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47. On the Cauchy-Kowalevskaya Theorem for Systems’

By Waichiro MATSUMOTO*) and Hideo YAMAHARA**)

(Communicated by Kunihiko KODAIRA, M. J. A., June 11, 1991)

§1. Introduction and result. In this note, we shall study the
Cauchy-Kowalevskaya theorem for systems of partial differential equa-
tions which are nondegenerate on 9,. (We say that a system is “non-
degenerate on 9,” when it satisfies the major premise in Theorem 3.1 in
M. Miyake [5].) Let £ be an open set in CixXC. If we require the
Cauchy problem is uniquely solvable in C[[¢t, #]], by virtue of Theorem 3.1
in M. Miyake [5], it is enough to consider the following Cauchy problem :

daut, ) — ji 0.t @ 0)u,t, ) =1.(E, @),

uy(to, x)=$0z(x), (1<i<N),

where all coefficients are holomorphic in 2, f, 1 <{<N) are given holomor-
phic functions, ¢, (1<i<N) are holomorphic initial data and », A1 <i<N)
are unknown functions.

We also denote (1.1) by

(1_1/) {P(t) X, Dt’ Dm)uEDtu(t, x)—A(t: Z, Dz)u(t: x)=f(t, w))

u(to, ) =¢(x),

where D, and D, are (v —1)-13, and (v —1)-'3, respectively, A(t, 2, D,) is an
N xX N matrix and , f and ¢ are N-vectors.

We say that the Cauchy-Kowalevskaya theorem holds for P(¢, z, D,, D,)
when, for any (t., #.) in 2, any neighborhood v of (¢t., %.), any f(¢, x) in
H(w) and any ¢o(®) in JH(wN{t=t.}), there exists an unique holomorphic
solution u(t, ) of (1.1’) in a neighborhood of (¢., 2,). Here, f(t, ) € H(w)
means that f(¢, ) is holomorphic in », and so on.

When the order of A(¢, x, D,) is at most one, the Cauchy-Kowalevskaya
theorem holds. So, we are interested in the case that the order v of
A(t, z, D,) is greater than one.

In the case of constant coefficients, the necessary and sufficient condi-
tion for the Cauchy-Kowalevskaya theorem is that the characteristic poly-
nomial det (I — A(%, x, {)) is a Kowalevskian polynomial, that is, its degree
on r and ¢ is at most N. (See S. Mizohata [6].) As was clarified in [6], the
above condition is neither necessary nor sufficient in the case of variable
coefficients. In [6], S. Mizohata proposed a necessary condition. Follow-
ing it, M. Miyake obtained the necessary and sufficient condition in case

1.1 {

B Dedicated to Professor Shigetake MATSUURA on his sixtieth birthday.
*  Department of Applied Mathematics and Informatics, Faculty of Science and
Technologies, Ryukoku University.
*#  Faculty of Engineering, Osaka Electro-Communication University.



182 W. MaTsumoto and H. YAMAHARA [Vol. 67(A),

of I=1 in [8]. He also proposed a necessary condition in the general case

through a construction of a formal solution. (See also [4].)

Our result is a generalization of M. Miyake’s one. However, we do
not adopt the idea of Volevich system but we introduce weighting opera-
tors. (See W. Matsumoto [2].) Therefore, we consider the order of each
entry of matrix of differential operator as the normal one. Our standing
point is the normal form of matrix in the class of meromorphic formal
symbols, which is developed in W. Matsumoto [2]. We recall it.

Definition. We say that a formal sum > 7, p,(t, x, {) is a meromorphic
symbol of order v when it satisfies the following conditions.

1) There exists a conic analytic set ¥ in Q X(C\{O}) such that p,&, =,
belongs to (2 X(CA{ON)NI(2 X (CH\2)) and it is homogeneous of
degree v—i.

2) When wo X6 in 2 X (C4\{0)) is conic and (wo X I's) N{[|¢||=1} is compact
in (@X(COA2)N{|¢l|=1}, there exist positive constants C and R for
which p,(t, z, {) satisfies the following estimate on wo X'

1.2) |Difs(E, @, OIS CR“ 1B | LB 12,

(teZ,,aecZ',peZ’).

Here, we use the usual notation: p{¥(t, x, {)=D; dip(t, %, ) (e Z'+* and

pezt) and |¢[P=|RelF+Im P,

Remark. For «and gin Z%, we also denote D3ofp(¢, z, ) by pi#(, z, 0).

We denote the set of the meromorphic formal symbols by S,(2). It
is an algebra with the product: (poq)=r where p=> 2D, =2 20 ¢y =
2uizetiand 7= k10 A [ DD Q-

In [2], W. Matsumoto gave a normal form of matrix with entries in
Su(Q).

Theorem O (=Theorem 3.1 in [2]). Let A (¢, 2,8) be an N XN matriz
with entries in Sy(2) of order v and P(t, x,D, ) be D,—A(t,2,8). We
suppose that the principal part of A (¢, x, ) is holomorphic in Q X (CH\{0})
and has eigenvalue A,(t,x,8) with constant multiplicity m;, 1<j<d,
>4 ymy;=N). Then, there exist {r;}icjcar {Myihecicancicr, QCoili Npe=m,) and
an tnvertible matrixz JI(t, x, &) in S,(Q2) such that
1.3) T oPoJl=®1cy<u ('Blsksrj Q™(t, =, D, 0,

ij(t, Zz, Dn C)'——‘In/k(Dt—lj(t’ Zx, C))"'@jk(t’ Z, C)’

@jk(t’ 2, C)=2@{k(t, Z, C)9 g)gk:_J'ﬂjlc s
@zj‘k(t, Z, C)=( 0 )9 (7/21):
*. . .*

where I, is the unit matriz of order q,J, is the Jordan matriz of order q
with zero eigenvalue and D*{, x,8) is an n, Xn, matriz with entries in
Su(0Q).

