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22. Pre-special Unit Groups and Ideal Classes of Q(Z,)*

By Fumika KURIHARA
Department of Mathematics, Tokyo Institute of Technology

(Communicated by Shokichi IYANAGA, M. J. A., April 13, 1992)

Let m be a positive integer and Q(¢,)* the maximal real subfield of
the field of m-th roots of unity. Let E, be the global unit group of Q(,)*
and let C, be Karl Rubin’s special unit group of Q({,)* (see [4]). Then
Rubin’s main results in [4] implies the following :

Theorem (c¢f. Th 1.3 and Th 2.2 of [4]). If «: E,—Z[Gal(Q&,)"/Q)]
is any Gal(Q(L,)* /Q)-module map, then 4a(C,) annihilates the ideal class
group of QE,)*.

When m is an odd prime p, our result (Th 3) gives a condition for
a(C,) to be a “minimal” element that annihilates the ideal class group of
Q)"

Let p be a fixed prime number and let S,={/; odd prime number such
that (=41 (mod p)}, S;={e S,; [=1 (mod p)}. For any prime number [
in S,, we denote by Q(¢,, ¢)** the composite field of Q(¢,)* and Q()*. We
fix any prime ideal [ of Q(£,)* above [ and we write { for the prime ideal of
Q(,,¢)** above [. Also we fix any generator ¢ of G=Gal(Q(,, )" */Q)").
Let E,, E,, be the group of global units of Q(,)*, Q(,,{)** respectively.
We define &,(D={n€ E,,;; No,zp++mep+M=1} C)={ee E,;ape &,(l) such
that &=z (mod [[%¥”1)}. We call C, () the pre-l-special unit group of
Q(,)*, and we define the special unit group of Q(¢,)* by C,={cc E,;ec C,)
for all but finitely many [ in S,} (see [4]).

We fix any sufficiently large integer M, and we put S{={le S;; (=1
(mod p*)}. Let g, be a primitive root modulo p such that ¢({,)={¢, and
for i=0, - -+, (p—38)/2, let ,=2/(p—1) 2w *(g))s’ be the idempotents
in Z/p*Z[G], where o is the Teichmiiller character. Then E,/E2"=p#»"
e(E,/E2"). For eachi=1, .-, (p—3)/2, we take any basis 7, of ¢,(E,/E?")
and let a: E,/E?"—Z/p“Z[G] be a G-module map such that a(p,)=¢. We
sometimes use the following condition for /.

Condition-L. Let [ be a prime number in S{”. There is a G-module
mop

o: (ZIL 1 ZIL, 1) ®RZ |p"Z—Z |p" ZIG]
such that the following diagram is commutative :

E, /B ——> Z|p" ZIG]
r
l«[ﬁ/
(ZIL ) ZIEIDNRZ [ p"Z
Here, Z[(,]" is the integer ring of Q(L,)* and +r is the reduction map.
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Now for any prime number [ in S}, let I,, P, be the fractional ideal
group and the principal ideal group of Q(¢,, {)** respectively. We denote
by I" the lift of the fractional ideal group of Q((,)* into Q({,, £)**. Let
€, be the ideal class group of Q({,)*, and we define the [-ideal class group
CP of Q(&,, £)** to be € =II/PIII(DI). We denoto by (¥), (1), the ideal class, the
l-ideal class of [, | respectively. Let €’ be the subgroup of € generated by
{Ao<jcp-np- Weput 4,=C,/p*C,, AL=CP"/p¥E”, then A,=PDE:""%,A,,
AP =PE¥2%,AP. We denote by [(], [11, the projection of (1), (1), into A,,
AP,

Let v, be the p-adic valuation normalized by v,(p)=1. For any sub-
group H of E,, we write (E,/H),=(E,/H),,, for (E,/E*")/(H/HNEZ").

Our main theorem states the following.

Theorem 1. For each i=1,.--,(p—38)/2;

(i) IfleS;, then

V(B /G0, < v, (ord ,[11).

(i) If le 8§ then

v,(ord &[()<v,(ord ¢[1]).

(iii) If le SY and | satisfies the Condition-L then

v,(&(E,/C,(D),D=,(ord ¢[11).

From Th 1 (iii), we obtain a relation between the p-part of the index
of the pre-/-special unit group and the order of the ideal class of {.

Next, using Th 1, we shall discuss some relation between (E,/C,), and
A, Let my=m{®=min{m;0<meZ, p";A,=0}. Then from Rubin’s
Theorem above and the definition of «, we have m,<v,(e,(E,/C),D. Now,
let S¢r={le S ;[ satisfies the Condition-L} and let C*“={cec E,; e C,
for all but finitely many [ in S}, then clearly C,CC{*. It is not known
whether m,=v,(¢,(E,/C"),]), but we have the following.

Proposition 2. The inequality m,<v,(|e,(E,/C*),)) holds.

Particularly, if €A, is cyclic then my=v,(|e,(E,/C),D.

And we give the following condition for my=v,(|e,(E,/C"),).

Theorem 3. The equality m,=v,(e(E,/CI"),) holds if and only if
there exists a prime number | satisfying

(i) leS@=

(i) &(CP-= |COo N ER)=¢,(C,()/C,(DN E2Z™)

(i) v,(ord [ =wv,(ord [1]).

It is not known whether or not there exists an [ satisfying (i)-(iii) of
Th 3 in general. But we obtain the following.

Proposition 4. For each i=1, ---,(p—38)/2, there are infinitely many
rational primes [ satisfying :

(i) leS@r=

(i1) e(CFo2/CHm NEY)=¢e,(C,(D/C,(DNEZ").

It is not known whether or not pf[C»: C,]. If v,(|e,(CI""/C),D=0
then from Th 3 we have m,=v,(¢,(E,/C,),) if and only if there exists a
prime number [ satisfying (i)-(iii) of Th 3.
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