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Introduction. Let M be a real analytic manifold with a complexifica-
tion X. Let V be a C*-conic involutive submanifold of T*X (=T*X\X),
and let M be a coherent £y-module with constant multiplicity along V.
Moreover let © be an open subset of M with real analytic boundary N =02.
The aim of this note is to give vanishing theorems for the cohomology
groups of the complex RHom, (M, x) where C, ; is the complex of
microfunctions at the boundary introduced by P. Schapira [8] (see §1.1 for
the definition).

The vanishing of the complex R Hom. (M, C,) has been studied by M.
Sato et al. [6], M. Kashiwara [3] and Kashiwara-Schapira [5], and we
study in this note an analogous problem at the boundary.

1. Preliminary and a lemma. 1.1. Let M be a real analytic mani-
fold of dimension # with a complexification X, and let 2 be an open subset
of M with real analytic boundary N =02.

The cotangent bundle 7*X of X is endowed with the sheaf &, of
microdifferential operators of finite order. Refer to M. Sato et al. [6] and
P. Schapira [7] for detailed account of £;. Let T*X denote the micro-
support of Z, due to [4], and let (,,; be the complex of microfunctions along
T#X introduced by P. Schapira [8]. With the bifunctor phom(-, -) con-
structed by Kashiwara-Schapira [4], the complex (,|y is explicitly given by

me=/lh0m (Zgy Ox)® oryln]
where or, denotes the orientation sheaf on M.

1.2. We follow the notation in §1.1. Let V be a C*-conic involutive
submanifold of 7*X. We recall the Levi form (V)(p) of Valong A=T%X
at pe ANV. Take a system of functions (f;, ---, f)) so that V={qe T+X;
Ji@)=---=11(q)=0} locally in a neighborhood p. Then L,(V)(p) denotes
the Hermitian form given by the matrix ({f,, fDi<i;<,- Here f¢ is the
complex conjugate of f; and {-, -} is the Poisson bracket. We remark that
the signature of _L,(V)(p) is independent of the choice of (f, - - -, f,). Refer
to M. Sato et al. [6] and Kashiwara-Schapira [5].

1.3. Let X be a C~ manifold. Then D*(X) denotes the derived cate-
gory of the category of bounded complexes of sheaves on X. For Fe
0b(D*(X)), SS(F) is its micro-support. Let Z, and Z, be two subsets in X.
Then C(Z,, Z,) is the tangent cone for the pair (Z,, Z,). Refer to Kashiwara-
Schapira [4] for all in this §1.3.
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1.4. Now we give a lemma about the micro-support of C, x-solution
complex to a system of microdifferential equations with constant multiplic-
ity. Let M, X, 2 and N as in §1.1, and V be as in §1.2. Let M be a
coherent £y-module defined in a neighborhood of pe V. We assume that
M is with constant multiplicity along V. Then we have

Lemma. SS(RHom,, (M, Cy x))C (Char (M), THX).

Proof. In view of [6; Th. 5.3.7, Chap. II], we may assume that I is
simple characteristic along V. Then on account of [6; Th. 5.1.2, Chap. II],
we can find a quantized contact transformation (¢, @), through which we
have an isomorphism

0 M= Ex [(ExDy+ - - - +ExDy) (=8X®n}1g)xweo)'
Here 7, is the natural projection zy: T*X—X, and I, is a coherent 9,-
module Dy /(DyD,+ -+ - +DyD,). Moreover by the theory of [4; Chap. 11]
(cf. also [11]), there exist F,, € O0(D*(X)) (4,=¢(T5X)) and an isomorphism
¢3Coix=~phom(Fy, Ox)
in a neighborhood of ¢(p). Hence we have
SS (R Hom, (%, me))ZSOKISS (R Homg)x(gmm phom (F 4, Ox)))
Co~'C(Char (y), 4,) =C(Char (M), T3X).

Remark that SS(.) for the solution complex to the 9,-module I, can be
eagsily estimated as above (see [4]). Q.E.D.

2. Main theorems. Let M, X, 2 and N be as in §1.1. Then we give

Theorem 1. Let pe T4X with n.(p)e N, and let V={qe T*X; (@)
=0} be given by a homogeneous holomorphic function f satisfying the con-
dition
(1) {f7fc}(p)<0‘

Assume that there exists a homogeneous holomorphic function « for which
the following conditions (2), (8), (4), (5) are satisfied.

(2) dy Nox+#0 at p. (wx is the canonical 1-form of T*X.)
(3) VN Vc{y=0}.

(4) Im«[flT*;nX=0.

(5) Q)N THX C{y>0} in o neighborhood of p.

