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Abstract: This paper is the continuation of [6]. Here we consider in
particular retractive nil-extensions of unions of groups.

By Theorem 1, some criterions for a semigroup to be a retractive nil-
extension of a union of groups are given. A characterization of retractive
nil-extensions of semilattice of left and right groups (mixed property) is
given by Theorem 2. For the related results see [2] and [5].

Throughout this paper, Z* will denote the set of all positive integers.
A semigroup S is z-regular, if for every « ¢ S there exists n € Z* such that
a" e aSa™. Let us denote by Reg(S) (Gr(S), E(S)) the set of all regular
(completely regular, idempotent) elements of a semigroup S. A semigroup
S is Archimedean, if for all a, b € S there exists n € Z* such that a® € SbS.
A semigroup S is completely Archimedean, if S is Archimedean and has a
primitive idempotent (or, equivalently, if it is a nil-extension of a com-
pletely simple semigroup [1]). If e is an idempotent of a semigroup S,
then by G, we denote the maximal subgroup of S with ¢ as its identity
and T,={e e S|Anec Z*)a"c G,}. For undefined notions and notations we
refer [1], [10] and [6].

Veronesi’s theorem [11]. A semigroup S is a semilattice of completely
Archimedean semigroups, if and only if S is z-regular and Reg(S)=Gr(S).

Munn’s lemma [9]. Let a be an element of a semigroup S such that
a" lies in some subgroup G of S for some ne Z*. If eis an identity of G,
then ea=aec G, and a™c G, for all me Z*, m>n.

Lemma 1 [5]. Let S be a nil-extension of a union of groups K. Then
every retraction ¢ of S onto K has the following representation :

p(x)=we if xeT,, ecE(S).

Theorem 1. The following conditions on a semigroup S are equiva-
lent :

(i) S is a retractive nil-extension of a union of groups;

(ii) S is m-regular and for all x,a,y € S there exists ne Z* such that
(1) xa™y € x:Sy*;

(iiil) S is a subdirect product of a union of groups and a nil-semigroup.

Proof. (i)=(ii). Let S be a retractive nil-extension of a union of
groups K, with the retraction ¢ of S onto K. Let x,a,y€S. Then there
exists ne Z* such that a” e K, so xa"ye K. Leta™e G,y c G, m,keZ",
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e, f € E(S). By Lemma 1, it follows that o(x)=xe=xa"u ¢ x’S, for some
u e G,, and in a similar way we prove that ¢(y) € Sy*. Thus

ra"y =op(xa"y)=p(x)a"e(y) € 2*SSSY’ S a’Sy?,
since xa"y € K, so (1) holds. It is clear that S is z-regular.

(i))=(i). Let S be n-regular and let (1) hold. Let ac Reg(S). Then

a=aza for some % € S, so
a=a(xa)"ra for all ne Z+,
e a*S(za) by (1),
Ca’S.
In a similar way we can prove that a < Sa’>. Hence, Reg(S)=Gr(S), so by
Veronesi’s theorem it follows that S is a semilattice Y of completely
Archimedean semigroups S,, aeY. Also, for every acY, S, is a nil-
extension of a completely simple semigroup K,. Let x¢ S, ec E(S). By (1)
if follows that
re=uxee"e for all ne Z+,
=(xe)u for some u e S, by (1),
whence xe=(xe)""'u™ for every me Z*. In a similar way we can prove
that there exists v e S such that ex=v"(ex)"*! for all meZ*. Assume
that xee S, for some a« €Y. Then it is easy to verify that xeu™ e S, for
allmeZ*. Let me Z* be such that (xe)" e K,. Then
re=(xe)"(xe)u™ ¢ K,S,ZK,ZReg(S).
Hence, xe € Reg(S). Similarly we can prove that ex ¢ Reg(S). Therefore
K=Reg(S)=Gr(S) is an ideal of S.

Assume that ze € 2"Se, i.e. ze=x"ue for some ue S. By (1) we obtain
that there exists n e Z* such that x™(ue)"e € *"Se. Since K is a completely
regular ideal of S, we have ue ¢ K and ue 9 (ue)*, where 4( is the Green’s
H-relation on K, so there exists v € S such that ue=(ue)*v. Thus

re=x"ue=ar"uee=1r"(ue)"ve=x"(ue)"eve € r**SeveCx™ "'Se.
Now by induction we obtain

(2) xe e x™Se, for every me Z".
Similarly we can prove that
(3) ex € eSx™, for every me Z".

