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11. Some Families of Generalized Hypergeometric Functions
Associated with the Hardy Space of Analytic Functions

By Yong Chan KIM* and H. M. SRIVASTAVA**

(Communicated by Kiyosi ITO, M. ]. A., Feb. 14, 1994)

Abstract: Recently, several inclusion theorems associated with the
Hardy space of analytic functions were proven for various families of
generalized hypergeometric functions belonging to one or the other subclas-
ses of the class & of normalized analytic functions in the open unit disk U.
The main objective of this paper is to develop a remarkably simple proof of
a unification (and generalization) of many of these inclusion theorems. Some
relevant historical remarks and observations are also presented.

1. Introduction and definitions. Let & denote the class of functions
f(2) normalized by

(1.1) @ =z+ 3 az",
n=2

which are analytic in the open unit disk 2. Also let & denote the class of all
functions in & which are univalent in U We denote by S* and X the sub-
classes of & consisting of all functions in & which are, respectively, starlike
and convex in 9. Then it follows readily that f(2) € X © zf’'(2) € 4, which
indeed is the familiar Alexander theorem (cf., e.g.,, Duren [3, p.43, Theorem
2.12]). We note also that # € S* < 4.

Let #”(0 < p < o) denote the Hardy space of analytic functions
f(2) in U, and define the integral means M, (7, f) by

<21n' f21t I f(rew) Ip dﬁ)l/p (0 < p < oo)
- 0 ,
(1.2) My, ) = sup | f(re") | (p = ).

0 o<2rm
Definition 1. A function f(2), analytic in U, is said to belong to the
Hardy space #°(0 < p < ) if

(1.3) lim {M,(r, )} <o (0 <p< ).

r—1—

For 1 < p < oo, #? is a Banach space with the norm ||fl|,, defined by
(cf., e.g., Duren [2, p. 23]; see also Koosis [11])
(1.4) I£l, = im{M,(r, )} A <p< o0).

r—1—

Furthermore, #° is the familiar class of bounded analytic functions in 4,
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whereas #” is the class of power series 2 a,2" with 2 | a, |* < oo.
Definition 2. Let ;G =1,...,) and ¢;(j = 1,...,m) be complex num-
bers such that g; # 0, —1, —2,---(G=1,...,m). Then the generalized
hypergeometric function ,F,,(2) is defined by
Fou(@ = F,(Ay, .. A5 oo oy s 2)

Y ST i
e[

Kise o sy s
o (A)n...u)n "
= 2GS (S mE D,

where (1), denotes the Pochhammer symbol defined, in terms of Gamma
functions, by

S _ ra+m =[ 1 (=0
" (A AA@+D---QA+rn—1 @®eN={1,23,...1)
We note that the ,F,, series in (1.5) converges absolutely for (cf., e.g.,

Erdélyi et al. [4, Chapter 4])

(i) |zl <ooifl<m+1;

(i1) z€Uifl=m+1;

(i) z€0U={z:2€ Cand|2z|=1}ifl<m+1;

provided further that

(1.5)

m 1
Re(XZ U — = A;) >0,
j=1 j=1
unless the series terminates.

Inclusion theorems for certain generalized hypergeometric functions,
associated with the Hardy space #*, were proven recently by Jung et al. [5]
by applying a one-parameter family of integral operators, and by Kim et al
[7] by making use of a fractional integral operator involving the Gauss
hypergeometric function ,F; in the kernel (see also [15, Chapter 25]). Each of
these inclusion theorems also involves the subclasses R and R(y) of the
class &, which are given by

Definition 3. A function f(2) € 4 is said to be in the class R(y) if it
satisfies the inequality:

(1.7) Relf' @} >y z€U;0<¢<1),
so that, obviously,
(1.8) R SR=RO) OLry<).

It should be remarked in passing that the class 8 was studied rather
systematically by MacGregor [12] who indeed referred to numerous earlier
works investigating various properties of functions whose derivative has a
positive real part. As a matter of fact, a more general class of functions than
those satisfying the inequality Re{f’(2)} > 0 (z € U) is the class of
close- to- convex functions considered by Kaplan [6]. (See also Duren [3].)

