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(Communicated by Heisuke HIRONAKA, M. J. A., Sept. 13, 1993)

§1. Introduction. In order to construct the inverse mapping of the
period mapping for the primitive form for the semi-universal deformation of
a simple elliptic singularity, K. Saito introduced in [5] the “flat structure” for
the extended affine root system. In section 3, we construct explicitly the flat
theta invariants in the case of type E; using the Jacobi form introduced by
Wirthmiller [7]. Combining the results of Kato [3], Noumi [4] (explicit de-
scription of the flat coordinates), this gives an answer to Jacobi’s inversion
problem (up to linear isomorphism) of this period mapping for a simple ellip-
tic singularity of type EG (see also [6]). The details will be published else-
where.

§2. Jacobi form. His a (complex1ﬁed) Cartan subalgebra for a fixed
simple Lie algebra of rank I. hg : = Homc(f)c, O). R : the set of coroots.
W: Weyl group. Q(R”) : the Z-span of R". <, ) : the Kllling form normal-
ized as {a, a» = 2 for the highest root a. We identify §, with E)z via ¢, .
A symmetric tensor

2.1 L= ar®6t+6t®ar+zaz®az

is defined on H X o X C > (7, 2, ), where H := {t € C ; Imz > 0}, z,
is an orthonormal basis of f)z. The symbol e(x) denotes exp(2r v— 12).

Definition 2.1. A Jacobi form of weight k and index m (k, m € Z) is a
holomorphic function ¢ : H X H X C— C satisfying

1) o(r,z+ A+ pur, t— —;— Sy w> v — Ly, 2) = @z, 2, 1) for amy 2,
© € QRY),

2) o(r,w@, ) = ¢(r,2,t) forampyweE W,

3) o(r,z,t+a) = e(—ma)p(c, 2, t) foramya € C,

atr+ b z cz, 2 \ _ P
4) (p(cr+d e+ d ’t+2(cr+d)>_ (et + d)o(, 2, 0) for any

(‘c’ Z) e SL®, 2,

5) @ has a Fourier series expansion of the form

e(— mi) ZZ¢n(z)q" (g = e(@)

with ¢,(2) = 0 ifn < 0.

The vector space of all Jacobi forms of weight k and index m is denoted
by Jim Put
(2.2) Jax = @ ]Ic mr My = kejz.]k,o-
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Theorem 2.2 (Wirthmiller [7]). Jyx is a polynomial algebra over My, free-
ly gemerated by I + 1 Jacobi forms @, . . .,Q, where ¢; is of weight k; and index
m(my, < my < -+ < m,) (except for the case of type Ey).

Proposition 2.3. For ¢ € [, and ¢ € [ 0,
(2.3) Lid0n™ ), dn™ ) /07" ™ € Jysius, mim
where n(7) 1= ¢"* I, (1 — ¢") with ¢ = e(7).

We take ¢ = ¢ = ¢,. Then
(2.4) ¢ = I,dn™ ), din ™)) /p~ 2
is a Jacobi form of weight 2k, + 2 and index 2m,. Since J,, = {0} by the
basic theory of modular forms, any function multiplied by <pf does not
appear when ¢ is represented as a polynomial of ¢,,...,p, over M. Also
the Jacobi forms ¢, .. .,p, generate “the ring s [5, p.34, (4.3.3)] over
I'(H, Oy) [7]. This means that for the “codimension one case” (i.e. m; < m,,
1=0,--+,0—1) [5, p.23, (2.4.2)], we can give “the normalized lowest degree
vector field 0,” defined in [5, p.48, (9.4.1)] by

0
2.5 —_—.
9 6(77_%'(01)

By this fact and Prop. 2.3, we can express “the tensor J* = 0,1, 5, p.49,
(9.6.1)] in terms of the Jacobi forms and the Dedekind n function.

§3. Jacobi forms and flat theta invariants of type E,.
Theorem 3.1. (Wirthmiller [7]). For the Eg case, the ring Jyy is a polyno-
mial algebra over My on seven generators
0o € Jorr 01 € J 51, ©2 € J 51, 05 € Jo620 P4 € J g2 ©5 € J 92 06 € J 153
The existence of the above generators is shown by Wirthmuller [7].
Proposition 3.2. These generators are unique under the following condi-
tions.

(3.1) lim ¢, =1/2e(— H[S(w, + S(wy + 901,

-0

(3.2) limg, =1/2e(— H[S(w,) + S(wy) — 541,
q—0

(3.3) ling 0, = e(— D[S(w,) — S(wy],

(3.4) lim ¢, = e(— 28)[— 3/2[S(w,) + S(wy)] — 27S(w,) + 5/8[S(w,)*
q—0

+ S(wy)’] + 3/4S(w,) S(wy) + 30[S(w,) + S(wy)] — 4861,
(3.5) lim ¢, = e(— 2t)[— 6[S(w,) + S(wy)] + 36S(w,) + 3/2[S(w,)® +

