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1. Introduction. In the previous paper [5],
we showed that a generating function of the
Gegenbauer polynomials can be regarded as the
integral kernel of a unitary mapping from an L
space onto a Hilbert space of analytic functions.
Moreover, we gave in [6] a similar construction
for the system of the zonal spherical functions on
the homogeneous space U(n)/U(n- 1), which
is geometrically analogous to the space SO(n)/
SO(n- 1) whose zonal spherical functions are
essentially given by the Gegenbauer polynomials.
Problems of this kind were discussed first in [1].
The purpose of this paper is to show that a simi-
lar construction is also possible for the Jacobi
polynomials, which are generalizations of the
Gegenbauer polynomials.

Let R, C be the fields of real and complex
numbers, respectively. For positive numbers c

P’)(x) n=0and fl, the Jacobi polynomials .n

1, 2, "’’, are defined by the Rodrigues formula
(el. [2]):

p,("S) x

(- d1)(1 -x)-" (1 + x)- x)/]z-r. [(1 x)",+’(1 +

Then the system {P,(’)(x) n 0, 1, 2, ’’}
has the orthogonality relations (cf. [2]):

pa’)(z)p(,na")(x)(1
z)a(1 + x )dx

0 (n m)
2"++ F(n + a + 1)F(n + fl + 1)

2n + a + fl + l F(n + l)F(n + a + fl + l)
(n

and the generating function (cf. [4])" for 1 < x
< 1 and z C, [z[ < 1,

E (2n+a+fl+l)(a+fl+l)
.=0 (a+l). "z_. (x)

(a + fl + 1)(z + 1)

(1 z)
[.a + fl + 2

2

a+fl+3 2z(x- !))2 ;a+l;
(1 z)

where (a)n F(a + n)/F(a) (F is the Gamma
function) and 2F1 (a, b; c; t)is the Gaussian
hypergeometric function. We denote by Fa,z (z,
x) the right hand side of this formula.

(a,B)Let pn (x) be the normalization of
(x) with respect to the inner product defined by

2_ (x)p(x) (1 x)"(1 + x)Zdx.(. )..
Then the system of the functions Pn (x), n
0, 1, 2, .’’, is an orthonormal basis of the Hil-

L2(bert space , (-- 1, 1), (1- x)(1 +
x)) with the inner product (,),.

In this paper, we shall give a Hilbert space, of analytic functions and a unitary operator
of , onto , whose integral kernel is the
generating function F, (z, x ).

Suppose that or, fl are positive numbers
throughout this paper.

2. Hilbert space ,. We define the func-
tionp,(t) for 0 < t< 1by

/.1 _e-++e-1 u_+_,+(1 u)e_ldujt_ v (1 v)e-ldv,&,e(t)=t
and denote by a,, the Hilbert space of analytic
functions on the unit open disk B in C with the
inner product defined by

f, g > , ff (z) g(z) p.z (Iz]) dz.
where dz dxdy, z= x+ iy (x, y R ). The
functions gn(z) z n 0, 1, 2, ’’’, form an
orthogonal basis in Z, and the norm I[gn II-
v/< g., gn > ,z is given in.the following.

Lemma 1. For a nonnegative integer n, we
have

< g,,,g,>

27r F(fl) V(n + 1) V(n + a + 1)
2n + a + fl + l F(n + fl + l) F(n + a + fl + l)

Proof In exchanging orders of integrals, we
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obtain,

< gn, gn > ,,B p,B(t)dt

7r0 itn++-- dt in-+-(1 u)B-ldulv--+l(l v)B-ldv

=0 :10(1 )-ya(l- y)-[(y)-uvtn+dt]ddy
2n++fl+l .=0 -0

2 r(. + 1)r() r( + a + 1)r()
2n + a + fl + F(n + fl + 1) F(n + a + fl + 1)’

which implies our assertion.
Remark 1. The function Pax (t) has also the

following expression.

p,(t) u- u) (1 v)-dudv.
gu,vl

The integral of the right hand side has some analo

gy to the incomplete beta functions.
3. Main theorem. Let un (z) be the nor-

malization of gn (z) with respect to the inner pro-
duct of ax. Then the system of the functions

(a,)u (z), n= 0, 1, 2, is an orthonormal
basis in a,.

It is indeed easy to see that,
(a,) (a,)Zu (z). (x)

=0

2n+a+fl+lF(n+a+fl+l)
:0 2"+’+ F(n + a + 1)F() z r’ (x)

r(a++ 1)

x (2n+a++l)(a++l)
:0 (a+ 1) z.. (x)

P(a + + )
F,.,(z, x).

We shall denote the last expression by Aa,(z, x).
Theorem 1. A unitary operator, f A.,z ( ),

of a,, onto a, is defined by

f() A,(, x)p(x) (1 x)(1 +
ProoZ For any B, we have

So we can consider that the series

(a,B)Z u. (z). (x)
=0

is the Fourier expansion for Aa,, (z, x)as a
function of x. Thus, for p a,,, we have

(a,) (a,).,() (z)= u (z) ,
(a,) (a,)Z ,).,.u (z),

=0

which gives the Fourier expansion for the

function ( A.,, ))(z). Hence, we obtain

tp. ), (, ),.
This implies that the operator A, is unitary.
Moreover, A.etp, , which means

is surjective. So we can conclude that the asser-
tions are true.

Remark . The Gegenbauer polynomials C2
x ), O, 1, 2, ", are defined as the Jacobi

1
polynomials with 2 (cf. [2 ])’

" -’-) (x).C(x) (22) p

The fnctions 0, (t), A, , x for
1 > 0 are given as follows"

F(2 )
t- - -O,e(t) F(22-1) s (l-s) ds,

and

A.,( z, x)
F(2/ + 1) 1 z

which differ only by constant multiples from the con-

clusions in [5].
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