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Let r_2 be a given integer and let
n=a,a_l. ..ao=a,r’+a._lr-l+ .+ao, a e {0,1, ..., r--l}

be the r-adic expansion of a nonnegative integer n. We define the sum of
digit function

St(n) a,+ a,_l +" + ao.
This function has been studied by many authors (cf. Stolarsky [2]).

Clements and LindstrJm [1] proved the following formula"
s(m)---logldetA(n) (n-0, 1, 2,...),

m_n

where
A2(n)=(aj)o<.jn, aj=(--1)’J,

and a is the number of common terms b=c--I in the dyadic expansions
i=]o b,2", and ]=],z0 c,2. In the present paper, we generalize this
formula for any given base r2.

We first define a matrix A(n) for a given integer r2 and any non-
negative integer n. We choose any real number p satisfying 1
and define a complex number 5--(p) by

]1=1, [--11= p with ImJ0.
(If r=2, we can choose p=2 and so --1.) Then we choose real numbers
fl=fl(p) (h=l, 2,..., r--l) such that

]5"-li=p with
p

Let i=_0 br" and ]=_0 cr be the r-adic expansions of nonnegative
integers i and ], and put

A(n)=(a)os,<,
where

kO,bhchO

Theorem. We have
s(m)-log [det A(n) (n- 0,1, 2, ...).

Proof. For any integer n>___0 we write
( 1 ) n--hrq-m (k, h, m e Z, kO, Oghr, O<=mr).
If we put f(n)--n s(m), then we have

2 ) f(n)--f(hr-m)--hf(r--l)+ h(h--1).r-h(m+l)-f(m).
2

Conversely, this ormula (2) defines the function f(n) (n >= O) uniquely
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under the condition
( 3 ) f(0)-0.
Hence it is enough to show that the function

f(n)-logldet A(n) (n>O)
satisfies (2) and (3). The proof will be carried out by induction on n.

First if k-0 in (1), then Ogn-h<r and so (2) with (3) implies

f(h)-- h(h--1) (Ogh<r).
2

On the other hand, we have by the definition of A(h) with 0__<h r.

1 1 1
1 i 1

At(h)

1 1
Hence we obtain

[detAr(h)l-- V[ I’-ll-p(+’)/ (l<:h<r), detA(0)-l.
k--1

Now let k=>l. We assume that (2)-holds for all n--hr-+m (0_h<r,
0_<_m<r0. By definition, we have, for any integers b(0=< b<r) and i, 2"
(O<=i,]<rO,

so that

A,(hr+m)=

B B ...B C
B ,B... B C

D D D "A(m)
where B A(r-1), C is the r (m+1)-matrix consisting of the first m+1
columns of B, and D is the (m/1)r-matrix consisting of the first m+1
rows of B. Hence

det A(hr +m) det

Therefore we obtain

B
B ({,--1)B

B 0

D 0 (5---1)A,(m)

[det A,(hr +re) l=l’-1 [r... 5,_,__1 l’l- 1 ] +x[ det A(r 1) I det A(m)
p((+’)m+’ +’) det A(r--l) I det A(m) [.

This completes the proof of the theorem.
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