Define a mapping ¢: S—K by o(x)=wxe, if xeT,, ec E(S). Let x,yeS.
Then zeT,, yeT,, 2ycT, for some e, f, ge E(S), i.e. "G, y" Gy,
(xy)* e G, for some n,m,keZ*. By (2) and (3) we obtain ygecy"Sg=
fy"Sg, xf e x"Sf=ex"Sf, ey ceSy™=eSy™f, and exy € eS(xy)*=eS(xy)"y,
whence

y9=Jyg, xf=exf, ey=eyf, exy=exyy.
By this and by Munn’s lemma it follows that
ple=2yg =xfyg=ex fyg=exyg=exy=uaey=uxey [ =p@)p(y).
Therefore, ¢ is a retraction, so S is a retractive nil-extension of a union of
groups.
(i)&(ii). This follows from Theorem 1 [6].
Corollary 1 [T].  The following conditions on a semigroup S are equi-
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valent :

(i) Sisan n-inflation of a union of groups;

(ii) forall x,ye S, xS" 'y x’S™y* (xy € *SY?, if n=1);

(i) S 1s a subdirect product of a union of groups and an (n-+1)-
nilpotent semigroup.

Theorem 2. A semigroup S is a retractive nil-extension of a semilat-
tice of left and right groups if and only if S is z-regular and for all x,a,y
e S there exists ne Z* such that
(4) xa™y € ¥:Sy*x Uyx*Sy®.

Proof. Let S be a retractive nil-extension of a semigroup K and let
K Dbe a semilattice Y of left and right groups K,, e € Y, with a retraction
¢ of Sonto K. Let x,a,yeS. Then there exists ne Z* such that a” ¢ K.
As in the proof of Theorem 1, we obtain that xa"y € 22Sy*. On the other
hand, since za™y, a*y*x, yx’a™ ¢ K, we then have that xza"y, a"y*x, yx'a™ € K,
for some ¢ € Y, so by Lemma 1.1 [8] it follows that

xa™y € xayK a"y*x Cx:Sy*Sy*x C xSy,
if K, is a left group, or
xa™y € yxla"K 2oy SyxiSx Sy CyxiSyt,
if K, is a right group. Therefore, (4) holds. It is clear that S is z-regular.

Conversely, let S be z-regular and let (4) hold. Let a,beS. Then

there exists n e Z* such that
(ab)**'=a(ba)"b € a’Sb*a U ba’SH2ZSa U bS,
80 by Theorem 3.1 [3] we obtain that S is a semilattice Y of semigroups
S,, «cY, and for every ae Y, S, is a nil-extension of a left or a right
group K,. Let xe S, ec E(S). Then by (4) it follows that
xre=(xe)e e for every ne Z*

e (xe)*Sexe Ue(xe)*Se

C (xe)'S Ue(xe)Se.

Let xece(re)’S. Then xe=exe, so xec e(xe)’S=(xe)’S. Therefore,
ze=(xe)u for some u € S, whence xe=(xe)"*'u™ for every me Z*. Simi-
larly we can show that there exists v € S such that ex=v"(ex)"** for every
meZ*. Now, as in the proof of Theorem 1 we can prove that K= Reg(S)
=Gr(S) is an ideal of S. It is clear that K is a semilattice of left and
right groups. Now we shall prove that
(5) xe e x™Se for every me Z*.

First, assume that xe=exe. Then it is easy to verify that (xe)"=ax"e for
all me Z*. Since xeec K, xed(ze)"=x"e, where 9( is a Green’s H-relation
on K, so (5) holds. Assume that xe+exe and assume that xze=x"ue for
some ue S and me Z*. Then by (4) it follows that there exists ne Z*
such that z™(ue)*e € x*"Sex™ U ex*™Se. Moreover, since ue ¢ K and ue 9((ue)",
there exists v € K such that ue=(ue)"v=(ue)"ev. Thus

re=x"ue=ax"™(ue)"eve ¢ x*Sex™ U ex*Se.

