No. 7]

Proc. Japan Acad., 72, Ser. A (1996) 139

The Automorphism Group of the Klein Curve in
the Mapping Class Group of Genus 3

By Atsushi MATSUURA

Department of Mathematical Sciences, University of Tokyo
(Communicated by Heisuke HIRONAKA, M. J. A., Sept. 12, 1996)

Let R be a compact Riemann surface of
genus g = 2. Then Aut(R), the automorphism
group of R, can be embedded into the mapping
class group (for its definition, see[1,Ch. 4]) or the
Teichmiller group I', of genus g ;

(1)  ¢:Aut(R) T, = Out’™ (7, (R)) =

Aut® (7, (R))/Int(7,(R)).
Here, Aut” (7, (R)) consists of the automorphisms
of 7,(R) inducing the trivial action on H,(w,(R),
Z) =Z.

Recall the Hurwitz theorem, which states
that
(2) #Aut(R) < 84(g—1).

If the equality holds in (2), then R is called a
Hurwitz Riemann surface and Aut(R) is called a
Hurwitz group.

Let X be the Klein curve of genus 3 defined

by the equation

xay + ysz + 2’z =0.
It is well known that X is a Hurwitz Riemann
surface; G := Aut(X) is isomorphic to PSL,(F,)
and has order 168.

Now let us forget about the Klein curve, and
consider an orientable compact C~ surface X of
genus 3. We define the canonical generators of
7, (X, b) with base point b as in the figure 1.
They satisfy the fundamental relation
(3) (aBia; B (aB,0, Bz_l) (Bsasﬁa-laa_l) = 1.
Let @, @5, @, be the elements of Aut™(m, (X))
defined by

@o(ay) = azﬁz_laz_l 1—1183_1.32
2B = Be Bai ufoct;’
@,(ay) .33 a'z
‘Pz(.Bz azBsBz az
@y = azu‘gz a, .31 al a3a2
,(By) = azﬁaaz ’
@5y = a2,33a3_1a1a2,82a2_1
@;(B) = asz_laz_lal-lasa’xazﬁzaz_l
@iy = as_la'l.B1a1—1
@5(B,) = alelaflasaz.Bz_laz_l.Bla’;l

@slay) = azﬁzazﬁ,;laz_lﬁl

G5 (B) = anBy oy ayenB; s By,
@.(a) = By a; af; a;

B (.81 azﬁsaa 1‘1232“;1.8;1“2_1
() = az.Bz

(07(182 alaZBZBSa; '
@,(ag) = Bl—laz.Bzaz_la;laxﬁlal_l

¢7(B;) = a1a2132a3_1a1181a1_1‘

Then, we have the following:

Theorem 1. (1) The classes @; of @, in
Out™ (7,(X)) generate a subgroup H of T's, which is
isomorphic to PSL,(F).

(2) Moreover, if X is the Klein curve, then H is con-
jugate to the image of ¢.

Outline of the proof. (1) First note that H # {1},
because the action of H on the homology group
H (X, Z) is not trivial. By direct computation

using (3) we have

(4) (Dz (03 = = '1’ 4.52953(57 = 1_11 -
(3,3:8,)" = [conJugatlon by a,B; a, Bil.
For example,
903 B; = (a; Bzazalaaal_laz_lﬁz_laz) (a3al_1181—1a1)
x (a5 Bievay o Basf; ay)
(al_l.31a1a;1)
X (Blaz_lﬁz_lazﬁzag_)l o L i
L e
X (o Ba,aa; ay a; B; )
(a, l,Bzaza a; ' B,ay)
= az Bzaz(alﬁlaz .32 azﬁz.Bs a, Bs)az
= a, Bzazﬁla a; laz;
hence
Qz’gﬁa = (a3al-1181—1a1) (ax—lﬁlaz_lﬁz_laza'aa'l_lﬁl—lal)

X (a;lﬁlalas‘_l)
(az_l.Bzazalasal_laz_l.Bz_laz)
x (a;ﬁzazalas_lﬁsaz)
(az_l.Bz—laz-leazﬁl_l) (al_lﬁlalaa_l)
= ‘83.
From (4) we obtain
2 3 7 4
(B) @, = Q3= ;= Q;0;30; = (Q050,) =1
in Out” (7,(X)). Since (5) is the presentation of
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PSL,(F,) (see [2, p. 96]), there is a surjective
map
PSL,(F,) — H.

The group PSL,(F,) is simple, and the map is an
isomorphism.

(2) To see that H is the automorphism group of a
Riemann surface, it is enough to recall the
Nielsen realization problem, which was positively
solved in [3]:

Theorem of Kerckhoff. For any finite sub-
group G of T, there is a compact Riemann surface
R of genus g such that

G C Aut(R) cT,. O

This theorem shows that there exists a
Riemann surface R of genus 3 with H € Aut(R).
On the other hand, # Aut(R) <168 = # H by
the Hurwitz inequality. Consequently H =
Aut(R). It is classically known (see [5, Th. 2.17))
that the Klein curve is the unique compact
Riemann surface of genus 3 such that Aut(R) =
PSL,(F,). Thus we have proved Theorem 1. []
Details of the proof and the geometric picture of
the automorphisms will appear somewhere else.
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