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43. Some Dolbeault Isomorphisms for Locally Trivial Fiber
Spaces and Applications

By Hideaki KAzAMA™ and Takashi UMENO**
(Communicated by Kunihiko KODAIRA, M. J. A., May 13, 1991)

1. Let N be a paracompact complex manifold of complex dimension
n, S a Stein manifold of complex dimension I and =: M—N a locally trivial
holomorphic fiber space whose fibers are biholomorphic onto S. Put m:=
dim;M(=n+1). Let{D,}be a locally finite open covering of N satisfying
that each D, is a coordinate open subset with the trivialization 4,: z~(D,)
—D, xS with [[}-¢,==, where []% denotes the projection D,xS s (a, b)—
aeD,. Let{U, be a sufficiently fine and locally finite open covering of S
so that each U, is biholomorphic onto a polydisc in C*. We sometimes
identify z-%(D,) with D,xS. Let z,=(2, ---,2") be a local coordinate
defined on D, and w,=(w}, ---, w') a local coordinate defined on U,. We
put i, =2 1<i<n) and {3=w! A<Lj<)). Then ¢, =, -+, &)=
%y o, 28 wt, - -, w') defines a local coordinate in ;! (D,xU,). For an
open subset Vc M, we put F(V):={f|f is of class C~ in V and for any
zen(V), flz~"(?)NV is holomorphic}. We denote by & the sheaf defined
by the presheaf {F(V)}. Put V,,:=VNi;'(D,xU,) and "*(V):={p|e is
a C=(r,p)-form on V and ¢|V, ,=>1s¢:,dC ,NdZ2, @1, € FV,,,) for each
a and 0}9 where I=(7:1, ] ir)’ J=(j1, tt jp)’ 1£711< e <1’r£n+l’ and ]-S
71<---<j,<n. We get the sheaf ¥"* defined by the presheaf {F?(V)} for
0<r<n+land 0<p<n. Let Q" be the sheaf of germs of holomorphic -
forms on M. We have an exact sequence

(| LN S LN L NN LS |
For an open subset Wcz-'(D,), put &07*(W) :={y |+ is a C* (r, p+s)-form
in W and o|WNi;'"(DXU)= 31,7, V1oL, NdZINdWE for each g},
where K=(k, ---,k,) and 1<k <...-<k,<l. The presheaf {&7»*(W)}
makes the sheaf £77° on z~'(D,). Then we have an exact sequence
04?7 Y(D,)—>ErP =Pl . 580250
for each «, where the mapping £77°—&7»*! i induced by the Cauchy-
Riemann operator d; on S. Solving the Cauchy-Riemann equation of (fi w)
=9(z, w) with C~ parameter z e D, and using the standard argument %or
Dolbeault lemma, we can prove
. roy~ 19 € H' Do XU,y E0P) | 059p=0} _
HYD,xU,, 9= S (D XU, Erri-r) =0
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for ¢>1. This means the open covering {D,xU,} of D, xS is a Leray
covering for the sheaf 9. We denote the Frechet space of all C* func-
tions on D, by E=C=(D,). Then the cohomology group H({D,x U}, ¥"?)
is isomorphic onto H({U,}, 27eE) and H%(z"*(D,), ¥"?)=HS, 27eE)=0 by
the result of Bungart [1] ¢>>1. This means the covering 9/ ={z"(D,)} is a
Leray covering for the sheaf 9™ on M. Let {p,} be a partition of unity
subordinate to the covering {D,} on N. For {f,}eZ'(W,I"?) we put
9i(0) i =20 pa7(D) S os(®) D € =7 (Dy). Then {g,} € C(W, F"7) and 5{ga}={/us}-
Hence H\(M, 97?)=0. Similarly we have H{(M, $7?)=0 ¢>1.

Lemma. HY(M,S"?)=0, ¢>1.

By this lemma we obtain the following

Theorem 1.1.

Fo, 07y = A € HOL, F) | Bp=0}
OH(M, Gm»-1)

for p>1. Further
H»(M, 2")=0
for p>n-+1.

We note that in case N is a Stein manifold, by the result of B. Jennane
[2], H*(M, 27)=0 for p>2.

2. We shall apply the result of 1 to the calculation of  cohomology
of toroidal groups which was partly shown in [3] and [5].

