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Let A be any finite abelian group. It is known that there exist (many)
abelian number fields whose class groups contain a subgroup isomorphic
to A. Known such fields K are all imaginary and have large Galois group
Gal(K Q) (see [1], [5], Cor. 8.9). In this note we show that there exist
infinitely many real abelian number fields having such a property whose
Galois group Gel(K /Q) are elementary abelian :

Theorem 1. For any finite abelian group A, there exist infinitely
many real elmentary 2-abelian number fields K (i.e. real abelian extensions
of Q whose Galois groups are of type (2,2, - - -,2)) whose class groups con-
tain a subgroup isomorphic to A. Moreover, among these fields we can
take a sequence K, K,, - - - such that (dg,, dx)=1 if i#j and all of the 2-
rank of Gal(K,|Q) are equal to rank A. Here, dx, denotes the discriminant
of K,.

We can prove this easily using genus theory and the following theo-
rem on the divigibility of class numbers of real quadratic number fields:

Theorem Y (Yamamoto [5], Part I, Th. 2). For any natural number
n and disjoint finite sets of prime numbers S,, S,, S,;, there exist infinitely
many real quadratic number fields F' such that

(a) The class group of F contains a subgroup isomorphic to Z |nZ.

are decomposed in F (i=1),

(b) All primes contained in S; {remain prime in F (i=2),

are ramified in F (1=3).

Proof of Theorem 1. By the structure theorem for finite abelian

groups, we may write

AZZ|MZXZ[Z X - XZ|nZ, NN -,

for some natural numbers #n,,n,, - --,n,. For each i=1,2, ...,r, we take
a real quadratic number field F;, whose class group contains a subgroup
isomorphic to Z/n,Z. We can take these fields such that (d,, d,)=1 if
17 by the condition (b) of Theorem Y. Put K=F\F,.. .F, (the composite
field) and then K is a real elementary 2-abelian field satisfying the re-
quired property. Let L, be an unramified abelian extension of F', such
that Gal(L,/F)=Z|n,Z. By genus theory the maximal extension of F,
which is unramified at all finite primes and abelian over @ is obtained by

*  Recently, Osada[3] proved the existence of the maximal real subfield of a cyclo;

tomic field with such a property. But, this field has also large Galois group and his result
is obtained from ours as a corollary.



No. 10] Class Groups of Abelian Number Fields 347

composing F', with all quadratic number fields whose discriminants are
prime discriminant divisors of d,,. Therefore, from the definition of K,
L, and K are linearly independent over F';. Hence L,K /K is an unramified
abelian extension such that Gal(L,K/K)=Z[n,Z. Since (ds, ds)=1, if
1#J, L,K and L,K are linearly independent over K. Therefore, if we put
M=L,L,-..L,K, then M /K is an unramified abelian extension such that
Gal(M/K)=A. The infiniteness is proved by using the condition (b) of
Theorem Y.

For any odd prime number I, if we have a corresponding result to
Theorem Y on cyclic number fields of degree I, we can generalize Theorem
1 as follows:

“Let | be any prime number. For any abelian group A, there exist
infinitely many (real) elementary l-abelian number fields whose class groups
contain a subgroup isomorphic to A. Moreover, among these fields we can
take a sequence K, K,, - - - such that (dg,, dc)=1 if i#j and all of the I-
rank of Gal(K,/Q) are equal to rank A.”

For 1=3, Uchida [4] proved a corresponding result, and Nakano im-
proved his result:

Theorem N (Nakano [2]). For any natural number n, there exist
nfinitely many cyclic cubic number fields whose class groups contain o
subgroup isomorphic to (Z nZ).

From Nakano’s proof we can impose on the fields conditions on rami-
fication. Therefore, we have

Theorem 2. For any finite abelion group A, there exist infinitely
many elementary 3-abelian number fields whose class groups contain a
subgroup isomorphic to A. Moreover, among these fields we can take a
sequence K,, K,, - - - such that (dy,, di)=11if i#j and all of the 3-rank of
Gal(K,/Q) are at most [rank A /2].
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