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Abstraet: If x
p -I- yP -F z 0, (p, xyz) 1 has a solution, then a

p-1

1 (modp) for a < 113.

0. Introduction. Let p be an odd prime. Throughout this paper we

assume that there exists a solution of Fermat’s equation x
p -+-yP q- z 0

such that (p, xyz)= 1. Then a-1-- 1 (modpz) holds for a= 2. This is
known as the Wieferich criterion. This criterion has been extended for
a <--3115], a 89[2]. In this paper, we shall extend it up to a <_ 113,
which implies: if we have a solution (x, y, z) such that (p, xyz) 1, then
we can getp > 8.858 x 10[1].

Let A { x y y z z x (modp)} for a solution ofy’ x’ z’ y’ x’ z
xt’ -+- y’ -t- z’ O, (p, xyz) 1. Let t be any element of A. Then

{ 1 1 t--1 t (modp)}.A= t,-,1-t, 1-t’ t t-1
There are two possibilities:

(a) A= {-- 1,2,1/2 (modp)}
(b) A has six elements.

When (m, h) 1, then for any n, there exists a unique solution u for hu =-
n (modm) such that 0 < u < m. Let g,n(X) Xu-1

and Gh(X) be the
(ran2(p (h) x (p (h) matrix gh’ (X)) lrrt<2h,1 rt<h,(rrt,h)--(r,h)=l" Let I be a (p (h) -ple

(ml, m2,..., me(h)) such that 1 <-- m < 2h, (mi, h) 1, mi 4= m (i 4= j)

and Gh(X) be the submatrix of Gh(x) by choosing m, me,..., me(h) as m.
Then Pollaczek [5] proved the following theorem"

Theorem. Suppose there exists t A such that ta-1 I (mod p). For any
h with 3 <_ h (a 1)/2 if it is possible to find a (p(h)-ple I (depending on t
and h) such that Gzh (t) s 0 (mod p) then we have a

p-
1 (mod pe).

We could verify the existence of t and I for every h, 3 <_ h <- (a- 1)/2
as referred above for all a <--113 by computation. We shall describe our
method of computation in two stages. We first treat the case AI 3 in 1.
Secondly, we treat the case IA[ 6 in 2. The case [AI--6 needs large
amount of computation.

1. The ease AI 3. WhenA= {-- 1,2,1/2 (modp)}, we choose 2
as t. Let 1 rex< mz < < m(p(h) h- 1, 11 (m,, me,..., m(p(h)) and
Ie (m1, me,..., m(h)_, h -t- 1). For example, in the case h 53, we get
the following result:

11 19.gcd (det Gs3(2), det Gs3(2)) (168 digits number)
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38" 5" 77" 114. 13" 17" 19" 23" 319" 41" 43z" 47" 73" 89" 127"1512. 241" 2572. 337" 601" 683" 1801" 81912. 1310712. 178481" 524287.
I1Likewise we factorize gcd (det Gh (2), det Gh (2))for all 3 <_ h <_ 56

(113 1)/2, and list the prime factors 3,5,7,..., for any one q of which
we verify 2

q-t
1 (mod q2). This means that x

q -t- y + z 0, (xyz, q) 1

has no solution, and thus det G/1(2) or det GZ(2) 0 (modp). If 2a-t 1
+ kp for some k Z, then using the Wieferich criterion we have 1
(2a-t) p-t-- 1 + (p- 1)kp (modp). So we have 2"-t-- 1 (modp). How
ever it is easily shown that this never happens for, say, any a <-- 200, by us-

2a-ting Lehmer’s computation [4]. Therefore we have 1 (modp). Now we
can use the theorem and we get a

p-t
1 (mod p).

2. The ease IAI--6, When A has six elements, Pollaczek [5] and
Gunderson [3] proved
(1) t(t-- 1) (t 4- 1) (t + t+ 1)(t + 1) (t t 4- 1) 0 (modp).
Before computing det G(X) we can obtain some factors of det GZ(X). For

26,rl
example, when h 53, X2- I divides g’n(X) g (X). This fact is ex-
plained by the following lemma [2, Lemma 28]:

Lemma. Let l lm. The X I clavicles
(2) g,,n (X) g,n (X)
Let k m, l m and e 1 (mod k). Then (X 1)(X 1) divides

(3) (X 1)g"(X) (X’ 1)g’(X) + (X’ Xe)g" (X)
and

k-e\ k,n + k-e ) n(4) (1 xg-e)gT’n (X) (X+k-e X )gh (X) + (X 1 gh’ (X).
Let m II=tp be the prime factorization of m such that Pt < P. <
< p. When r = 1, we use (2) as 1 m/p2. When r > 1, we use (3) or

(4) as 1= m /pt, k= re < e< k. Namely we define fh’n(X) as
follows:

1 if m 1,

f,n(X)
(2)/(Z’- 1) if r= 1,

(3)/(X- 1)(X- 1) if r> 1 and e <-- k-- e,

(4)/(X- 1)(X- 1) if r> land e > k-- e.
Clearly, the degree of f’n(x) is at most d(m) where

0 ifm 1,
d(m) = m- 1-I if r= 1,

m 1 l max(k e, e) if r > 1.
We use the matrix Fh(X)- (fn’n(X))l:m<2h,lKn<h,(m,h)=(n,h)= instead of

IGh(Z). We define Fhz(X) similarly as Gh(Z).
The theorem in 0 is also correct if we replace Gh(t)by F(t)([2,