Let I be coherent £x-module with constant multiplicity along V defined in
a neighborhood of p. Then we have
H°R Hom,, (M, Cy x),=0.

Proof. First we give a geometric argument in S*X and in (SkX)°.
We take symplectic coordinates of SEX as (%, -+ -, %y Duy - +» Puoy). We set
in (S¥X)°

Y ={y=0}.
Then we may assume
f+ =0 onY.
By [6; Lemma 2.3.3, Chap. III], we can find a holomorphic function ¢ (+0)
real valued on S} X such that {¢f, ¢°f°}=—1. Thus we may assume from
the beginning that
{f, f}=—1on S%X, and f+ f°=0onY.
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Moreover making a change of symplectic coordinates of S%tX, we may write
fand Y as
f=p1+\/tix1 Y={zl=0}
with the complexified coordinate z, of x,. (See [6; Lemma 2.3.9, Chap. III].)
Thus by finding a real quantized contact transformation, we may assume
F=0+v=128, =2, p=0;+—1dw,).
Here we take a system of coordinates of T*X as (z; {-dz) and that of 75X
as (x; v/ —1&-dx). In this situation, a direct calculation gives
(6) —dy & C(f =0}, {y= 01N THX).
Thus the fact (6) holds also in the general case.
Now we take a real analytic function ¢ such that Q={p>0} in a neigh-
borhood of z,(p), and dp=+0 on N. Since zz'(DNTEXC{y>01NT%5X in a
neighborhood of p and

—dp(P)=—dy(p)  mod (T T*X),(=T,T5X),

we get

(7) —dp e C({f =0}, 7D N T X).
This implies (cf. [10])

(8) —dp e C({f =0}, T5X).

Thus on account of the lemma in § 1.4, we deduce
RI',_,RHom, (M, Cy x),=0.
Hence we obtain the isomorphism
RHom,, (M, Cox)p<——Ri i 'RHom, (M, Cy), (' @Q)NTHX=—>T5X).
On the other hand, by [6; Th. 2.3.10, Chap. III] (cf. [5]), we have Hom,,
M, C,)=0. Hence we conclude
H°R Hom,, (N, Cg|x)péj*j_IMGx(%, Cu)p=0. Q.E.D.

Theorem 2. Let p, V, 2 be as in Theorem 1. Let W (CV) be a C*-
conic tnvolutive variety in TxX through p with q (>1) negative eigenvalues
of .L(W)(p). Let IN be a coherent Ey-module with constant multiplicity
along W defined in a neighborhood of p. Then we have

H'R Hom, (M, Cgix),=0 G<.

Moreover if L (W)(p) is non-degenerate, then we have the vanishing of the
left-hand side for j+q.

Proof. This theorem can be proved in the same way as Theorem 1 if
we remark

Exti (I, Cy)=0 (7<q) in a neighborhood of p.
(See [6; Th. 2.3.10, Chap. III].) Moreover if L, (W)(p) is non-degenerate,
M. Sato et al. [6; Th. 2.3.6, Chap. III] have shown that in a neighborhood
of p, Exti (M, C,)=0 (j#¢) and Exts (M, C,) is conically flabby. Hence
the proof of Theorem 1 gives
H!R Hom, (M, Cy1x),=R' "7 Exts, (M, Ci),=0 (i#q). Q.E.D.
Next we give a generalization of Theorem 1.
Theorem 3. Let pe f’ﬁX with zx(p)e N, and let W be a C*-conic
involutive variety of codimension d with pe W and L (W)(p)<0. Assume
that there exists a homogeneous holomorphic function +» with the proper-
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ties;

(9) A Nwx#0 at p,

10) Im lr3, =0,

an WNAWcC{y=0},

12) 7N TEX C{y>0} in a neighborhood of p.

Let % be a coherent Ex-module with constant multiplicity along W. Then
we have
H'R Hom,, (I, Coy),=0 (j#d).

Proof. We write W as W={f,=---=f,=0}. Since L (W)(p) is non-
degenerate, we have df A ---ANdf,;N\AfiN---NdfsNwx+#0. (This shows
in particular that W is non-singular.) Next we remark that  is real
simple. Then taking into account of the assumption (11), we can find
homogeneous holomorphic functions {a,},.,., with a,50 for some j which
satisfy

Me

V=2 (a,f,+a5/7).

j=1
ajszo}. Then we have
1
{fs 1} =ISjZkl<d a,0{f; Ji3<0,
which makes it possible to apply Theorem 2. Q.E.D.

-,
&y

In this situation, put V= { fi=
J

I
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