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Let p be a prime number different form 2.
For non-degenerate symmetric matrices S and T
of degrees s and #(s = t = 1), respectively, with
entries in the ring Z, of p-adic integers, we de-
fine the local density a, (T, S) by

a, (T, S) =1lim #4 (T, S,

where
4,(T, S ={X€e M,,,,,(Z,,)/pean(Z,,) ;
SIX] — TepM,, (Z,)}.
For the precise definition, see [2]. In [2] we de-
fined a formal power series P(T, S;x,,...,x,)
by
P(T, S;x,...,x,)

= 3 a,(Tldiag®",..., p1, xl.. .zl

V1reees?p=0
In [3] we showed that P(T, S; x;,...,x,) is a
rational function of x,,..., x, over the field @ of
rational numbers for arbitrary S and 7. In [4] we
gave an explicit form of its denominator for the
case where T is a diagonal matrix. In view of the
theory of Siegel Eisenstein series, it is important
to give a precise information on its denominator

1

and numerator for the case where S=§

( }g %") with k > ¢ + 1 (cf. Kitaoka [7]).
k
In the present paper, we give a more precise
form of its denominator and the degree of its
numerator for the case where S is a unimodular
matrix of degree not smaller than 2 deg T. To
state our first main result, for integers #, 8, 7,
put
A, B, ) = iy, ..., dg J1ve oy 35
1<4<...<5n1<;<...<j,<mn,
Gyyeoyigh 0 Gy v ) = 0).
Then we have
Theorem 1. Assume that s = 2¢, and that T
is a diagonal matrix. Then the denominator of P(T,

S, x,...,x,) is of the following form:
t t-8
I0 10 Q- """, za...)

B=1 r=1 {iy,.coigifyrernrfy)

t t
XMQA—p" ") 1 Q-—2zx),
i=1 i=1

where {iy,. .., 15 J1,. .., J,} runs over all elements
OfA(ty B’ T)'
Corollary. For any 1 < i <t the degree of

the demominator of P(T, S; xy, .. .,x,) with re-
spect to x; is (¢ — 10272 + 2, and therefore its tot-
al degree is t((t — 1)2'7% + 2).

The above theorem can be proved by a care-
ful analysis of the proof of [4, Theorem 1.2] and
its corollary. We note that it cannot be derived
from the result of [5]. We also note that it gives a
more precise result than that of [3]. In fact, put

I'n, B, ) = {{iy,..., 4, Uy,..., 7))
1< <...<4snl1s;,<...<j=<mn,
(v igh N Goyenn i) = 03,
We note that {7;,..., 15 ji,..., 7} and ({7y,.. .,

igt, {1, ..., 7)) are distinguished. In fact it hap-
pens that {i), ..., 45 71, ..., 750 = 4], ..., 4,
Jioeesdbevenif (g, ..., 4, {y,..., 7)) #
e, ..., 44}, 5,. .., 7}). Then in [2, Theorem

1.1], we have proved that under the same
assumption as above the possible denominator of

P(T, S;x,...,x) is
t t—B
(1.1) II 11 II

B=1 r=0 ({iy,....igh{iy,..fy})

t
_ pB(=stt+r+D) _
a-»p Ty .. XX T) iI-—-Il a -z,
where ({ty,..., 45}, {1,..., 7,}) runs over all ele-

ments of I'(n, B, 7). Here we make the conven-
tion that x; ...x; =1 if y=0. Let £ = 2, and
s = 4. According to (1.1), the possible denomina-
tor of P(T, S; x,, x,) is
(1 _ pz(—s+3)xlx2) (1 _ p—s+3xl) (1 _ p—s+3x2)
Q-p""rx)’qQ —2)A — x,),
while by the Theorem 1 in this paper, it is
a-— p_s+3.1‘1) a-— P_S+31‘2) 1-— p_SH.Z‘l.I‘Z)
AQ—2)A — x,).
Now our next main result is the following:
Theorem 2. In addition to the notation and
the assumption in Theorem 1, assume that S is a
unimodular matrix. Then for any 1 < 1 < ¢t the de-
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gree of P(T, S; x,,...,x,) with respect lo x; is al
most — 1, and thevefore the total degree of P(T, S ;
Xy ooy .Z‘,) is at most — t.

The above theorem can be also proved by a
careful analysis of the proof of [4, Theorem 1.2].
As Corollary to Theorem 1 and Theorem 2, we
have

Corollary. Let the notations be as above. Then
the degree of numevator of P(T, S;x,,...,x,)
wilh respect to x; is al most (t — 1)2"2+ 1 for
any 1 £ 1 < t, and therefore its lotal degree is al
most H((t — 1)27 + 1),

For T = diag(b,,..., b,), we define a formal
power series @(T, S ; x,,...,x,) by

T, S; x,,...,x) = 2

715007 =0
a,(diag(p™b,,..., p"b), S)z;*...x/",
which was introduced by Bécherer and Sato [1].
Thus by Theorems 1 and 2, we easily obtain
Theorem 3. (1) Let the wnolation and the
assumptions be as in Theovem 1. Then the possible

denominator of Q(T, S; x,,...,x,) is of the fol-

lowing form:
t 1=

_ pBl=s+t+r+D 2 2 2 2
Im1I I a-—-p Ty XXX

B=17=1 {i1enigii gy}
t t
X I Q—p " 2h I a-—azh,
i=1 i=1

where {iy,. .., 14 Ji,. .
of A(t, B, 7).

(2) Let the notation and Lhe assumptions be as
i Theorem 2. Then for any 1 < 1 < ¢, the degree
of (T, S; xy,...,x,) with respect to X, is at most
— 1, and thervefore the lotal degree of it is al most
—t

We note that (2) of the above theorem gives
a certain generalization of the result of [7] on the
numerator of the power series.

Example. Let A be a unimodular symmetric
matrix of degree 2k with entries in Z,, and b,
and b, p-adic units. Put ¢ = x((— 1)* det A),
and n = x(— b,b,), where x is the quadratic

.» J,} runs over all elements
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character of Z, modulo p. Then we have
PB,A;z, z)=Q1Q—p "2)7Q — p7) "
A —p " r2)7'Q —2)7'A — 2"
X A —ep A+ enp R, 1),
where
R(x,, x,)
=1—pFen(z,+x) + @ Fen+p e —p
_p3—2k7] +p4—3kn8 +p5_3k8)xl.r2
- p5_3k5x1x2(x1 + ;) + p6—4knx12x22
=Q—enp'™HQA + ep*Fx)Q — p* 2,2,
or
=1 —enp'™A+ep"HQA — p* *px,x,)
+p7 "+ 1A —2)A — x)
according as B = diag(b,, b,), diag(b,, pb,), or
diag (pb,, pb,).
The above example may be considered as a
reformulation of [6, Theorem 2, (1), (2)]. It shows
that Theorems 1 and 2 are best possible.
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