Theorem 5 ]).
Let ,(X)be the m-th cyclotomic polynomial. When detFh(X)is

calculated, we devide det F[(X) by X and (X), 1 _< m < 2h, as far as
possible. Let Ch(X) be the product of all possible such factors. Then we get
Vh(X) det Fh(X)/Ch(X). For example when h 53,
It (1,2,3,4,6,5,8,10,12,7,9,14,18,15,16,20,24,11,22,30,13,21,26,28,36,
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42,17,32,34,40,48,19,27,38,54,25,33,44,50,60,23,46,66,39,45,52,
56,72,35,78,29,58)

I-- (..., 29,70), I-- (..., 58,84), I4-- (..., 29,70), Is (..., 58,84).
I have been chosen as follows: Let S {m; (m, h) 1, 1 <_ m _< 2h- 1}.
We number rn S such that d(m) < d(m+,) or d(m) d(m+,),
< m+. Then

I {m, m2,... me(h)_2, m(h)_, m(h))
I {..., m<h)-Z, m<h)-, m<h)+}, I (..., m,)_2, m,)_,

Then we have
C(X)" XO,(O(sO(X)44(o(s( for I

X16l(3702(383(X)34(66(7lO(12(X) for I 12
xITl(372(X)383(X)34(76(7Io(12( for I I3
X15I(352(363(44(66(812(2 foY I I4
x’"o,("o("(’o,(o,(o( for I I,.

Degrees of Qs(" 528 for I I,, I5, 530 for I I2, 526 for I I3, 532
for I I. Let R(,, I) be the esultant of Q’( and Q’(X). en

R53(I, 12) (28087 digits number), but
god (R.(, I), R.(, 3), R.(,, I.))
320410393 4889"65537.

Let q be a prime factor of the above gcd. We can verify 2-* 1 (mod q2).
Therefore q p and for any t A we have Qs(t) 0 (mod p) for some
I(i= I,..., 5). A list of results of factorization of gcd of R(I, I)is
appended below.

Let S {k" k 6,5 k, ,(X) divides C*(X) for some
56) and I(i i 5)}. Let T,, be the resultant of ,( and (I

Let q be a prime factor of some T,t, k, S. We can verify 2- 1 (mod
q2). Therefore q p and T,, 0 (modp) for any k, S. If there exists k

S and t A such that ,(t) 0 (modp), then we have t(l/(1 t))
0 (mod p) and t(l I/(1 t)) 0 (mod p) for any I S, because

(0 0 (1-0 0 1 t 0

()0, (1 )0 , (t-l) 0
Therefore there exists t A such that (t) 0 (modp) and (1 t)

0 (mode) for any k S. Using (1), this is also valid for k
{1,2,,4,6}. We can factorize T, easily (see the Table III of [2] for k,
10.
Let U {a- 1;a’rime, a N 11a). Let v( (X- 1)/(X- 1)

if k 0 (mod 6), v(X)= X- 1 otherwise. Let V be the resultant of
v( and v(1- . Let q be a rime factor of some g, k U. We can
verify 2- 1 (rood q). Therefore g 0 (mode) and for any t A and
for any prime a N 11a, we have t- 1 (modp)or (1--0-t 1 (mode)
because of (1).

Now we can use also in this case the theorem in 0. First of all there
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exists tA such that Ok(t) 0 (modp) and Ok(l-- t) 0(modp) for
any k S U {1,2,3,4,6}. We fix a <- 113. If ta-l-- 1 (modp) then we use
1- t instead of t. So there exists t A such that )k(t) 0 (modp) and
ta-1 1 (modp). For this t and for any h(3 <_ h K 56) there exists I such
that Q’(t) 0 (mod p). Hence we have det F[’(t) 0 (modp) and finally
we get ap-1 ------ 1 (modp) for any a _< 113. We can see some of large factors
of Vk for k U, in Table III of [2].

We implemented the program for the above computation in FORTRAN
on a HITAC S-820/80 at Computer Centre University of Tokyo. In case
h---53, where q(h)is maximal for 3 K h _< 56, we have obtained five
polynomials Qh(i 1,...,5) within about 120 seconds.

Table gcd(Rh(I1, I2), R,(I2, I3), R,(I4, I5), R,(Ih, I1)) (h <- 44)
gcd(R(I1, I2), R,(I2, I3), R,(I4, I5)) (h >- 45)

For 3 K h _< 10, h 12, h 14, we can find Q’(t) 1 for some Ii.

11
13
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
4O
41

factorization
(5)
(25. 3" 19)
(2)
(3. 5)
(53.73)

(213.35.7)2
1
13
(2.5. 11.31)
(23. 3" 7" 113) 4

(3. 13) 2

238
(2" 32. 52. 7" 192. 73" 769)
1
(2. 32.5.73 112 13)
(22.33.7)
(2.5)
(2.3.5)
(3" 17)
(213.5) 2

(213.38.55.19)2
(221" 34.132) 2

(7.133.19.31.79)
(2" 32" 76" 198. 372) 2

(2" 3" 7" 195" 73" 487) 2

(2" 3. 53" 132" 192" 372) 2

(22.52.7.412)
(22" 3" 59. 11) 2
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42
43
44
45
46
47
48
49
50
51
52
53
54
55
56

factorization
(2.38 56. 75.134)
(27" 3. 5. 7’. 29" 211)
(2s" 3s" 5" 7" 11" 23" 29.31" 101.641.15641)
(2.3.5.7.11)
(2. 3. 11. 23. 67 89.37181)
(2" 3" 5" 11.17" 23s" 139)
3" 13
(2" 3" 43)
(3’. 11. 23.29" 31.47)
(233.33 52) 4
(24. 34. 5" 73. 134. 192. 73" 769)2
4889"65537
(7" 17" 19"37" 73" 271 "307) 2

(273. 36. 59. i I" 19) 2

(28. 33. 55. 7" 114. 138. 43" 73) 2
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