Remark. In Theorem 0, we take £, as a holomorphic scale instead of
IIZll. For example, we rewrite ,{, as (£,/¢)¢], where ¢ indicates the order
of the symbol. Of course, we can replace it by any {,2<j<D).
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Remark. If the entries of A (¢, 2, ) are polynomials in ¢ and if [ is
greater than one, d must be one.

Now, we can state our result.

Theorem. Suppose that the entries of A, x,D,) is partial differ-
ential operators of order v with holomorphic coefficients in 2. The follow-
g (a), (b) and (c) are equivalent.

(@) The Cauchy-Kowalevskaya theorem holds for P(t, x, D,, D,).

(b) The principal symbol of A(t, x,() is nilpotent in QX Ct. Inthe normal
form of P(t, z, D,, {) in Su(2), we set

oo jlc . 0 )
;;{Qz ¢, =, C)“‘(blk(l)’ ce bjk(njk) .

Then, further, the following relations holds:

1.4) Order of o) <1 —(—1)(n,,—q),

(1<i<d, 1<k<r;, 1<q<ny).

(¢) The system P(t,x,D,,t) can be reduced to a first order system by o
similar transformation in the meromorphic formal symbol class
Su(2).

§2. Sketch of the proof of theorem.

(@)=(b). Considering P(t, x, D,, ) and its normal form out of the pole set

of Ji(t, x,0), JI(t, , &)~ and 9D'*(t, z,{), we can prove this assertion by a

usual microlocal energy method. (See H. Yamahara [7].)

(b)=(c). We apply a similar transformation to the normal form of

P(t, z, D,, ©) by a weighting operator

CW=C‘BW”, ijk-_—'diag (C%v_l)(njk_l), C{u_l)(nﬂ_z): ] C{v_l)’ 1)’

GY-10 1" o Po Jlo G becomes a first order system in S, (2)[D,].

Thus, our main purpose of this section is to give an outline of the
proof from (c) to (a), that is, we shall show the sufficiency of (c) for the
Cauchy-Kowalevskaya theorem for P(¢, z,D,, D,).

If we can solve (1.1") with f(¢, )=0 for arbitrary ¢, and if we can ob-
tain a uniform estimate of the solution on t¢,, we can also solve (1.1')
with a general f(t,x) by Duhamel’s principle. Then, we only consider
(1.1’) in the case of f(t, £)=0. The equations become
2.1) Du=A(, x, D,)u.

This implies that we can express Diu by a linear sum of spacial deriva-

tives of u(t, ). Let us set

2.2) Dju=Aljl¢, =z, D )u.
Al71(t, =, ) is obtained successively by the following formulas:
2.3) { A01=1,

A[j411¢, =, =D, ALIDE, z, O+ (Alj1- A, =, ).

Remark that A[j1(¢, z, ) is holomorphic in 2 X C! and a polynomial on ¢.
Thus, the fundamental solution of (2.1) can be expressed formally in
the following way :

2.4) Bty @, D.i to)= 2 VIR A1, 2, )
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We set A[71¢, z, ) =27, Al7L(¢, 2,0). In effect, this is a finite sum. If
we can show the following proposition, the righthand side of (2.4) really
gives the local fundamental solution acting on the holomorphic functions.

Proposition. For an arbitrary compact set K in 2, there exist con-
stants vo, C, R and R, independent of j, for which the following estimate
on Alj1(t, =, &) holds on KX C::

@.5) AL, @, O|<CRL 3 RI-P++1181G—R) 1|1 B [[C[Fo -1,
" (teZ,,aeZ'BeZ\).

From now on, we shall show the estimate (2.5). Under Condition (c),
there exists an invertible matrix Ji(¢, z, {) in S,(2) such that J1-'e Po Jl=
D,— B, x, ) where B(t, z, &) belongs to S,(2) and its order is at most one.
We define {B[j1(, , O)}7-, from B(t, x, {) by the same way as {A[j1¢, z, O)};-0
that is, they are determined by

B[j+11(¢, , O)=(D.BljD(, =, )+ (Blj]l B)(¢, x, {).

Let us denote again the union of the pole sets of JI, Jl-* and B by 2. Ap-
plying Lemma 1.2 in L. Boutet de Monvel and P. Krée [1], we get the fol-
lowing estimate from (2.6). (See also (1.13) and Proposition 1.2 in
W. Matsumoto [2].)

Lemma 1. When woX1I's is conic and (wo X I'o)N{||{||=1} is compact
in (QX(CAD)N{|Ll|=1}, the following estimate holds :

@7  |BIIRE, @, O)|<CRE éR"’”“'“‘*""(j—h) Vella LB en

There exists the following relation between {A[j1(t, z, O}, and
{BLiE, 2, D)5
. J j ! - -
(2.8) AU 2,0 =33 k—!(y-?_—m!_wz “90) o BIk] 0 T1'(2, , £).
By the relation (2.8) and Lemma 2.1 in [1], Lemma 1 implies the following.
Lemma 2. When wo X I is conic and (woXI's)N{|C]|=1} is compact
in (@ X(CADNN{|¢||=1}, the following estimate holds:

2.9) AR, z, O|SCRE i Rizreirialr Bl —R) Vil |a| 1 LI IPo = 12,

where v, is (Order of J1 + Order of JI-?).

By virtue of the maximum principle on the holomorphic function,
(2.9) holds on 2XC:¢, that is, we have arrived at the estimate (2.5). The
last argument was employed on a formal solution in M. Miyake [8]. We
divert it to a formal fundamental solution.
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