No. 6] Proc. Japan Acad., 70, Ser. A (1994) 187

43. A Note on Polynomials of the Form x%+ax+- - - +a;x+ao
over Finite Fields

By Javier GOMEZ-CALDERON

Department of Mathematics, New Kensington Campus, The Pennsylvania State Universi-
ty, U. S. A.
(Communicated by Shokichi IYANAGA, M.J. A., June 7, 1994)

Abstract: Let F, denote the finite field of order g where g is a prime
power. A polynomial f(x) over F, is called a permutation polynomial of F, if
f(x) induces a 1-1 map of F, onto itself. In this note we will show that unless
¢ is small relative to d = deg(f), then there is no permutation polynomials of
the form

xd+ ax’+ -+ ax+ a,
with (d, ¢) =1, a,# 0,and 1 < e < D = [(d — 1)/2] where [w] denote the
greatest integer < w.

1. Introduction. Let F, denote the finite field of order g where g is a
prime power. A polynomial f(x) over Fq is called a permutation polynomial
(PP) of F, if f(x) induces a 1-1 map of F, onto itself. Many properties of
PPs can be found in Lidl and Niederreiter [3, Ch. 7] and the recent surveys
Lidl and Mullen [1] and [2], and Mullen [4].

H. Niederreiter and K. H. Robinson [5] showed that unless ¢ is small rel-
ative to d = deg(f(x)), then there is no PP of F, of the form 2% + bx un-
less d is a power of the characteristic of F,. In this note we will generalize
Niederreiter and Robinson’s result for polynomials of the form

' +ax’+ - +azx+a,
with (d,q) =1,a,# 0, and 1 < e < D = [(d — 1)/2] where [w] denote
the greatest integer < w. More precisely, we will prove the following

Theorem 1. Let F, denote the finite field of order q. Let f(x) be a polyno-
mial over F, of the form

'+ ax’+ - +ax+ a,
with (d,q) =1,a,#0, and 1 < e < D = [(d — 1)/2] where [w] denotes
the greatest integer < w. Then, f(X) is not a permutation polymomial of F, un-
less q is small relative to d.

2. Proof of the Theorem. The proof of the Theorem will need the fol-
lowing lemmas.

Lemma 2. Let f(x) = 2’ + a, .2’ + -+ + ax + a, denote a monic
polynomial over F, of degree d prime to q. Let the irreducible factorization of
¥, 9) =fFf@) — f@) be given by

ffa@, p = ,lfllfi(x, Y.
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Let ,
filz, ) = %gﬁ(x, )

be the homogeneous decomposition of f;(x, y) so that n; = deg(f;(x)) and g;(x,
Y) is homogeneous of degree j. Assume @y, = @y, =+ * =a,_,= 0 for
some ¥ = 1. Then,
gi,n—l(‘rr y) = gi,n—z(‘r’ y) == gi,R,(xr y) =0
wheve
_[(m— vy ifn, 27
R= { 0 itn, < r
Proof. Let e; denote the second highest degree of f;(x, y) defined by
. = {deg(f,-(x, Y — &z, w) iffilx, y) # g (x, y)

— if fi(z, ) = g, (x, v
Then we assume, WLOG, that #, — ¢; < #n, — ¢, < ... < n, — e, Let i, de-
note the largest integer ¢ suchthat N=mn, — ¢, =n, —e,= ... =n, — e,

Our goal is to show that N > 7. So, we assume that N is finite. Hence,
8ie,(x,y) #* 0 foralli, 1 <i<i;and

1 S
ad—N(xd_N - yd_N) = ﬁigie‘(xr y) 'I-Il gjn‘(xv y)

i= j=

Now, on the other hand, we have . e
=yt = .1:[1 Zin (X, W.
Therefore, ”
LT g (@)
N xd - yd i=1 gin,(xv y) )

As d, @ =1, z' = yd has no multiple divisor in the algebraic closure of F,,
so that the denominators in the right hand side of the above formula are
relatively prime to each other, and if the denominator and nominator of each
summand have common factor, if can be cancelled out. Therefore the right-hand
side of the above formula does not vanish. Thus a@,_y # 0 and consequently
d — N <d— ». Thus, N > r and the proof of the lemma is complete.

Lemma 3. Let f(x) be a monic polynomial over F, of degree d prime to
qg. Let N denote the number of linear factors of f *(z, y) = f(x) — f(y) over
F,. Then, there exists a constant b in F, such that '

f@ =gz + Y
for some polynomial g(x) over F,.

Proof. Since (d, @ =1 we can choose a constant @ in F, such that
f@x—a)=F@ =x"+a, ,2°*+ ... + a,x + a, So, by Lemma 2, all
linear factors of F*(x, y) = F(x) — F(y) have the form x — ay for i =
1,2,...,N. Thus, F(a,x) = F(x) for all i, and consequently F(a;a;x) =
F(a,x) = F(x) for all { and j. Therfore, a,, @,, .. .,ay form a multiplicative
group of order N.

Now write

F@) = f,@ + fi@z" + (2™ + ... + f,@z™
with deg(f,(x)) < N. This decomposition is clearly unique. So, F(x) =
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F(a;x) for i = 1,2,...,N implies
F@ =f,@ + @z + 2™ + ... + f,@z™
= f(a,) + f,(a,0) (@, 0" + f,(a,0) (@™ + ... + f (a0 (@)™
= f,(ax) + filamz" + flax™ + ... + flax)x"
for 1 = 1,2,...,N. Therefore, f;,(x) = ¢; and

F(x) = % cx' = g™
i=1

where g(x) = X7, c;x’ € F,[x].

This completes the proof of the lemma.

We are ready to prove Theorem 1.

Proof of Theorem 1. Let f, (x) denote a permutation polynomial over
F, of the form

' +ax’+ ... +azx+a,

where (d, @) =1,a,# 0,1 <e< D= [(d—1)/2], and ¢ is large rela-
tive to d. Thus, by [5], f;.(x) is not a PP. Now, to apply induction on d,
assume that f;,(x) is not a PP for 3 <7< d — 1. We also assume that
f,.,(@ is a PP. Then, by [3, Th. 7.29], £, (x, ) = (f,.(®) — f,.())/(x — v
has no absolutely irreducible factors over F, Therefore, f,,’e**(x, ¥) has at
least one factor h(x, y) over F ; (the algebraic closure of F,) of degree » (on
both x and y) such that 1 < » < [(d — 1)/2]. So,

1) foe@ — fou@) = @ — Phiz, y) n £z, v

for some irreducible polynomials f,(x, o), £,(x, ¥, .. ..f.(x, y) over F, Thus,
by Lemma 2, h(x, y) is homogeneous of degree #. Then, comparing the highest
degree terms in (1), we conclude that 2(x, y) divides £° — y*. Therefore, since
d, @ =1, h(x, o is a product of linear homogeneous factors and we obtain
fi.@ = g™

for some integer N = 7+ 1 = 2 and some polynomial g(x) in F,[x]. There-
fore, g(x) is a PP over F, of the form

g =z + a,,x"" + ...+ ax+ a,
where 3 < d/N <d and m/N < [(d/N — 1)/2], a contradiction to our ear-
lier assumptions. Therefore, f;,(x) is not a PP and, by induction, the proof of
the theorem has been completed.
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