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29. Eigenvalues of the Laplace-Beltrami Operator
and the von-Mangoldt Function

By Akio Fujnl

Department of Mathematics, Rikkyo University
(Communicated by Shokichi IYANAGA, M. J. A., May 12, 1993)

§ 1. Introduction. Let A(#) be the von-Mangoldt function defined by
A) = {logp ifn= p" with a prime number p and an integer k = 1

0 otherwise.
Let 4, =0< 4, <A, < ... <4, < ... run over the eigenvalues of the dis-

crete spectrum of the Laplace-Beltrami operator on L*(H/I), where H is
the upper half of the complex plane and we take I" = PSL(2, Z). It is well

known that A, > % We put 4; = % + r,z for j =2 0. Here we are concerned

with the relation between A(#) and A;.

We recall first the following result which has been proved in the au-
thor’s [1]-[3]. It shows that an individual A(#) can be expressed by the
eigen-values. For any positive «, let Z,(s) be defined by

Z, 9 =@ g >
7;>0 rj
This function is shown to be an entire function of s. Then we have
(I) : For any integer n = 2,
An) = mnlim,_ g, (a — 2log n) Z,(0).

We recall -secondly the following result which has been proved by

Venkov [11]. It shows that the sum

2nSXA(”')
can be written down in terms of the eigen-values and the remainder term of
the prime geodesic theorem. Let {P} run over the set of the hyperbolic con-
jugacy classes of the conjugacy elements in I" and N(P) = N(P,)"*, where
{P}) = {P}* with the primitive hyperbolic conjugacy class {P,} and
N(P,) is the norm of P, We put

1— (NP)™

PX) = Zyp<x AP).
Then Venkov’s result may be stated as follows.
(I): For X > X, we have
S Aln) = % lim > cos(27;log X) + ?rj sin(27;log X) o

n<x t—=+0 7,>0 J

— 5 @XY — X + 0x9,

and

where € is an arbitrary positive number.
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Here we should recall the prime geodesic theorem (cf. Huber [5] and

Iwaniec [7]) which states that for any positive ¢ and for X > X|,
$X — X = 0(x4*)
and 35
ZN(p0>sxlog N(P) — X = O(X#™),

where {P,} runs over the set of all primitive hyperbolic conjugacy classes of
the conjugacy elements in I

In this article, we shall supplement to these by adding another explicit
relation between A(#) and ;. It shows that the average of the sum of A(n),
namely,

X
2 Am)dy

0 p<y
can be written down in terms of the eigen-values and the average of the re-

mainder term of the prime geodesic theorem. To state our result, let Z(s) be
the Selberg zeta function defined by
Z(s) =T II A — (N(PY)°™") for Rs > 1.
(P} k=0
It is well-known that Z(s) has meromorphic continuation to the whole com-
plex plane (cf. Selberg [10]). Z(s) satisfies the following functional equation
(cf. Selberg [10], Venkov [12], Vigneras [13] and Kurokawa [8]).

%(s)+%(1—s)=—(s—%)ﬂcot(ns)+2log%+2%(z—zs)+z%(2s>
+La-9+L w0+ L3 - +L(s+3)

r 2
B e Y
()3 E (50 -2 (5 -3 5 (5),

where {(s) is the Riemann zeta function and I'(s) is the I-function.

The position and the multiplicities of the zeros and poles of Z(s) are
well-known (cf. Venkov [12] and p. 141 of Kurokawa [9]). In particular, we
put

A—11m<Z(S)+ 11)
-’-7 S+‘2—
and

5)
B, = lslg)l ( Z (s) +
From the above functional equation it is easily shown that

A,=— ZZ'(%)+2<%(3)—%(2))+21og2+—3~+1;(2) + L@

2 (F@)-F@)+5F®) -T6)

B, ——1:53(2(1— o+ +2liw+2L0(3)

and
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RTINS Sat Jopre

where we have _
_ = Zyo<s AP) — y
181£13<Z(1 s) + )-—l-l-j; / dy.

Now our result may be stated as follows.
Theorem. For X > 1, we have
X XZ Xzir, 1 X _ 2
S Amdy = %R (= 7 )-2 [ (= AB -y
0 4<y 75>0 (E + M’,) a+ zr]) 0 NP<y?

— Xlog X+ X (LB, +1—log2x) + log X
2

+log 2w — 3 4, + c,,—%(z) + G,

where A, and B, are defmed above, C, is the Euler constant and we put
X—Zk X1—2k
6X = £ 560+ D ~ ZRGE=TD

1 X-—Zk k] _ )
+3X° L gohar=w 2le 1
k=1(6)
X—Zk < k )
g X Ez % — 1)@k — 3) [ ]+1
k#1(6)
We shall prove our theorem in a standard way (cf. Ingham [6] and
Hejhal [4]) and some of the details and references will be omitted.
§2. Proof of Theorem. Let N be a sufficiently large integer. We can
choose T= Ty in N < T < N + 1 such that Z(s) has no zeros or poles in

s — T < —%‘: with some positive constant C. Let b=1+ J with

0= @. We shall evaluate the integral

1 b+iT Z/ X25+1
2midy Z O SCs T D S

We have on one hand

X 2s
I= XZA(P)Zm_/;bHT( ) ds=x = Awp) (11— (P))

