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Introduction. Let F be R, C or H i.e. the field of real or complex
numbers or of quaternions, and x+—2x the usual conjugation in F. We
define the following quadratic form in F»*'.

@, Y-=—TY+TY:+ - +T, Y,
Let U(1,n ; F) be the group of the linear transformations ¢ in F**' which
satisfy (gx, gy).=(x, y)_. for all x,y e F**'. We define the group G as
follows.

1. If F=R, G is the connected component of the unit element in

Ul,n; R),ie. G=SO,1,n).
2. If F=C, G is the group of all the elements g € U(1,n; C) of deter-
minant one, i.e. G=SUQ@, n).

3. If F=H,G=UQ,n; H),ie G=SpQ,n).

Let B(F*) be the unit ball in F* and S(F") be the unit sphere in F~.
The group G acts transitively on B(F*) and S(F") as follows:

for x="(x,, - - -, a,) e F* and g=(9,)0<p,q<» € G, We define

=g,
where ' ="*(x7, - - -, ), with

n n -1
x;=(g,,o+qzl g,,qxq)(goo+q21 goqx,,> , 1<p<n.

Let K be the isotropy group of O € B(F*) in G. Then K is a maximal
compact subgroup of G and G/K=B(F"). Let G=KAN be the correspond-
ing Iwasawa decomposition and M be the centralizer of A in K. Then M
is the isotropy group of e¢,=%1,0,-.-,0)eS(F") in K and K/M=S(F") is
the Martin boundary on G/K=B(F"). As is well known (cf. [1], [2]), the
spherical functions on K/M play an important role in the harmonic analy-

sis on G/K.
We note:
SOn) SO(n—1) (if F=R)
K= {U(n) ;. Mz {U(n—l) 4if F=0C).
Sp(1) X Sp(n) Sp(1) X Sp(n—1) (if F=H)

Let ¢ be a zonal spherical function of the real case SO(n)/SO(n—1)=
S(R"). Then ¢ depends only on y, (="(3, - - -, 7,) € S(R*) and there exists
a unique nonnegative integer p such that

o) =Cy22() |CG272Q), 9="(p, - -+, 1) € S(R"),
where C-»” is the Gegenbauer polynomial. It is well known that a gen-
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erating function for the Gegenbauer polynomials C¢»#, p=0,1,2, ..., is
given as follows.

(1—2tx+1) - @v2=3" Coda@)r, —1<a<l, —1<t<1,
D=0

This formula also gives a generating function for the zonal spherical func-
tions of SO(n)/SO(n—1).

In this paper, we shall show that we can also give generating func-
tions for spherical functions in the complex and the quaternion cases.
The proof will be published elsewhere.

Suppose that n>2 throughout this paper.

1. Complex case. Let H{’ denote the space of restrictions to S(C")
of harmonic polynomials f(¢,£) on C* which are homogeneous of degree p
in & and degree ¢ in &. Then it is known (cf. [2], [3]) that H{), is U(n)-
irreducible and moreover L*(S(C")=®; ,..H{,. Let i be the zonal
spherical function which belongs to H{",. Then a generating function for
the functions ¢{", is given in the following theorem.

Theorem 1. If w,zeC, |w|<1, |2|<1, then
(1) (A1—2Re(wz)+lwPh "= Z alP QW ()ww?,

where
QY () =05 (), 1neS(C"),
and
alm = I'(n+p—1) I'(n+q—1) )
I'm—DI'(p+1) I'm—DI'(g+1)

The series on the right hand side converges absolutely and uniformly for
|2]<1 and |w|<p for each p<1.

In the formula (1), if we put w=re*’, then we have
(2) (1—2rRe(¢2) +1r)' "= i alr Qi (z)et @ 0yrta,

D, q=0
This formula can be interpreted as follows.

The zonal spherical functions ¢ appear as the coefficients in the ex-
pansion of the left hand side of (2) by the powers of » and the spherical
functions of U1)=S(R?. This interpretation for generating function will
be adapted to the quaternion case.

2. Quaternion case. A zonal spherical function ¢ of K/M depends
only on 7, more precisely on Re(y,) and |y,| (p="(p,, - - -, 7,) € S(H"), and
there uniquely exists a pair of nonnegative integers (p, @) such that

o =c,,Cy w—)177 PR (—q, p4+a+2n—1; p+2; 7D,

where
DO A+2) 10n (1)1
"= -1y, O
See Theorem 3.1 in [3], p. 144 and the formula (16) in [1], p. 170 and we
follow the notations in [4]. From now on, we denote ¢ by ¢i’. Then a
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generating function for the functions ¢ is given in the following theorem.
Theorem 2. If ze H, |2|<1, ue Sp(l) and 0<r<1, then

oo

(3) I [1—2r Re (mem~'u)+ri]'-""dm= 3 BWR(2)Cy(Re (u)r’ ™,
Sp@) »,¢=0
where dm s the normalized Haoar measure on Sp(1) and

RQ )= (), neSH,
and
w_ b+l @2n—1),,,@2n—2), )
" I(p+q+2) q!
The series on the right hand side converges absolutely and uniformly for
|2]<1, we Spl) and r<p for each p<1.

The formula (3) means that the zonal spherical functions ¢ appear
as the coefficients in the expansion of the left hand side of (3) by the pow-
ers of r and the spherical functions of Sp(1)=S(R*).
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