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1. Introduction. Let A(n) be the von-Mangoldt function defined by

A(n) {10gP ifn=pk with a prime number p and an integer k_> 1
otherwise.

Let/o 0 _< /21 _< /22 <_ _< /2 _< run over the eigenvalues of the dis-
Lcrete spectrum of the Laplace-Beltrami operator on (H/F), where H is

the upper half of the complex plane and we take 1" PSL(2, Z). It is well

41 1
known that 1 > We put =-+ r for j---0. Here we are concerned

with the relation between A(n) and ,.
We recall first the following result which has been proved in the au-

thor’s [ll-[al. It shows that an individual A(n)can be expressed by the
eigen-values. For any positive or, let Z(s) be defined by

Z(s) 2 sin(cr) for tt(s) > 1.s
rj>0 rj

This function is shown to be an entire function of s. Then we have
(I)" For any integer n >-- 2,

A (n) rcn lirn_.o (cr 2 log n)Z (0).
We recall .secondly the following result which has been proved by

Venkov [1 1]. It shows that the sum
GxA(n)

can be written down in terms of the eigen-,values and the remainder term of
the prime geodesic theorem. Let {P} run over the set of the hyperbolic con-
jugacy classes of the conjugacy elements in /" and N(P) N(Po) , where
{P} {Po} * with the primitive
N(Po) is the norm of Po. We put

hyperbolic conjugacy class {Po} and

and

zi(P) logN(Po)
1 (N(P))-I

q(X) Z<e)<x A(P).
Then Venkov’s result may be stated as follows.

(II)" For X > Xo, we have. A(n) -- lim cos(2r log X) + 2r sin(2r log e-
nX t+0 r>0 j

1 ((X) X)2 + O(X)

where s is an arbitrary positive number.
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Here we should recall the prime geodesic theorem (cf. Huber [5] and
Iwaniec [7]) which states that for any positive s and for X > Xo,

35

,(X) X = 0(X+)
and

35,geo <x log N(Po) X O(XZg+)
where {P0} runs over the set of all primitive hyperbolic conjugacy classes of
the conjugacy elements in F.

In this article, we shall supplement to these by adding another explicit
relation between A(n) and j. It shows that the average of the sum of A(n),
namely,

o

x
A(n)dy

can be written down in terms of the eigen-values and the average of the re-

mainder term of the prime geodesic theorem. To state our result, let Z(s) be
the Selberg zeta function defined by

Z(s) II II (1- (N(Po)) --) for tts > 1.
{Po k=O

It is well-known that Z(s) has meromorphic continuation to the whole com-
plex plane (el. Selberg [10]). Z(s) satisfies the following functional equation
(cf. Selberg [101, Venkov [121, Vigneras [131 and Kurokawa [81).

Z (s)+(1-s)=- s- -cot0rs)+21og +2-(2-2s)+2 -(2s)
F" r" F" I’ (s+)+ --(1 -s) + --(s) + -(23- s) + --IF" F" IF" 1F’[2-S+___(1,2 s)+41---(-) 4 F (l+s)2 4 F \ ]2

+

___
() + g--(1 3 ,s) 29F(S +2) 2

3 9 F 3
where (s) is the Riemann zeta function and F(s) is the F-function.

The position and the multiplicities of the zeros and poles of Z(s) are
well-known (cf. Venkov [12] and p. 141 of Kurokawa [9]). In particular, we
put

s-- s+g
and

Bo lim (- (s) + ).
S--*0

From the above functional equation it is easily shown that
Z’ [_ F’Ao 2-(-)+2\ (3) - (2))+ 21og2 +-+- (-)+ -- 2)

and

Bo -lim (1 s) + + 2-ff (1) + 2--S-*0
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where we have

lim (-- (1 --s) + -) =1 + f N(O’fI(P)--Y
dy

s-o y2
Now our result may be stated as follows.
Theorem. For X > 1, we have

X xr fo
x

A(n)dy- -- ( ir)(l + ir)
) 1/2

X

9 r + + 2- (2) + 41og2,

fl (P) y) dy

XlogX + X(1/2Bo +1-log 27:) + logX

1 - (2) + G(X),+log2zc--Ao+ Co-
where Ao and Bo are defined above, Co is the Euler constant and we put

G(X) ? k(2k + 1)

+ X
k--l(6)

+ Xa

X1-2k
[-" k(2k- 1)

(k 1) (2k )

(k- 1)(2k-3)

We shall prove our theorem in a standard way (cf. Ingham [6] and
Hejhal [4]) and some of the details and references will be omitted.