An interesting unification (and generalization) of the aforementioned in-
clusion theorems of Jung et al. [5] and Kim et al. [7] was proven, by means of
a remarkably simple technique, by Srivastava [13]. We choose to recall Sri-
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vastava’s result as
Theorem 1 (Srivastava [13]). Let the function z,F,(A,...,4;;
Uiseeorlhys 2) U< m+ 1) be in the class R(y) (0 < vy < 1). Suppose also
that the function @(2) is defined, in terms of a genevalized hypergeometric func-
tion, by
Y SR P> PN I
(1.9) @ =z ,,F,. z| U<m+1;s€N)
Koo osthms 181’- --rBs;
for (veal or complex) parameters o, . . .,0 and B,,...,B; such that B; # 0, — 1,
-2, (G=1,...,9.
Then @(2) € H” and, more precisely,
(1.10) |0 | < © z€U=UU U =1{z:2€ Cand|z| <1}),
provided that
S S
Re(Zl B; — Zl a;) > 0.
1= =
The main object of the present paper is to develop a generalization, ana-
logous to Theorem 1, of the following result which was given elsewhere by
Kim and Srivastava [8] as an application of a certain one-parameter additive
family of operators considered earlier by Komatu ([9]; see also [10]) (and,
more recently, by Srivastava and Owa [14]).
Theorem 2 (Kim and Srivatava [8]). The generalized hypergeometric
Sfunction ¥ (2) defined by
A.oonin 1,001
(1.11) (2 = z . Fpis z| U<m+1;s€EN)
Lttt 2,...,2;
is in the Hardy space # if

(1.12) z F,(2) € S* and s € N\ {1, 2}
or if
(1.13) z F,(2) € # and s € N\ {1}.

2. Inclusion theorem for .5 and its subclasses. Our main result (depict-
ing the inclusion property associated with the Hardy space and the classes
3, 3%, and ) is contained in

Theorem 3. Let the parameters a,...,&s and By,...,Bs be complex num-
bers such that

B;#0,—1,—2,---(G=1,...,9),
and let w be defined by

(2.1) w= 2821/3,.— S a,.
i= i=1

Then the generalized hypergeometric function @(2) defined by (1.9) is in the
Hardy space #° (and, more precisly, the assertion (1.10) holds true) if

(2.2) z F,(2) € 358" O H and Re(w) > 2
or if
(2.3) z F,(2) € # € 8% C S and Re(w) > 1.

In place of the one-parameter additive family of operators (used else-
where to prove Thcorem 2), our proof of the general result (Theorem 3) is
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based largely upon the coefficient inequalities asserted by the following
Lemma (cf. de Branges [1]; see also Duren [3, pp. 44-45]). Let the func-
tion f(2) be defined by (1.1).

Then
(2.4) fedoS* oK =a,|<n me N =N\{1})
and
(2.5) fexcSs*csd=>a,]<1 e N.

Furthermore, strict inequality holds true for all n unless f is a rotation of the
Koebe function

(2.6) K,(2) =
m (2.4), and of the function

— 2 =3 e
1 —=2" ==

(2.7) L = 12— =

-z
n (2.5).
Proof of Theorem 3. For the sake of convenience, we write

A, QY (), (ay, _
(2.8) Qn—-'m and 4, M (n € N,= N U {0}).

Thus, by applying the assertion (2.4) of the Lemma, the hypothesis

Ms

' (e

1

’11’-~',/11; Q
z ,F,, z|=z+ Z—l—)—,—zned
n=2
Kiveeolhms )5
implies that
2,
(2.9) %Sn (ne N¥.

Next, from the definition (1.6) and Stirling’s asymptoic expansion for the
Gamma function (cf., e.g., Erdélyi et al. [4, p. 47, Section 1.18)), it is not diffi-
cult to show for 4, defined by (2.8) and with fixed parameters a; and
B; G=1,...,s) that
(2.10) 4,=A""nl1+ 0] (n— ),
where, for convenience,

I'ay) -+ I'(ay)

2.11 A=
(2.11) @) - I'B)
and w is given, as before, by (2.1).
Now, for the function @(2) defined by (1.9), we have

| o, | "
|0G) | <121+ £ G2y 4,11 2P,
which, for z € U, yields
(2.12) 0@ <1+ 3¢l
n=2
where
(2.13) IM=J&£4AIMEN5
) n (n— 1) :

Making use of (2.9) and (2.10), we find from (2.13) that
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M 1
(2.14) |Cn|SWW (nZNEN;M>O),

which proves that the power series of the function @(2) converges absolute-
ly for each z € U, provided that w is constrained precisely as in the asser-
tion (2.2).

