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Abstract: Extensions of H01der-McCarthy and Kantorovich inequalities are given and
their applications to the order preserving power inequalities are also given.

1. Extensions of Hiilder-McCarthy and
Kantorovich inequalities. This paper is an early
announcement of [3], [4], and [5]. An operator
means a bounded linear operator on a Hilbert
space H. The celebrated Kantorovich inequality
asserts that if A is positive operator on H such
that M>A > m > 0, then (A-ix, x)(Ax, x)

< (re+M)
4raM holds for every unit vector x in H.

At first we state extensions of Kantorovich ine-
quality.

Multiple positive definite operator case.

Theorem 1.1 [4]. Let A be positive operator
on a Hilbert space H satisfying
MI >_ Aj > rnI(j 1,2 k), where M > m > O.
Let f (t) be a real valued continuous convex function
on [m, M] and also let xl, x xk be any finite

number of vectors in H such that , IIx 1.
j=l

Then the following inequality holds;
(mf(M) Mf(m))

(f(A)z,z) < (q-- 1)(M-- m)=1

q(mf(M) Mf(m) ) (Ax, x)
under any one of the following conditions (i) and (ii)
respectively;

(i) f (M) > f (m), f(M)M > f (m)m and

f(m) f(AI) f(m) <_ f(M)-----q<- M--m ’M q

holds for any real number q > 1,
f(M) f(m)(ii) f (M) f(m), M m and

f(m) f(M) f(m) _< f(M)
m

q<-- M--m -M ’q

holds for any real number q < O.
*) Dedicated to Professor Shigeru Kita on his 88th

birthday with respect and affection.

Corollary 1.2 [4]. Let A be positive operator
on a Hilbert space H satisfying
MI >_ Aj > mI(j- 1,2 k), where M > m O.
Let xl, x x be any finite number of vectors in

k

H such that IIx - 1. Then the following
j=l

inequality holds"
p (mM- Mm)

(Ax, x) <
j=l (q 1) (M m)

((q 1)(M’ m’).)(_ (Ax, x) )q
q(rnM- Mrn)

under any one of the following conditions (i) and (ii)
respectively"

M rn
(i) m-lq < M--m < MP-lq holds for any real

numbers p > 1 and q > 1,
M m

M-1(ii) m-lq -- M ’ q holds for any real

numbers p < 0 and q < O.
Corollary 1.2 becomes the following Corol-

lary 1.3 if we put q p.
Corollary 1.3 [4]. Let A be positive operator

on a Hilbert space H satisfying
MI >_ A >_ mI(j 1,2 k), where M > m > O.
Let Xl, x x be any finite number of vectors in

H such that [Ixj 2- 1. Then the following
j=l

inequality holds for any real number p @ [0, 1];
(mM Mrn)

(Ax, x) <
j=l (p 1) (M m)

p(rnM Mrn)
Corollary 1.3 can be considered as an exten-

sion of the following Theorem A by Ky Fan.
Theorem A [11 (Ky Fan). Let A be a posi-

tive definite Hermitian matrix of order n with all its

eigenvalues contained in the closed interval [m, M],
where M > m > O. Let xl, x. xk be any finite
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number of vectors in the unitary n-space such that
k

xs 2- 1. Then for every integer p 4:0,1 (not
j=l

necessary positive) we have"
k (p- 1) -1E (Ax, x) <

m)

(m+
4raM
Crl[ary 1.4 [31. Let A be positive @erator on

a Hilbert sace H satisfying
MI 2 A 2 mI, where M> m > O. Then the fol-
lowing inequalities hold for every unit vector in H.

( + 1)+ mM

for any such that < <

( + +1
(ii) (Ax, x) (Ax, X) p+I

(p + 1) +1 (m
m M

for any p such that p .
(i) in Corollary 1.4 with p 1 becomes the

Kantorovich inequality.
Multiple positive definite matrix ease.
Theorem 1.5 [4]. Let A be positive definite

Hermite matrices of order n with eigenvalues con-

tained in the interval [m, M], where M > m > O.
Let f (t) be a real valued continuous convex function
on [m, M] and also Us(j 1,2,..., k) are r n

k

matrices such that Us Us*-- I. Then the following
j=l

inequality holds;
k

E Usf(A) Us* < (mf(M) Mf(m))
s=l (q 1) (M m)

((q--1)(f(M) f(m)) )q(s_q(mf(M) Mf(m)) UsAsU*s,
holds under any one of the following conditions (i)
an (ii);

(i) f (M) > f(m) f (M)M > f (m)m and

f(m) f(M) f(m) <_ f(M)
m

q< M--m M q

holds for any real number q > 1,

f(M)
(ii) f(M) < f(m), M < f(m)

and

f (rn) f(M) f(m) < f(M)
m

q<--= M--m -- q

holds for any real number q < O.
Corollary 1.6 [4]. Let A be positive definite

Hermite matrices of order n with eigenvalues con-

tained in the interval [m, M], there M > m O.
If Us(j- 1,2,..., k) are r x n matrices such

k

that Y] UsUs*-I. Then the following inequality
j=l

holds"
(raM Mm)UAU < (=)(M_m)j=l

k

q(mM- Mm)
holds under any one of the following conditions (i)
and (ii)"

(i) m’-1 f(M) f(m) <_ M_Iq < M- m q holds for

any real numbers p > 1 and q > 1,

(ii) m
-1 f(M) f(m) < MI)_Iq < M rn q holds for

any real numbers p < 0 and q < O.
If we put q p in Corollary 1.6, we have

the following result which is a matrix version of
Theorem A by Ky Fan.