I

7] s@s+ 1 NP <x? X
X 2b . 1
AP 1, =1+ 1, .
+0(7 24P (5gy) min ( Tl1og X |>> 1+ L say
VYN(P)
It is easily seen that
X ~
L=[ = Aw®ay.
0 NPy

1426
12<<3T—( S + 0+ s + 3

N(P)SX—ZZ- LZZ“SN(P) <X2-p X2—h<NP <X%+h X24+n<N(P) <2Xx?
N(P) =2x?
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’-&%‘)*_" n (1, L ) =L+ 5L+ 1L+1, say,
Tlee Ny !
where we take h = X%+s
3 -
I, < % 2 ———ZA(P )
T" 2 oyp<xn X~ N(P)
3
«X 5 L > log NP, + & + x#+°)
T 1=mgXl MR N e s b <N By <X?-mh
3 3
«Z 5 Lg+xity «Xgx.
xx M T
1Sm<<T
Similarly, we get, using the prime geodesic theorem stated above,
3+24 +E
Le<X l10gr+ X ogx+ X?
T?
Thus we get
I= f S APdy + O(XMs log T+ % log X + X%E)
Y 0og — log .
NP) <y T? T
On the other hand, by Cauchy’s theorem,
3 2+2i7; o+1
r=n+%+1 = X +2 T Ay - X
7| <T.i=1 (f + ir,.) 1 + ir) iri<2r OO

X2k K
* X3zskég+1 a—mi—zr @ls 1)

+X' X (l—k)()Z(-—Zka-i-l)([G]_'_l)

2<k<D+1
T%1(6) »
+X° 2 X
2<I<D+} (E — l) @2 —-2D)
—A,+2+ 2log X,
where o runs over the non-trivial zeros of {(s), v = J p, D is sufficiently

+ X(B, + 2 — 2log X)

large and not near any “integer” or “integer—%”, p. 141 of Kurokawa [9] is
used and we put

R e L) e

= I, + I, + I, say.
To estimate these terms, we shall use the functional equation of Z(s) as
stated in the introduction.
We get first
I, < X',
We decompose I further as follows.

_ 1 b+iT L+s+ir 1-s4ir S1HT\ s D Gt
L= 2mi (f+o+zr + ‘é—d+i7‘ f1+:r + fD+iT > ) s@s+ 1) ds



No. 5] Eigenvalues of the Laplace-Beltrami Operator 129

=1,+ 1, + I, + I, say.
We get first

b 1o X20+1 X3+25 log T
Iu < j;+6 TZmax(Ol o) log T Tz do & T g .
2

To estimate I,,, we use the following expression of ZZ (s):
A . * 1
Z(o+i) =2"—F—7%F—= + 0D,
zZ ;s o+iT—p
where ¢ runs over all the zeros of Z(s) in the critical strip such that

|p~—§—z’T <2.

5
Now .
_ -_1— % —-+6+1T XZS+1 X2+26
I, = 57 % ./;_,,,,T (s—0s@s+1) ds + 0<Tlog T)
2426
< T log T.
_ _1— =—0+iT X25+1
13 27 flﬂT ( Z (1 — S) + O(ﬂ) 3(28 F 1) ds
2(1 a) XS —-20 XZ —24 X2—26
j: e do + T < T
Using the functional equation of Z(s) as stated in the introduction, we get
Lo < 37
Thus we get
X3+
Sy = 0(Z—10g 7).
Estimating S;, in the same manner, we get
_ X3+26
= 0x*™) + o(Xr—10g 7).
Consequently, letting D tend to ©°, we get
3 2+2i7, 0+1
I=5+y T g t2 % oorn X
Il <Tj=1 (E + irj) 1+ dr) i<zt O\0
35 X k] _
X X Ao pe—2%FD (2[&] - 1)
k=1(6)
+Xx° 5 % (2[£] +1)
- A—khC—-2k+1) 6
k#1(6)
2 - x*
+ XX + X(B,+ 2 — 2log X)

= (2-1)e-2p
—A,+2+2log X + O(Xs;d log T).

Letting N tend to % and combining two expressions of I, we get first
the following theorem.
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Theorem. For X > 1, we have
X! _ i 1 X2
2= (= Aap -a-in(s )

N <47 70 (24 i) A+ i)
1,2 X k]
tpX -5 x ,,zz A-RH@E—2k+1D <2‘[€] 1)

k=1(6)
_1 s < X k
X = (1—k)(2—2k+1)(”+1>
) k#1(6) o
-L 5 2 ~ 1 X8, +2 - 210g %)
=2 { = —_
) (3-na-»

— 5 (—4,+2+2logX).

Since, by p. 73 of Ingham (6],
Xp+1 X _q_ -g— X1—2k

we get our theorem as stated in the introduction.

0
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