Let G be a toroidal group of complex dimension 7, that is, G is a con-
nected complex Lie group without nonconstant global holomorphic func-
tions. Then we may assume G=C"/I", where [ is a discrete lattice of C*
generated by R-linearly independent vectors {e,, &, - - -, €,, V;=Vy, - -, V1),
Vo=Vg, ++ +» V) ** +, V=g, + - +¥,,)} over Z and e, denotes the i-th unit
vector of C*. Moreover we may assume det [Ju,,; 1<?, j<ql+#0, where
30,y is the imaginary part of v,,, We denote by = the projection C">
@, -, 2, - - -,29eC%  Since n(e), n(v,) 1<i<q) are R-linearly
independent = induces the C*"-%-principal bundle

n: C*|[['s24+T'—>a@)+T*eTs:=CT*
over the complex ¢ dimensional torus 7%, where I'* :=z(I"). Then, the
sheaves &7 on C"/I" over T% are defined for 0<r<n and 0<p<q. We
have H*(C"|I', 2")={p e H(C"|I", G"?)|0p=0}/oH(C"|I", F"*-') for p>1.
(#', - - -, 2") defines a local coordinate in C*/I" and

@.1) f e HY(C*|T', F) means %:0 for q+1<i<mn.

We put v,:=+—1e¢, for g+1<i<n and (2, --.,20)=>71, (te,+t""'0,).
The isomorphism C"3 (2, .-, 2")—(!, - -, t*™) e R*" induces the isomor-
phism C*/['=T"**X R*~? as a real Lie group, where T"*? is a real (n+¢q)
dimensional real torus. For 1<4,<.--<4,<n and 1<j5,<---<j,<q, put
I:=(,---,4,) and J:=(j, -+, 7,), respectively. Let o=>;,¢,,d2" Ndz’
e H(C"|I", 9*) be a d-closed form. For each I, o;=3,¢,,dz’ is a 0-
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closed (0, p)-form in C"/I". By the Fourier expansion and (2.1), we can
write

Prg= Z SD?J(t)
meZnr+ae
= ;+ ¢% exp <—2n' M mit””) exp @2rv —1{m, t'))

meZn+4 i=q+1
and ;=73 neznta 7 =2 mezn+a s 977427, Where c7, are constant and (m,t")
= 7Im,t*. From the similar argument to [3], we have the constant
from Y7, ¢},dz” and y7 =3, ¥7.dz” e H(C" I, F"*-"), where J'=(j,, - - -, §,-1)
for each m e Z"**\{0} such that ¢F=0y7 and ¢,=>,; ¢3,dz’ +3 . cz0+e OV
Put " :=(=1)" 33, ;. ¥75.d2" ANdZ” for each m € Z**%\{0}, we have

o=, c3,dz" Ndz'+ 3, oy™.
I,J

meZ™+e\{0}

V=2 mezm+amy¥™ 18 a formal solution of d-problem for the o-closed form
0—2 1, 63,d2" ANdZ’. Then similarly to [3] and [4], we obtain

Theorem 2.1. Let C*/I" be a toroidal group, where I' is a discrete
lattice of C™ generated by R-linearly independent vectors {e,, ey, - - -, €,, vy,
Vg vy Vohy Koyt =200 Oy — My, and K, i =max {|K,, ,|; 1<i<q} forme
Z"*,  Then the following statements (1), (2), (3), and (4) are equivalent.

(1) There exists >0 such that

ili%) exp (—a|m*|) /K, < oo,
where |m*||=max {|m,|; 1<i<n}.
(2) Hp(Cn/Fy 'QT)EC{dzIAdZJlI:(ZU ] ir)’ J=(j1’ tt jp)}
1< < <4, <, and 1<5,<---<j,<q},
for p>1, r=0,1, ---,n. Then dim H*(C*|I", 2")=() (9.
(3) HxC™|T,27) are Hausdorff locally convex spaces.
(4) oHYC™|I', Fm*-Y) is a closed subspace of the Frechet space
H(C* |, F™?) for p>1.

Corollary 2.1. FEvery toroidal group C"|I' satisfies either of the
following statements (a) and (b).

(a) H¥C™|T,27) is finite dimensional for any p and 0<r<n.

(b) HC™|T, Q") is a non-Hausdorff locally convex space for 1 <p<q

and 0<r<n.

Remark. C. Vogt [5] showed the equivalence of (1) and (2) in the
above theorem by Dolbeault theory. In the previous paper [3] we obtained
the above theorem and corollary in case r=0.
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