), set

(9) o(t) = Tu(t),
Then v(t) € D(L) satisfies the equation

d
dit} +TM.T v = e,

where M. = M + c¢. We calculate as
TM.T 'v=TL(v+ [N(—c)hy ... N(—c)hy]-
(1=2(=c)) o, w),)

t>0.

t>0, v(0)="Tu,

=TL.v=TL.w
N

=L.w— Z(ch, wy) o, N(—c)hy.
k=1

We assume that wy’s belong to P*L?(£2) C D(L*).
Then the equation for v is rewritten as

N
dv
— + Lv — v, Liwg) o, N(—c)hy =0,
t 2 O, U(O) = TUO.

The problem (10) generates an analytic semigroup.
Thus the problem (2) also generates an analytic
semigroup exp (—tM), and

(11) exp (—tM)=T"".

N
exp {—t (L -3 L:wk>QN<—c>hk) } T,

k=1
t>0.

In view of the relation (11), we have to estab-
lish a stabilization result for the problem (10). At
this stage, the problem is simple since wy’s belong
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to P*L%(f2). The restrictions of L onto the invari-
ant subspaces PL?(§2) and (1 — P)L*(2)ND(L) are
denoted by L' and L? respectively. Then, by setting

vy = Pv, vy =(1-P)uv,

eq. (10) is decomposed into

d
(12a) % + LY
N
- Z<1}1, szk>9 PN(—C)hk =0,
k=1
d
(120) ;f + L,

P)N(=c)hy, = 0.

- Z@h Liwg) g (1=
k=1

In (12a), replace Liwy, by yi=3_, ; i<x) Yiij.
Then (12a) is equivalent to the equation in C:

W a-zvmy=o
where
Z= ( Z;(ifcj)_l)(lf,'i)',’.].\(,(K, mx)) -
"= <y5;<if€j>l RO K>)’ "
= <<<mj,wpq>9; o q>) 8 ;: ng;)

Note that IT is nonsingular and (@ij, ¥pg), = 0
when i # p. According to the assumption (6), (A4, Z)

is a controllable pair, i.e.,
rank (Z AZ A*°Z ... AS71Z) = 8.

Thus the well known pole assignment argument of
finite dimension [6] implies that there exists an N xS
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matrix Y or wy’s in P*L?(§2) such that
||e*t(A*Z?H)H < conste M, t>0.

By recalling that |e=*L"|| < conste ¢, t > 0,

p <y < Redgy1, (12b) immediately gives the de-
sired estimate for v. Note that p’ cannot be gen-
erally replaced by ReAxi1, due to the algebraic
multiplicities of the eigenvalues on the vertical line:
Re X = ReAg41. 1

As a concluding remark, another algebraic ap-
proach to Theorem 2.2 is possible via Theorem 2.1,
(ii). In view of the relation

= [le™*)Il =

the problem is reduced to the one with M™*, and
the assumption (6) ensures suitable vectors wy’s in
P*L%(92).

le= ] le=* 7,
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