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Introduction. Riesz distributions, originally
introduced by M. Riesz [6] on the Lorentz cone,
are the analytic continuation of the distribution
defined by a relatively invariant measure on a
homogeneous cone. In general, Riesz distributions
are compositions of complex measures supported
by the closure of the cone with differential oper-
ators. Gindikin [3] describes when the Riesz dis-
tribution is a positive measure. Since positive
Riesz distributions on symmetric cones are close-
ly connected with the analytic continuation of
holomorphic discrete series representations of
semisimple Lie groups as is shown by Vergne
and Rossi [8], one can determine the so-called
Wallach set from the result of Gindikin (see [1, p.
288] for this). Therefore we shall call the posi-
tivity set for the Riesz distributions the
Gindikin- Wallach set. In the present paper, we
show that the structure of the Gindikin-Wallach
set can be understood clearly by relating it to the
orbit structure of the closure of the cone.
Moreover we give an explicit description to each
of the positive Riesz distributions as a measure
on an orbit in the closure of the cone.

1. Preliminaries. Our study is based on
the structure theory of normal j-algebras de-
veloped in [5]. Here we recall the definition of
normal j-algebras. Let g be a real split solvable
Lie algebra, j a linear mapping on g such that j2
= —idg, @ a linear form on g. The triple (g, j, ®)
is called a normal j-algebra if the following (i), (ii)
are satisfied : (i) [Y,Y1+41Y,;Y1+
jliY, Y1 — [jY,jY1 =0 for all Y, Y’ € g,
) (YlY),: =LK1Y, Y1, @ defines a
j-invariant inner product on g We assume
throughout this paper that our normal j-algebra
(g, 7, w) corresponds to a Siegel domain of tube
type. Let a be the orthogonal complement of
[g, gl relative to ('I')w. Then a is a commutative
subalgebra of g. Let » : = dim a.

Proposition 1 ([5, Chapter 1, Sections 3 and

5). (i) There is a linear basis {A,,..., A} of a
such that if one puts E,: = — jA,, then [A,, E,]
=0,E, A<k, I<).

(i) Let oy, . . ., a, be the basis of a* dual to A,,. ..,
A, Theng =89 & V with

(1) h=a® < >° g(am—ak)/2>'

1<k<m=<r
%°®
g(am+ak)/2 ’

@ v=(Z°RE,) e
k=1 1<k<m<r

where g,: ={Y € g|[C, Y] =a(C)Y forall C

€ a} fora € a*.

(iii) One has [, §]1 <9, [9, VIV, ana [V, V]

= {0}.

Let H be the simply connected Lie group
corresponding to ¥). Then H acts on V by the ad-
joint action.

Lemma 2 ([7, Theorem 4.15]). Put E: =
i E, €V and let Q be the H-orbit in V
through E. Then 2 is an open convex cone in V con-
taining no line, and H acts on £ simply transitive-
Iy.

According to (1), we express every T € § by
T=2XthA+ 2 T G €R, T, €
8(a,,—aps2)- Let II be the open subset {T € 9|1,
>0 for all k=1,..., 7 of §. Putting Ty, : =
Qlogt,)A, 1 <k<r)and L,:= 2,..Tu
AQ<Lk<r—1)for TEI, we set y(T): =
expT,,-expL,-expT,,---expL, , -expT,,
Then 7 is a diffeomorphism from II onto H. Us-
ing this 7, we have the following multiplication
formula for the elements of H.

Proposition 3. For T, T €11, one
7(T) v (T) = y(T") with

e =ttt A< k< 7)),

Toi = tum T + 2 [T, T) + 1,7,

k<I<m
A =<k<m<n.
2. Orbit structure of 2. Accordind to (2),
we decompose every x € V as x = 2,_, 1,,E,
+ 2k Xk (@i €R, X, € g(am+ak)/2)' Define
Exegt by (e +T,E* =2 _ 1z, (x EV,

has



No. 8]

TE€h) and set (Y|Y"): =<L[jY, Y], E*>/2
(Y,Y €g). Then (-|-) defines a new inner
product on g and we shall call it the standard in-
ner product on g. For ¢ = (g, ..., ¢,) € {0, 1},
put E.: =3, _eE, €V. Let O, be the H-
orbit in V through E,. Note that if e=1: =
(1, ..., 1, then E, = E and 0, = Q.

Proposition 4. Let x: =7 (T)- E, € 0,
(T 1I). Then

Z,, = g, (t,)° + %si(Tkil T.,) A< k<9,

KXok = &bl Ty E] + 2 [T, [Ty, EJD]
i<k

ALEk<m<Zy).

One can deduce the following two lemmas
from Proposition 4.

Lemma 5. Let Hy, be the stabilizer in H at
E.. Then Hy, = {y(T) € H| if e, = 1, then t,
=1land T,; =0 (k> 1)}.

Lemma 6. Put H(O,): =Hg_,. Then H(O,)
acts simply transitively on the H-orbit O,.