[}2. Proof of Theorem. Let N be a sufficiently large integer. We can
choose T TN in N K T_< N + 1 such that Z(s) has no zeros or poles in

C[s--T[-<- with some positive constant C. Let b 1 + with
1

log T" We shall evaluate the integral

1 ;+r Z" Xs+I-- 2rci.,b_ir Z (s) s(2s + 1)ds.
We have on one hand

1 ;b+il" v/N(p) ( v/N(p) )l X fl(P) .,_r s(2s + 1) ds X A(P) 1- X{P} N(P)X

+o(X__l(p)[ X 1
v/N(p) ) man(l, X ))\T \v T log v/N(p)

It is easily seen that
X

I1= Z (P) dy.
N(P) y2

/ + Iz, say.

I<< X+ ( )
X XN(P) --- ----<::N(P) X2-h X2-h N(P) X2+h X2+h N(P) 2X

N(P) 2X
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N(P) x+o
T log /N-(-P

Ia + I4 + Is-t- I6, say,

35
where we take h X+s

X A(P)
T x Xz- N(P)- N(P) Xg-h

(<<
T

1
x mh

m <<-- X2- (m+ 1) h N(Po) X2-mh

X XX-+) log X<<
T x mhl (h+

11Nm<<

Similarly, we get, using the prime geodesic theorem stated above,

I < Xa+e Xa X+
T log T + - log X + -----.

Thus we get

log N(Po) + -- + X+)
On the other hand, by Cauchy’s theorem,

X 1/2 / \ P(P o+1+I I "1" y "JI- E X2+2ir’ +2 E X _X
1)

,r,t<r,y>l /-- + ir,)(X + ir,)

+ Xa (1 k)(-- 2k + 1)
2kD+l
kl(6)

+X Z; (1-k)(2-2k+1) 2 +1
2NkD+l
kl(6)

+ X X- + X(Bo+ 2--21og

Ao + 2 + 2 logX,
where O runs over the non-trivial zeros of (s), 7- O, D is sufficiently

large and not near any "integer" or "integer-", p. 141 of Kurokawa [9] is
used and we put

1 + +I 2i o+r v+r o-v-r, s(2s + 1)

Ia + I, + I0, say.
To estimate these terms, we shall use the functional equation of Z(s) as

stated in the introduction.
We get first

I << X-We decompose I further as follows.

f-l+ir) Z"+
-+ - (s) X2s+l

s(2s + 1) ds

59

I= , .,71(P)dy + 0
T2 logT+logX+ T

N(P) y2
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/1 -t- / -f- /la A- 114 say.
We get first

X+ Xa+’z log TI << T2max(’l-a) log T
T

da <<
+ T

Z’To estimate 112, we use the following expression of -ff (s)"
Z’
Z (a + iT) 22* 1 + O(T)a+iT-g

where 5 runs over all the zeros of Z(s) in the critical strip such that
6 iT]N2.

Now
1 , /.1/2++,r x"S+ ds + ( X2+o

2rri -1/2-+,r (s- 5} + 1) Ok fi- /’/

X2+2

<< T log T.

1 f-+’r( Z" ) X2s+

Ia= 2i._+r --(1--s) + 0( s(2s + l) ds

T(_) X3- X- X-<< log T da + <<
+ T T T

Using the functional equation of Z(s) as stated in the introduction, we get
1I << XT"

Thus we get
/

$8 O T log T).
Estimating $10 in the same manner, we get

I O(X1-2D) Jr- O(X3+2$ T)T log

Consequently, letting D tend to oo, we get
X3 1 + 2 XI= 3 ,,r,

xz
( + ir(l + ir) ,,r p(p + 1)

(1-k)(2-2k+1) 2 -1
kml(6)

+X3 N (1-k)(2-2k+1) 2 +1
kl(6)

+ X t X- + X(Bo + 2 21og

o( T log

Letting N tend to and combining two expressions of I, we get first
the following theorem.
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Theorem. For X 1, we have
+ foX( 1 ( X2+2irX 1 ] A(P)-y)dy-- .p(p / 1)

(e)g >o ( + it,) (1 + i6)

+ x- x N (1-)(2-2+) 2, -1
1(6)

-Xa N (1-k)(2-2k+l) 2 +1

X X- 1 X(Bo + 2 2 log X)

1
2 (--Ao+2+21og.

Since, by p. 73 of Ingham [6],

XP+I X [x xl-2k
p(p + 1) 2 Jo

, A(n)dy- X-’ (0) + - (- 1) 2k(2k- 1)’ny k=l

we get our theorem as stated in the introduction.
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