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35. A Divisor Problem. I

By Akio FuJll

Department of Mathematics, Rikkyo University
(Communicated by Shokichi IYANAGA, M. J. A., June 8, 1993)

§1. Introduction. Let a be a real number = 1. For any integer n = 1,
let 7,(n) be the number of the divisors d of # of the form d = [am], where
m is an integer and [‘] is the Gauss symbol. We are concerned with the
asymptotic behavior of the sum

> t,(n)

n<X
as X — oo,

When a = 1, 7,(#n) is the usual divisor function 7(#) and if we put
X tn) =XlogX+ Q2r— DX+ AX)

n<X
with the Euler constant 7, then Dirichlet proved first that

AX) < VX
and Voronoi proved later that .

A(X) € X3,
The refinement of these results, namely, Dirichlet’s divisor problem, has
been the subject of many mathematicians (cf. Chap. XII of Titchmarsh [6] and
Iwaniec and Mozzochi [4], for example). In this article, we shall evaluate our
sum for an irrational a. The sum for a rational a will be treated in the sub-
sequent paper.

To state our result, let ¢(x) be a non-decreasing positive function of

x = 1. An irrational number « is said to be of type < ¢ if

qll gl = W% for all integer ¢ = 1,

where |z = min({z}, 1 — {2}) and {x} is the fractional part of x (cf.
Kuipers and Niederreiter [5]). Now our result may be stated as follows.

Theorem. Let a be an irrational number > 1 and é be of type < ¢. Then
we have for X > X,
{n + 1]

2 r,(n) = %(XlogX+ Cr—-1X + X({%} - n‘i W%—T)

n<X
2
+ 0(X5 log (X¢(X))).

Remark 1. To get the remainder term O(/X) for any « is simple if we
estimate S, and S; below trivially. So to refine O(/X) up to the above
remainder term will be the main part of this article.

Remark 2. It is more suggestive to write

{n + 1}
() - £a%D)

o oonn+ 1)
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XZ,(1),
where we put for any real @ and b and for Rs > 1
w lan + b} — —;—
Zyy(s) = 2 —————=,
n=1 n
Z,,(s) = Z,(s)
and y
Z,(s) = Z1(s) — Z%%(s).
Because the generating Dirichlet series for 7,(n) is
S -2 L rg=(Liw+2,0)m
=1 g’ m=1 [am a

and the function 5 2t M has a double pole at s = 1 with the residue
n
L Xlog X+ @r— DX + X2,Q),

where ~
Z,(D =21 = Z11(D).
§2. Proof of theorem. We may suppose that X is an integer N. We

put
if d is of the form [am] with a positive integer m

n(d) = {(1) otherwise.
= -6

Since a > 1, we have n(d) = p
Now
S= 2 r,(m) = X Znd
n<N n<n dln
= 2 nd 2 1+ 2 nd 2 -1=S8 +S5, say.
a<VN dlnn<N IN<d<N dinn<N
N
R (7 T A ——
+ Ndzm%({%} - -z, (4 - (2£)
2a nEN (%) + " [\/—_] + S, — S,, say.
s=w s (G- {2 v [ 5 ({9 L5 La
021) 1y,

=m{%}_‘/—{w_]+1} Nf (- (&) + {42

We shall estimate S, later and turn to estimate S
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S, = 2 np@d X 1= X = nd

VN<d<N k< k<YN JN<a<N

- 2,2 (45414

« 2 e 5 2 (8- 1)

K<YV VN <a<t K<YV Jy<ah VO @

<) ~ 5 (YN’ +[F{W—]+1}—k§§{[ﬂ+l}

o

=L % e — o A+ WM{INLELL g gy

n<N
Consequently, we get

=% - Nf (- &+ ) S a

M7“f1+1}+fﬁJ——4—&.

We shall estimate S, and S, in the next section.
§3. Completion of the proof. We shall evaluate S; first. Let d satisfy

0<5<%
%]+
s,= = {H }+0w*%
NJ'SkS«/N
- E P - )
+ = [PtY s a1+ owi
e " j"fm
o RCCIC S IR
“Wﬁ+1u ]
[VN]

” N[«/N]+1Zs:dsN%"‘ ‘ll ( - 1} N {%D

N

i ZM (17) - 2) (5 - 1)
(15 = (&) + 0wt

[«/N]+1sasN§

{[x/—_]+1}[[‘/_]+s + S, + S, + O(N*?), say.