Now the H-orbit decomposition of the clo-
sure 2 of R is as follows :

Theorem 7. 2 = LI 0..

e€0,1}”
3. TI'-integrals and Riesz distributions. For

s=(s,...,s,) €C" we define a character y;
on H by x,(r(D): = (t,)** - (t,)* (T € ).
Set C(e): ={s € C"|s, =0 for all i such that
g; = 0}. From Lemma 5 we see that x, = 1 on
Hyg_ if and only if s € C(e). Thus for s € C(e),
we can define a function A5 on O, by A;(t-E,) :
=x,(t) (t € H). Clearly
A (tyx) = x,(t) A(x) ¢(,€EH, x E V).

For s € C’, we set e*s: =(¢;s,,..., &,5,). Then
ge's€ C(e). Let ple) = (p,(e),..., p,(e)) €L
be given by pe): = 2, ¢&dim B(ay—ay/2

A <k<». Whene+# 0:=(0,...,0), keeping
Lemma 6 in mind, we define a measure g, on O,
by
dﬂe(tEs) L= Xs-(l+i)(e))/2(t) EIZII dtii
=
I dT,, (t < H@)),
&;=1,k>i
where dT,; stands for the Euclidean measure on
O(a,-aps2 NOrmalized by the standard inner pro-
duct on g. Let g, be the Dirac measure at x = 0.
Lemma 8.
variant under H :
du(ty'T) = Yaoepe(t) du(x) (4, € H).
In particular, u, is H(O,) -invariant.
This lemma states that g, is the transfer of

The wmeasure (. 1is relatively in-
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the left Haar measure on H(0,) by the orbit map
H@0,) ® t—tE, € 0..
Now we consider the following I'-integral on
the orbit 0, : .
(3) o) = [ & 4(2) d(2) s € CE).
Theorem 9. | The integral (3) converges if and
only if
(4) Rs; > p,(e)/2 for all i such that e; = 1.
Moreover, when this condition is satisfied, one has

Zlel Ipee p,(e)
Fo(s) =2 el @172 1 I’(si . T)’

g;=1
where le|: = Zi_ e, and [p(e) | : = Z[_, p;(e).
When € = 1, this theorem yields Gindikin’s
formula [2, Theorem 2.1].
Let D(g) : = C(e) + (1 — ¢€)-p(e)/2. Then
ALty ) du, (ty ) = %) Ar(x) dp ()
(seD@E),t,eH, x€0,).
Let Z.(e) be the set of s € D(e) such that e-s
€ C(e) satisfies (4).
Theorem 10. (i) For any rapidly decreasing
function @ on 'V and any s € E c(e), the following
integral converges:

ey 1 :
oy 95 = oy J, 900 4E(0) dua).

(ii) <9ZZ§, ©> adwmits an analytic continuation as a
holomorphic function of s € D (¢), and defines a
tempered distribution.

This theorem also contains [2, Theorem 3.1]
as the special case ¢ = 1. We simply write R for
R, and call it the Riesz distribution on . Since
D(1) = C",R, is defined for all s € C’.

Proposition 11. (i) For s € D(e) and t € H,
one has { R, e_<t'z'E*>>x = x,(t7).

(ii) The distribution Rs coincides with Ry for any €
€ {0, 1} and s € D(e).

Let Z(e): = E.(e) N R". Then we see that
Z () is the set of all s € R” such that s, =
p.(e)/2 (ife, = 0), s, > p,(e)/2 (ifeg, = 1).
These 2" sets Z (g)’s are mutually disjoint. The
following theorem is an immediate consequence of
Theorem 10 (i) and Proposition 11 (ii).

Theorem 12. If s € E (¢), then R, is a posi-
tive measure on the H-orbit O, described as dR,
= I (e-5) " AL, dp,.

Furthermore all of the positive Riesz dis-
tributions are obtained in this way :

Theorem 13. The Riesz distribution R, 1is
positive if and only if S belongs to the union LI
eefo,1}” E@) (=: B).

Thus the Gindikin-Wallach set is equal to
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Z and decomposed into 2" subsets & (g)
according to the support of the corresponding
Riesz distributions.

We conclude this paper by introducing an
algorithm to determine whether a given s € R’
belongs to Z or not. Moreover, if s € 5, the
algorithm gives the & for which s € Z (¢). For s
€ R’ define 6,..., 6" € R by ¢"': = s and
S, [a:’; = 0,..., 0, My /2, ., 1,/2) (0,5::] >0),

o (o, =0),
for k=1,..., r— 1, where n,,: = dim gq,,—qa,
(m > k).

Propesition 14. (i) The parameter s € R” be-
longs to E if and only if a,ik] >0 forallk=1,...,
7.

(ii) When s € 2, let ¢ = (g, . .
ment of {0, 1}” given by
e,: =1GFa >0,
Then s € E (g).
The details [4] will appear elsewhere.

., €,) be the ele-

e, =0 (if o, = 0).
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