Since xe=+exe, xe € x™Sex™, so xe € x™'Se. Whence by induction we obtain
that (5) holds. Similarly we can show that
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(6) ex € eSx™ for every me Z*+,
and as in the proof of Theorem 1 we obtain that K is a retract of S.

Corollary 2. A semigroup S is an n-inflation of a semilattice of left
and right groups if and only if xS"'yZx'S*y*x Uyx:S™y* (xy e x*Sy*x U
yx*:Sy:, if n=1) for all x,y e S.

Theorem 3. A semigroup S is a nil-extension of a semilattice of left
groups tf and only if S is z-regular and for all x,a,y € S there exists ne Z*
such that
(7) xa"y € xSx.

Proof. Let S be a nil-extension of a semigroup K which is a semilat-
tice of left groups. Then S is a semilattice Y of completely Archimedean
semigroups S,,xaeY. Let K,=S,NK, acY. Then it is clear that K,
is a left group for every acY. Let z,a,y€S. Then there exists ne Z+*
such that a" e K, so xa™y, ya"x ¢ K, for some «c¢ Y. Now by Lemma 1.1
[8] we obtain

xa"y € xa"yK ya"x xSx.
Therefore, (7) holds. It is clear that S is z-regular.
Conversely, let S be z-regular and let (7) hold. Let xe S, ec E(S).
Then
re=uxee"e for every ne Z",
€ xeSxe by (1),
so ze € Reg(S). By this it follows that Reg(S) is a left ideal of S. More-
over,
exr=ee'x for every neZ",
e eSe by (1),
80 ex =exe, whence
ex =exe"e for every ne Z*,
€ exSex by (7).
Therefore, ex € Reg(S), so Reg(S) is a right ideal of S. Therefore, S is a
nil-extension of a regular semigroup K=Reg(S).
Let a,be K. Then there exists ¢ ¢ F(K) such that ae=a, whence
ab=ae"b for every ne Z",
caSa by (1),
CKa since K is an ideal of S,
so by Theorem IV 3.10. [10] it follows that K is a semilattice of left groups.

Theorem 4. A semigroup S is a retractive nil-extension of a semilat-
tice of left groups if and only if S is m-regular and for all x,a,y € S there
exists ne€ Z* such that
(8) xa™y € x:Sx.

Proof. Let S be a retractive nil-extension of a semilattice of left
groups. Then it is clear that S is z-regular and in a similar way as in the
proof of Theorem 2 we can show that (8) holds.

Conversely, let S be r-regular and let (8) hold. Then by Theorem 3
we see that S is a nil-extension of a semigroup K and that K is a semilat-
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tice of left groups. Let e S, ec E(S). As in the proof of Theorem 1
we can show that xe e xS for every me Z*. Moreover, by (8) it follows
that ex=exe, so (ex)"=ex™ for every mec Z*, and since ex H(ex)"=ex™
(where 9 is a Green’s H-relation on K), ex € Sx™ for every m € Z*. Now, as
in the proof of Theorem 1 we see that the mapping ¢: S—K defined by
px)=wxe, if xeT,, ec E(S), is a retraction. Therefore, S is a retractive
nil-extension of a semilattice of left groups.

Corollary 3. A semigroup S is an n-inflation of a semilattice of left
groups if and only if xS* 'y x*S*x (xy € x*Sx, if n=1) for all x,y € S.

Theorem 5. (i) A semigroup S is a retractive nil-extension of a
completely simple semigroup if and only if S is m-regular, Archimedean
and for all a,be S there exists n e Z* such that (ab)" € a*?Sb*.

(i) A semigroup S is a retractive nil-extension of a left group if and
only if S is m-regular, Archimedean and for all a,be S there exists ne Z*
such that (ab)" € a’Sa.

Proof. (i) Let S be a retractive nil-extension of a completely simple
semigroup K and let ¢ be a retraction of S onto K. As in the proof of
Theorem 1 we can prove that ¢(x) € 2SN Sa* for all « € S, and since for all
a, b e S there exists n e Z* such that (ab)" € K, we then have

(ab)* =p((ab)") =(p(a)p(b))" € a*Sb".

The converse follows from Theorem 1 [4].

(ii) We can prove this similarly as (i).
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