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24. An Example of Elliptic Curve over Q with Rank > 21

By Koh-ichi NAGAO™ and Tomonori KOUYA*™®

(Communicated by Shokichi IYANAGA, M. J. A., April 12, 1994)

Abstract: We construct an elliptic curve over @ with rank = 21.

In continuation of our previous paper [1], we give an example of elliptic
curve over @ with @-rank = 21 using Mestre’s method. As was explained
in [1], any 6-ple A = (a,, ay, a3, a,, a5, ag) € Z° gives rise to a Q(T)-
polynomial 7,(X) = Z°_,¢,X’, ¢, € Q(T), where ¢, =0 for suitable
choices of A. In the following, A will be always chosen so that ¢ = 0. Then
Y? = r,(X) gives an elliptic curve over Q(T) which will be denoted by &,.
Let t € Q. The elliptic curve over @ obtained from &, by specialization
T—t is denoted by E,,. We have defined in [1] the number SN, E),
S’(N, E) for an integer N and an elliptic curve E over @, and indicated
that it is experimentally known that the @-rank of E is found high when
SN, E), S’”(N, E) are large.

Now let A = (399,380,352,47,4,0). (Then we have ¢; = 0.) For §,,
E, . we shall write simply §, E,. We search in the family of curves

{E, |1 <t <20000, 1<t <2000, t ¢, are co-prime},
curves satisfying
S(401) = 31.5, S’(401) = 11.5, S(1987) = 61, S’(1987) = 16.5,
S(3001) = 71, S’(3001) = 16.5, S(4003) = 75, S’(4003) = 16.5,
S(5297) = 80, S7(5297) = 17.5, S(6581) = 84, and S’(6581) = 20,
and find E\3e5216)E1640/121 E es20/3480 E s057/8760 a0d E14751/376, for the last of which
we could show that the @-rank = 21. Thus we have

Theorem. @Q-rank of E\ 751,376 is = 21.

In fact, E\4701/56 i @-isomorphic to the minimal Weiestrass model

y'+ay+y =2+ 2" — 215843772422443922015169952702159835x

— 19474361277787151947255961435459054151501792241320535

whose conductor is 2%k 3%k 5%k 7% 13% 17 % 23 %47 % 4507 *

11548261137426760214116839824139660869938190231961

\ 7225736297616061235976719.

On this curve the following P,,...,P,, are independent points.

P, = [800843008889340065933 /16,22662214190910903990783584765347 /64]

P, =[10610541066763914590637 /2209,
1087744114825178454840094794778034 /103823]

P, = [907186946780634143,728916386168451830641677698]
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P, = [196833201085564442194083107 /227919409,
2277807398930440819587410184793923763894 /3440899317673]

P, = [185463474139064652528000075 /366301321,
225699857838583242849473830466481978146 /7010640982619]

P, = [— 12485261071234691432503 /123904,
1543303353428939982282171752702539 /43614208]

P, = [—59703014087684747037 /361,741881245094154068525036126962 / 6859]

P, = [ 73270463404799613067 /361,866878137858638792891117943482 /6859]

P, = [— 360733396398627565,106985840484096728947833974]

P, = [— 389445180957906897,74288355118790673852542098]

P,, = [— 1474458350349858512665407 /14205361,
2278493401578368084310409028259332632 /53540005609]

P, = [— 114305856035468892691779277 /278589481,
16972779768877136292841029639987095378 /4649937027371]
P, = [— 21972533600828202797 /81,100790786584963504563876005302 /729]

P, = [— 25047938415396324842058977 /71216721,
68347192566984943007522052612937752062 /600997908519]

P, = [3434828081885118352213715284707 /5137262501809,

4279912483838925044234939165329697576812433846 /11643877735262694377]

P, = [— 227656313261676647,133660024327268949095297798]

P, = [—4098089434105992137835293 /12552849,
5660088413991351759301403659890889706 /44474744007]

P, = [2657828735869178020212617 /1495729,
4174499731549997186596131721273201376 /1829276567]

P, = [883965004314243424124994323 /850947241,
23250077986002214917145041708721276812178 /24822981967211]

P,, = [37543938954172817209003 /73441,
1224097915991280099903835490020298 /19902511]

P, = [19165312347502458410162233 /17214201,
75593839815741485450348997055551694952 /71421719949]

By using calculation system PARI, we have that the determinant of the ma-

trix (< P;, P; >) <, ;<2 assosiated to canonical height is

1057662683061657998079887.489. Since this determinant is non-zero, we

see that P,,...,P,, are independent points.

Remark 1. The @-rank of the elliptic curve E,, with the values of A4, ¢
being (346,260,255,146,55,0), 5081 /94 respectively has been shown at
least 20.

Remark 2. We used Hitachi super computer Hitac S-820 in Nihon Uni-
versity by the coutesies of Prof. Hideo Nagasaka in Nihon University and of
Dr. Makoto Murofushi in Polytechnic University to whom the authors would
like to express their thanks.
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