; S(@y*] + S(wy S(wy — 60[S(wy) + S(wy] + 3241,
(3.6) lim g = e(— 20 [6[S(wy) — S(wy] — [S(aw)’ — Slay’]

q—-0
(3.7) lim ¢4 = e(— 39 [108S(w,) — 324S(w,)] — 54S(w,) [S(w,) + S(wy]

— 27/2[S(w,) S(w,) + S(wy) S(we] — 9/2[S(w,) S(ws)
+ S(w;) S(wg)]

— 162[S(w,) + S(wy)] + 15[S(w,)® + S(w)’]

— 11S(w,) S(wy) [S(w,) + S(wy)]



No. 7]  Flat Structure for the Simple Elliptic Singularity of Type Ee and Jacobi Form 249

— 1620[S(w,) + S(we)] — 666[S(w,)* + S(wy)’]
+ 1836S(w,) S(we) — 19441,

where w, 1s a fundamental weight (see Bourbaki [1]),

(3.8) S(w,) = > e(w w,),

weW/ isotvopy subgroup of wy
and e(w,) is a function e(w,) : Ho— C defined by
(3.9) 2+ ez, wp)).
Theorem 3.3. Let O, be the functions satisfying the following relations:

(3.10) @, = Fn’6,+ Fm’6,,

(3.11) ¢, = F.n°0,+ F,n’e,,

(3.12) @, = 1"6,,

(3.13) @, = Fi’0, + Fin’6, — ﬁ (Ga82 — 2G20up, + G,Cu),

2 . ~ <2
(3.14) ¢, = F377293 + F477294 + _155 (ngo(z) — 2G;0,¢, + G;gof),

(3.15) @, = — 2/37°6,,
_ _  —6

1 ~ . ~ . 2 ~ o~ _
+ E [— 6G;0,0; + 3/203%% + GGZQDﬁDs — 3/2G,6,$,p,

1 ~ ~ o ~ ~ ~ -
+ T [— GG+ 7GH @ + 36G2G,¢2p, — 3G,(5G: + 7G2) ¢, @-
+ G,(8Gs + 4G @31,

whevre

(317)  ¢:=n "¢ for ¢ € Jm

(3.18) G,:= (4x'/3)7'g,(v) = (4x*/3)7'60 = -—1————; € Joor

mme Z,(m,n) % (0,0) (mT + n)
_ _ 1
(3.19) G,:= 8r°/27)'g,(0) = (87°/27)7'140 > ———€ /i

, mne Z,(mn)+ (0,0 (mr + n)e
(3.20) 95:= @, — 2 —?7— (0,0, + 6,0, + 6,0,],
— —2 "4dFi s 7o — -3 “‘4dFi . __
T a/—1" dr (i=1,2), Fj:= om/—1 1 dr (i=3,4),
17127 g;(7)

. F,:=f == +1]),
(8.22) Fi=fa@) (Z(T) 2 [\/:T emn®” ])
f1(2) and £,(2) are solutions of Gauss’ hypergeometric equation:

d’f( (2 4 \dfz 5 _
TG 3) % T re =0

(3.21) F/:

3 3%
1:(2) and f,(2) are solutions of Gauss’ hypevgeometric equation:

d’f 2) 2 4 \df(2 1 _
>+ (5 ) 5 3@ =0,

(3.23) z(1 — 2

3 3%

(3.24) z(1 — 2)

dz
satisfying
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1
F| F; F; F _2
(3.25 [ l 2 ] [ 3, 3 ] B
) F, F, || F, F, 1
12
Then the functions ©; are flat theta invariants [5] and satisfy the following
identity:

(3.26) 2 0

(— 27y—=1)% 0%

~W(d@i9 d@j)

HOOOOoOOOoOOo
QOO HH OO OO
S OHOOOOO
OHOOOOOO
S OO O OO +HO
S OO OO OO
S OO OH=OOO
SO OO OO O

(¢,7=—1,0,...,6, O_,:= 7).
In the proof of Theorem 3.3, we use the following fact:

_ 2 0 -
(3.27) ! — I,(d,, dp,) =
77 (_ 27[ — 1)2 a¢6 w j
_ 677_4
0 0 0 0 0 0 0 =1
1 . 1.
0 0 0 0 12 Z §Gs 0 362‘/’1
0 0 0 0 L 16 o 2¢
123 302 Do
0 0 0 0 0 0o - % 0
1 o 1 « 1. _ 4 _ N 1 - _
0 ﬁG: —]763 0 562(01 3% 0 4‘Pf + 9 G,¢,
1~ 1. 4 8 _ -
0 3Us gL 0 3% 3% 0 4,
0 0 0 - % 0 0 0 0
— 6n ~ - . N 1 - _ N
‘27,7%7 3G, ¢, 26, 0 4¢i+ 566, 49, O *
(,7=-1,0,...,6, §_, = 7).

Remark. From the above results, we also obtain that
CO,D CO, D CO, = Cn ", Cn x4, D Cn x4,
where Ay, A, and A, are fundamental weights of level 1 of E," type affine
Lie algebra, x, is a normalized character of E;D type (see [2, p.226])).
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