Corollary 1.7 [4]. Let A be positive definite
Hermite matrices of order n with eigenvalues con-

tained in the interval [m, M], where M > m > O.
Also let U j 1,2, k) be r n matrices

k

such that Us U I. Then for any real number
j=l

p such that p @ [0,1], the following inequality
holds;

UsAf Us, <
j=l (p 1) (M m)

p (ram Mm)
Corollary 1.8 [31. Let A (j 1, k) be

positive definite Hermite matrices of order n, with

eigenvalues contained in the interval [m, , where
M > m > O. Also let U (j 1,..., k) be r x n

k

matrices such that U U*
j=l

inequalities hold;
p-1

(i) E UA U
j=l (p + 1)+

I. Then the following
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m
for any positive p such that- <--p <--

(ii)

for any positive p such that-- < p <

M

k

Z UAU
_

j=l (p + 1) 1)+1

(m 1-M)P+I (j--l(mM) UAU
m M

Corollary 1.8 with p- 1 becomes the fol-
lowing TheOrem B.

Theorem B [7]. Let A (j 1 k) be

positive definite Hermite matrices of order n, with
eigenvalues contained in the interval [m, M], where
M > m > O. If Uj (j 1,..., k) are r x n matrices

such that UjUj* I, then the following
j=l

inequalities hold;

(i) N UAU* (m + M)
j=l 4raM UjAjUj*

(m+M) (jl ,)2(ii) Z UAU* < UAU
=1 4raM
Next we state results on complementary ine-

quality of H61der-McCarthy inequality.
Theorem 1.9 [5]. Let A be positive operators

on a Hilbert space H satisfying M A m O.
Then the followin inequality holds for every unit

vector x
(i) In case p > 1

(Ax, x) <- (Ax, x) <- K+ (m, M)(Ax, x)
where K+ (m, M)

(p- 1)- (M rn)
p1) (M- m)(mM1) Mm1)) 1)-1"

(ii) In case p < O"
(Ax, x) <_ (Ax, x) <_ K_ (m, M) (Ax, x)

where K_ (m, M)
(mM1)--Mm1)) ((p--1)(M1)--m1)))1)(p 1)(M- m) p(mM Mm1))

Recently the following interesting com-

plementary inequality of H61der-McCarthy ine-
quality [6] is shown in [2].

Theorem B ([2]). Let A and B be positive

operators on a Hilbert space H satisfying M > A
>_ m > 0 and M > B > rn > O. Let p and q be

1 1
i Then the followingp> 1 with -Z +-

inequality holds for every vector x
(B # 1/1)A1)x, x)

_
(Ax, x)l/1)(Bqx, X) 1/q

<_(p ml M1)1/1)q_1 1/A--0-1’
(Bq # X, X),

m

where ,(p, m, M)

{ 1 M1)--m1)
1/q 1/1)pl/1)q (M- m) (raM1) Mrn1))

We give the following extension of Theorem
B by considering the case p < 0 and 1 > q > 0.

Theorem 1.10 [5]. Let A and B be positive

operators on a Hilbert space H satisfying M1 > A
> m > 0 and M. > B > rn > O. Let p and q be

1 1
1 Then theconjugate real numbers with +-

following inequalities hold for every vector x and
real numbers r and s"

(i) In case p > 1, q > 1, r > 0 and s > O"
(1.8) (B # /ASx, x) <-- (Ax, x) 1/P (Bx, x) 1/q

YlZll s

-;/ (B # 1/A x, x)’< K+ M/’ m2
(ii) In case p < O, 1 > q > O, r > 0 and s g O"
(1.9) (B # 1/1)ASx x) - (ASx x) 1/1) (BrX X) 1/q

(s/1)> K ml s

m2/’ M/
(B #/Ax, x).

where K+ (,) and K_ (,) are the same as defined in

Theorem 1.3. In particular,

(i) In case p > 1 and q > 1,"

(1.1 O) (B # 1/1)A1)x, x) -- (A1)x, x) 1/1) (Bqx, x) 1/q

_K+( mi M1) i/p

M-I, q-i
(Bq# I/1)APx, x).

/2
(ii) In case p 0 and 1 q O"
(1.1 1) (B :/:/: I/1)A1)x, x) -- (A1)x, x) 1/1) (Bqx, x) i/q

(m___M-1’ M1)-- K_ Mq"-
(B q # 1/1)A1)x, x).

Remark 1.1. We remark that (1.10) in

Theorem 1.10 just equals to Theorem B and
(1.10) is equivalent to (1.8) and also (1.11) is

equivalent to (1.9).
2. Applications of Theorem 1.9 to order

preserving power inequalities. 0 < A _< B en-

Asures <-- B for any p [0,1] by well known
L6wner-Heinz theorem. However it is well known

A Bthat 0 < A < B does not always ensure
for any p > 1. Related to this result, a simple

proof of the following interesting result is given

in [2].
Theorem C [21. Let 0 < A <- B and 0 < m

< A < M. Then

A < forp>_ 1.

We obtained the following result related to
Theorem C.
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Theorem 2.1 [5]. Let A and B be positive

operators on a Hilbert space H such that M 2 A 2

rn > O, M. 2 B 2 rn > 0 and 0 < A N B. Then

(l-A) A" < K,,B" < (M-)’-B’
and

A < K.,B < (-)-B(2-B)

holds for any D >- 1, where KI,, and K2,, are de-

fined by the following

(p 1) -1 (M mr)
(2.1) K,, p(U m) (rn,UF Mmf)-and

(2.2)
(O- 1) ’-1 (M:- m)’

p’(M rn2) (rn.M M.rn)’-"
Remark 2.1. (l-A) and (2-B) of Theorem

2.1 are more precise estimation than Theorem C

since K,
xm/

holds for j-- 1,2

andp 2 1 ([5]).
Results in [3], [4], and [5] will appear else-

where and other results related to this paper are

discussed in [3], [41, and [51.
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