S,= N (1% - &)

[«/N]+1s¢sN‘
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s [C0L 2 ([EE - (4

2
WNI+L 7 N +1<ast

=) [ e [ s oot

a VNI1+1 tz VN1+1 tz
- _ N [VN]1 +1 1 (lH+1 Lis
B [\/N]+1{ a ]+N£ml+1t2{ @ }dt+0(m )-
Ss = 0(1).
To estimate S,, we notice that when d X N,
Nl _1_ 1 N N’
() -2 = oSy R sin(2ek ) + 0( 0 7)
ND

where 0 < 6 <% and Ry(d) is the least residue of N mod d (cf. p. 38 of

Vinogradov [7]). Then
5= o B B sl (45 - ()

WRNI+1<d<N*™° 1<k< [4]
dX¥ N N

1
+o(N' 3 ) T 0D

WNl+1<d<N%*
drN

=S, + 0(S,) + 0(z().
TN+ +eN=j) o powe

Spw <N T :
1<jSN—1
S < 1Sk§N§_M% WN]HZ%SN%_J sin(an%’-)({d Z 1] - {%]) ‘ + 7(N) log N
k=
€ Byt B, (Y - 1)
. N\/([d 1

" 13163%%; [«/N]+1§dSN§"" Sm<27f k7><{a} - §> ‘

i %ismﬁ‘” % kN’SdZSNSl"’ Sin<271' k%><{d2 1] B %>’
skl 2 () (8 )|+ emioan

—WZZJ],*" Lok

=8, +S,+ S+ S, + (V) log N, say.

1 1 . N\ . d+1
Sp« X —’ Z 7 2 sin(27 k = )sin(27h —— I
U e KL S h WN]+1<d<N3™* < d> ( a )
+ = 4 1

d-l-l“

30 k 2_5
1<k<N? [VN]+1<d<N? H
o



No. 6] A Divisor Problem. I 159

1 1 N d
< XX —‘ = elk—5+ho }
1<k NE™ k <n< h WN1+1<d<N?* ( d a)
1 1 N d
+ = 1Ll s (-l
1<k<NE k hSHh WN1+1<d<N?™* < d a>
2_5
+ N2 Iog N 00 v + g(eNEY),

where we have used p. 131 of Kuipers and Niederreiter [5]. By Theorem 5.9
of Titchmarsh [6], we get for D < D’ S 2D

2 k= =* h << D / |37
p<d<p’ ( d kN

Applying this to the last two sums and choosing H NiT gb(CN_ %), we get

3
1 1(J/kN , N'2°
Su€ 1Sk§m‘" k IShZSH h ( N“i + ka)

2_5
+ M_#g_zy (log N + ¢(CNT™%)

& (N2~ + N2 2)[og(No (V).

In a similar manner, we get

S, + Sy, + Sy, € (NT ™2 log N + N2 2)log (NG (V).
By choosing 0 = % and 0 = —é— we get

o= (92 [y = e (997

}at+ oVt log g ).

o 1(la+1

+N {
WNI+1 #2 o

Finally, we shall evaluate S,.

si- = (13- 3)(14)- )
= s (- D1 - 1)+ oo

=S, + S + 0QQ), say.
As above, we get

o35 el )

NY<d<yN 1<k<

+o(N % mﬁou\raﬁ

N3<d=vN

< > sin<2krc%)<{% % ‘ + Nt

1<ient k ‘ NY<d<yN
d
k<[]
1\3
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2h 2 O )
15k<<N§ k IShSH h ’CN_
+£%°,g—(10g1v+ $(CVYN))
& N7¥log Nlog(Ng (),

where we take H = VN ¢(CyN).

Treating S, similarly, we get

= O(N3*) + O (V¥ log N log(N$(M)).

Thus we get

s=1x r(n)—Nf (- & + () par+ v {3

nSN

_ To1(la+1 2
N[ e U a0 rogvp v

o
=—n§Nz'(n) Nf {[t]+1] dt+{1}N
+ oWN?E log(N¢(N)))
[n+1]

=Lz w-NE %+ BN

a n<N n=1

+ OWNT log (Ng (V).

This completes our proof of Theorem.
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