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§1. Introduction. Flynn [1] (resp. Leprévost [6], [7]) got infinitely
many curves defined over @ with a rational torsion divisor of order N = 11
(resp. 13, 15, 17, 19 and 21), by constructing a curve of genus 2 defined
over Q(#) with a rational torsion divisor of order N. In this paper, we shall
extend these results to the case of N = 23. We remark that Leprévost [8]
gave some curves over @ with a rational torsion divisor of order 22, 23, 24,
25, 26, 27 and 29, respectively.

Many studies have been made to find algebraic curves with a large
rational torsion divisur, or abelian varieties with a large rational torsion
point. In case of genus 1, lots of elliptic curves with a large rational torsion
were explicitly constructed, before the appearance of the universal bound of
torsion of elliptic curves over @ (resp. over any quadratic number field) by
Mazur [9] (resp. by Kamienny [5]). On the other hand, Gross-Rohrich [3] and
Shioda [10] constructed a family of g-dimensional abelian varieties over @
with a rational torsion point of order 2g + 1, using Fermat varieties, and
Flynn [2] and Leprévost [7] gave families of hyperelliptic curves of genus g
over @ with a rational torsion divisor of order 2g2 + 2g + 1 and Zg2 + 3g
+ 1, respectively. As for universal bounds of torsions like Mazur’s, we
know only the result on torsions of abelian varieties of CM-type due to Sil-
verberg [11], who, in the 2-dimensional case over @, showed that the order
of a rational torsion point is at most 185640 = 2%.3-5-7-13-17.

An abelian variety without any non-trivial abelian subvarieties is called
simple. Leprévost’s example with a 24-torsion is not simple, by easy calcula-
tion, and those with a 25-torsion and with a 27-torsion probably not, as we
can decompose their congruence zeta functions for each prime p < 1000. We
can easily construct abelian varieties with a large torsion using the product
of clliptic curves with large torsions. For example, if E and E’ are two ellip-
tic curves over @ with a rational 10-torsion and with a rational 9-torsion,
respectively, then the product E X E’ has a rational torsion of order 90 =
10 X 9. So, in search for abelian varieties with a large rational torsion, the
interest would be lost without the assumption that they are simple. We re-
mark here that the Jacobian varieties of the curves given in this paper are
simple.

§2. Construction of torsion divisors with a large order. 2.1. We shall
first describe briefly the method of Leprévost [6,7]. Let k be a field with
char(k) # 2. Let g be a positive rational integer, A a polynomial on & with



296 H. OcawA [Vol. 70(A),

k-coefficients of degree at most g, A a non-zero element of k such that

f@) =A%) — 22z — 1)F
has no multiple roots, and C the hyperelliptic curve of genus g defined over
k by yz = f(x). Since the degree of f is odd, C has only one point at infin-
ity, that is denoted by oo. Put P, = (0, A(0)), P, = (1, A1), D, = P, — o
and &, = P, — o©. We see that o, P, and P, are rational points of C, and
P, and P, rational divisors of C that are linearly inequivalent to O.

Lemma 1 ([7]). Suppose that there exist two rational integers a and b such
that aD, + bD, ~ 0. Then ((g + 1)b — ga)D, ~ 0.

Let k= Q(f) and g = 2. For each [ = 15,17, 19 and 21, Leprévost
found A, A, a and b satisfying a®, + bP, ~ 0 and 3b — 2a = I, respective-
ly, and, by Lemma 1, obtained that

Theorem 2 ([7]). There exist curves of genus 2 defined over Q) with a
rational torsion divisor of order 15, 17, 19 and 21, respectively.

Corollary ([7]). There exist infinitely many curves of genus 2 over Q with a
rational torsion divisor of order 15, 17, 19 and 21, respectively.

2.2. We modify the above method for our aim. Let k, g and A be as
above, A a non-zero element of k such that

f@) =A@ — 2@ — D!
has no multiple roots, C the hyperelliptic curve of genus g defined over k by
y® = f(x), and o, P,, P,, D, and D, as above.

Lemma 3. Suppose that theve exist two rational integers a and b such that
a®, + bD, ~ 0. Then ((g +2)b— (g — 1Da)D, ~ 0.

The proof of the last lemma is easy and similar to that of Lemma 1. We
shall find in the next section A and A satisfying the assumption of the last
lemma with k= Q®,g=2,a= —3 and b=523=4-5—1(— 3)),
which will lead to our main result:

Theorem 4. There exists a curve of genus 2 defined over Q(t) with a
rational torsion divisor of order 23.

It follows from the computation of Igusa’s absolute invariants [4] of the
curve that

Corollary. There exist infinitely many curves of genus 2 over Q with a
rational torsion divisor of order 23.

83. Proof of Theorem 4. We use the same notation as in 2.2, and put
k=Q(), g=2and P;= (0, — A(0)). If ¢ is a function on C with
(#) div(¢p) = 3P} + 5P, — 8,
then we have that — 39, + 59, = div(¢/x>) ~ 0, hence, by Lemma 3, the
hyperelliptic curve C has a rational torsion divisor of order 4:5 — (— 3) =
23. Since the vector space L(80) is spanned over k by {1, x, xz, xs, x4, Y,
xy}, we may put ¢) = v — uy, where # and v are polynomials on x of degree
at most 1 and 4, respectively, and we should have

VP — u’f (@) = kx’x — 1),
for some k € k. Comparing leading terms of the both sides, we may put v a
monic polynomial and £ = 1.
P —u Al =2 x—1)° — izt — Do’
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v —uA v+ udl = 2°@— D{x— 1" — Azu®}.
On the other hand, ¢(P,) # 0, ¢(Py) = 0 and ¢(P,) = 0 lead to
zXv—uA, zlv+uldandz— 1|v— uA,
respectively. Hence we can write
v+ ud =2z, v—uA= (x— 1gq, pg= (x — 1)* — Azu’,
where p = x — a and # = u(x — B) for some a, B, ¢ € Q. Hence
z’p— (x— 1)gq
2u :
Since the right hand side has to be a polynomial on x, we should have
{(a —D*—ardla—pP*=0
BB—a'—B—-1°=o0.
This system of simultaneous equations is solved by
t'+10£° +5
a -_-——
2(t+1)°

@+ 1)’
IB - __4t—’
. £+ 3)*
(t— D¢+ D@ + 108+ 5)
We have a form of ¢) = v — uy satisfying (#), for an arbitrary g. This con-
cludes the constructive proof of Theorem 4.
Putting in particular

A=

Au

Ht+1)

2t — D¢ + 1062+ 5)
and substituting (¢ + 1)2.23 on x, for simplicity, we obtain
f@ =A%x) — ax* (¢t + 1)’z — 1),

ﬂ=

where

A=80¢— 1D+ D¢ + 3¢ + 106 + 5),
A@ = (* + 765 + 8t" + 80¢° + 18¢° + 150t* — 641> + 200t* + 37t + 75)x”

— (t"+ 3t° + 55+ 47t — 13t° + 25¢° + 7t + 53)x + 8(t — 1)°.

The parameter f may take any values such that the discriminant 4, of f does
not vanish. As A, factorizes as follows, ¢ has only to avoid the value + 1, —
1 and eventual integral roots of 2 4+ - 4+ 1285335,

28— DY@+ DUE + DT + 1087 + 5)°(¢* + -+ + 1285335).
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