This evidently completes our remarkably simple (and direct) proof of
the assertion (2.2) of Theorem 3. The proof of the assertion (2.3) of Theorem
3 would similarly make use of the following consequence of (2.5):

(2.15) (_ln% <1 (neNM
instead of the inequality (2.9).

3. Applications. Each of the assertions (2.2) and (2.3) of Theorem 3 is
very general in character. By setting
(3.1) a;=land ;=2 (j=1,...,9),
and by further resticting s so that w (which, in this special case, equals §) is
constrained as in the assertions (2.2) and (2.3), we are led at once to a mild
generalization of Theorem 2, contained in the following

Corollary. The generalized hypergeometric function W(z) defined by (1.11)
is in the Hardy space #°~ (and, more precisely, the assertion (1.10) holds true
when O is replaced by W) if

(3.2) z F,,(2) €3> 38 D H and s € N\ 11, 2}
or if
(3.3) z F,(2) € H cS* S andse N\{1}.

Many more interesting consequences of Theorem 3 can be deduced by
assigning suitable special values to the various parameters involved in the
generalized hypergeometric function @(z) defined by (1.9).

Acknowledgements. The present investigation was completed during
the second-named author’s visit to Yeungnam University in July 1993. This
work was partially supported by the Yeungnam University Research Grants for
1993, by research grants from TGRC-KOSEF, and by the Natural Sciences
and Engineering Research Council of Canada under Grant OGP0007353.

References

[1] L. de Branges: A proof of the Bieberbach conjecture. Acta Math., 154, 137—-152
(1985). :

[2] P. L. Duren: Theory of H? Spaces. A Series of Monographs and Textbooks in
Pure and Applied Mathematics. vol. 38, Academic Press, New York, and London
(1970).

[3] ——: Univalent Functions. Grundlehren der Mathematischen Wissenschaften,
vol. 259, Springer-Verlag, New York, Berlin, Heidelberg, and Tokyo (1983).

[4] A. Erdély et al: Higher Transcendental Functions. vol. 1, McGraw-Hill New
York, Toronto, and London (1953).

[5] L B.Jung, Y. C. Kim, and H. M. Srivastava: The Hardy space of analytic func-
tions associated with certain one-parameter families of integral operators. J.
Math. Anal. Appl., 176, 138-147 (1993).

[6] W. Kaplan: Close-to-convex schlicht functions. Michigan Math. J., 1, 169-185



46 Y. C. KIM and H. M. SRIVASTAVA [Vol. 70(A),

(1952).

[7] Y.C.Kim, Y. S. Park and H. M. Srivastava: A class of inclusion theorems associ-
ated with some fractional integral operators. Proc. Japan Acad., 67 A, 313-318
(1991).

[8] Y.C.Kim and H. M. Srivastava: The Hardy space of a certain series and its ap-
plications. Algebras Groups Geom. (Professor Hanno Rund Memorial Volume), 10,
37-52 (1993).

[9] Y. Komatu: On a one-parameter additive family of operators defined on analytic
functions regular in the unit disk. Bull. Fac. Sci. Engrg. Chuo Univ. Ser. I Math.,
22, 1-22 (1979); see also Analytic Functions (ed. J. Lawrynowicz).
Springer-Verlag, Berlin, Heidelberg, and New York, pp. 292—-300 (1980).

[10] Y. Komntu: On analytic prolongation of a family of operators. Mathematica (Cluj),
32(55), 141-145 (1990).

[11] P. Koosis: Introduction to H, Spaces. London Mathematical Society Lecture Note
Series. vol. 40, Cambridge University Press, Cambridge, London, and New York
(1980).

[12] T. H. MacGregor: Functions whose derivative has a positive real part. Trans.
Amer. Math. Soc., 104, 532—-537 (1962).

[13] H. M. Srivastava: A certain class of generalized hypergeometric functions associ-
ated with the Hardy space of analytic functions. Current Topics in Analytic
Function Theory (ed. H. M. Srivastava and S. Owa). World Scientific Publishing
Company, Singapore, New Jersey, London, and Hong Kong, pp. 337—-348 (1992).

[14] H. M. Srivastava and S. Owa: A certain one-parameter additive family of oper-
ators defined on analytic functions. J. Math. Anal. Appl., 118, 80—87 (1986).

[15] H. M. Srivastava and S. Owa (eds.): Univalent Functions, Fractional Calaulus,
and Their Applications. Halsted Press (Ellis Horwood Limited, Chichester), John
Wiley and Sons, New York, Chichester, Brisbane, and Toronto (1989).



