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On the Diophantine Equation x(x + 1)= y(y + 1)z2
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1. In [1] Mihailov investigated the equation:

(1) t tk
where tx, ty are the triangular numbers associ-

ated to x, y, and kz the quadrangular number z,
so that (1) means:

1
x(x + 1)

1 2
(2) - - y(y + 1)z.

The following theorem was given in [1].
Theorem 1. For an arbitrary integer f, (4f(f

+ 1), f, 2 (2f + 1)) is a solution of equation (2).
Mihailov proved by an elementary method

this theorem, which does not yield, however, com-
plete solution of the Diophantine equation (2). In
this paper we shall give a complete solution to
this equation.

2. We may rewrite the equation (2) as
(2x + 1)- 1 {(2y + 1)- 1}z.

Put X 2x + 1, Y 2y + 1 then this becomes
(3) X2 (y2_ 1)z2= 1.
Let Ybe an odd integer with Y 1 and let
(X, z) be an arbitrary integer solution of equa-
tion (3). Then by the theory of Pell’s equation
(see [2]), there exist natural numbers T, U such
that
X+ z(Y2- 1 +(T + U(Y2- 1) e, e Z.
Obviously T+ Uv/Y2- 1 Y+v/Y2- 1 and
hence
(4) X + z(r 1 +(Y + (Y2 1)*, e Z.
We note that from equation (3), X is also odd. In
case Y= + 1, we have y= 0 or y= 1 and
hence x 0 or x 1. Therefore equation (4)
gives all the solutions of equation (2).

Theorem 2. Define S by
S= ( (x, y, z) x, y, z Z,X= 2x+ 1,

Y=2y+ 1, X+ z,... 1
+ (y+v/y-l,e+Z)

Then S coincides with the set of all the solutions of
equation (2).

In the following examples we take the sign

plus on the right hand side.
Example 1. In case e= 1, we haveX= Y,

z 1 hence x y. Therefore, for an arbitrary
integer f, (f, f, 1) is a solution of equation (2).

Example 2. In case e= 2, we have X+ z

v/Y2- 1 2Y2-- 1 +2Yv/-- 1 hence X=
2Y2-- 1 8y2+8y+ 1 andz= 2’Y= 2(2y+
1), that is x 4y + 4y, z 4y -+- 2. Therefore,
for an arbitrary integer f, (4f + 4f, f, 4f+ 2)
is a solution of equation (2).

This confirms Theorem 1.
Example 3. In case e= 3, we have X+z

v/Y2- 1 (Y+v/Y2- 1)3=4Y3- 3Y+
(4Y- 1)v/Y- 1, hence X 4Y3- 3Y and z
=4Y2-- 1, that is x= 16ya+24y2+9y, z=
4(2y + 1)2- 1. Therefore, for an arbitrary inte-
ger f, (16f + 24f + 9f, f, 16f + 16f+ 3)
is a solution of equation (2).
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