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For an integer m2, we denote by h/(m) the class-number o the field
K=Q(+l)

where is a primitive m-th root o unity.
It is conjectured that pXh/(p) for all primes p. The Theorem 2 of [2]

says h/(p)=l for all p163, h/(163)=4 if we assume the generalized
Riemann hypothesis.

In this note, we shall show that
Theorem. Let p and (p-- 1)/2 q be primes. If h+(p) p, then h+(p)

1.
follows easily from the following proposition (see Washington [3], Theorem
10.S).

Proposition. Let q be a prime and K/Q be a cyclic extension o degree
q. Let C(K) be the ideal class group o K. Let r be a prime such that
r--q. Further let f be the order of r mod q.

If C(K) has a subgroup which is isomorphic to Z/f’nz Jor some integer
n_> 1, then C(K) has a subgroup which is isomorphic to (Z/rnZ).

Proof of Theorem. We may, and shall, suppose q to be odd, as q=2
implies p 5 and h (5) 1.

Let h+(p)> 1, and r be a prime factor of h/(p). Then we have r=/=q

(see Iwasawa [1]), and the above proposition says rlh/(p), where f is the
order of rmod q. If r is odd, then r =2kq+l for some integer k 1. Then
h/(p)>2q+l=p contrary to the hypothesis h/(p)<p, so we should have
r=2. Then 2=(2k--1)q+l or some integer k, but k>l would be con-
trary as above to the hypothesis h+(p)<p, so 2=q+l, and f must be a

prime. From 2 /1-1 =2q+ 1 =p follows that f+ 1 is also a prime. Hence
f=2. Therefore we get p=7 and h+(p)=l. This completes the proof.

Remark. Professor Iwasawa has kindly communicated to me that we
could prove the following lemma just as above"

Lemma. Let K/Q be a cyclic extension of degree q, and denote the
class number of K by h. If

(1) q>_5 and both q and 2q+l are prime,
(2) (h, q) 1, h<2q+ 1,

then h 1.
This is a little more general result than our theorem, which follows im-

mediately rom this lemma using h (5) h (7) 1. q is assumed to be 5
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in this lemma, because for q=2, 3, our statement does not hold as the ol-
lowing examples show"

q=2, 2q+1=5" K=Q(/-23) or Q(/-), hK=35.
q=3, 2q+1=7: K=cubic subfield of Q(13), hK--47.
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