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1. Introduction. Let (S, &, p) and (T, &, v) be measure spaces and
assume that a trio of functions #: SXTXR'—R, g:SXTXR—R*, and
w: T—-R* is given. Consider the well-known Arkin-Levin variational
problem formulated as follows:

Maximize I u(s, t, (s, ) d(p®v)
&z SXT
P) subject to
J. g(sy t7 x(S, t)) dpéw(t) a.e.
N

The existence of optimal solutions for (P) has been investigated by
Arkin-Levin [1] and Maruyama [5], [6], where a special kind of infinite
dimensional Ljapunov measure played a crucial role. In this paper, we
shall present a more classical alternative approach to the existence
problem, based upon the Continuity Theorem for nonlinear integral
functionals due to Ioffe [3] and the Compactness Theorem stated and
proved in the next section.

2. Compactness Theorem.

Theorem 1 (Compactness Theorem). Let (S, &, p) and (T, Ep,v) be
finite measure spaces and f:SXTXR'—R be (E;RE,QB(RY, B(R))-
measurable, where $H(-) stands for the Borel o-field on (). We denote
by f*(s,t, -) the Young-Fenchel transform of x—f(s,t,x) for any fixed
(5, eSXT; e f*s,t,y)=sup,y, x>—f(s,t, %), ye R. If f satisfies
the growth condition:

Dom LXT | f*(s, t, WId(pRv)=R";
e Lxrlf*(s’ t, )| d(u®y)<oo for all y e RY,
then the set
F={ze L'SXT,R)

L F(s,t, w(s, ) dp=<c(t) a.e.}

18 weakly relatively compact in L'(SXT,RY) for any ce LT, R).
We need a lemma due to Ioffe-Tihomirov [4] (p. 358-359).

Lemma. Let (T,&,7) be a measure space and f:TXR'—R be a
measurable function which satisfies the growth condition:

Dom Llf*(t, Y|dy=R"; 1i.e. Llf*(t, Widyp<<co for all y e R
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And define the function ry: T—R(M=0) by
7y ()= sup f*@E, Y.

lwll= M

Then the function 6,: R,—R (for fixed ce R) defined by
. 1
0.0=sup{int L (el+ [ raolar)| B e & nmr=<)

satisfies the following four conditions:

(1) 6,2)=0, for all tcR,,

(ii) ¢, is nondecreasing,

(iii) 4,0)=0, and

@iv) 6.()—0 as z—0.

Proof of the Compactness Theorem. We shall show the uniform
integrability of F', through a reasoning analogous to Ioffe-Tihomirov [4]
(p. 360-361). By the growth condition of f, we must have

(1) f LF5Gs, ¢, 0)|d,,¢=f | —inf f(s, t, 8)|du<oo for a.e. t.
S S X
If we define the function ¢, : T—R by
e®) =c(t)+[s | 1%(s, t, 0) |y

then ¢, € L(T, R) because of the growth condition.
It can easily be verified that

(2) IE 78, t, (s, ) du=< cy(t) for a.e. t

for any F e &QE, and any x € F,, where E, is the section of E at t.
The inequality (2) comes from a simple calculation as follows:

c(t)sz F(s,t, 2(s, 1) clpz+L\E F(s, , (s, D) dp
(3) sz F(s,t, (s, t))dy~Js\E F¥(s, ¢, 0)dy

= 16t ol 0du—| 1746, t,0ldu.

E; S

Integrating the both sides of (3) with respect to ¢, we obtain
| 16t a6 d@n=]a) <o,

Define 7, : SXT—R and 6: R.—R by
74(8, 1) = sup f*(s, t,y)

lyli=s M

in 7[/_,1*[”01”*+JE (s, t)ld(y@u)] ’E € Es®Er, (D) (E)ér}.

Then ¢ satisfies (i)-(iv) in the above lemma.
For any ze¢F, and any y e L°(SXT, R"), we obtain, by the Young-
Fenchel inequality, that

j (s, 1), y(s, t)>dp§jE 1G5, t, (s, ) d#'l“JE 15, £, y(s, ) dp

<e®+ [ 1*6,ty(s, 0)du By @) for ace. t.
Ly
Hence the following estimates hold good for any M>0:

0(z) =sup {

(4)



174 T. MARUYAMA [Vol. 65(A),

M j (s, )| d(x®v) < sup {j (s, 1), 45, YA (@)

ye L-SXT, R), |y]..< M|
(by Hahn-Banach theorem)

s_sup{nc.n.Jr j s 6y, D) d(u®y)
ye L-(SXT, R, ||ynng} by @)
<lleu+ j (s, DAY

That is,
[ 126 01awen<int & flel+ | s DlaGew} <o) @y.

Hence, taking account of the properties of ¢ shown in the lemma, we
can conclude that F, is uniformly integrable. Q.E.D.

3. Existence Theorem. We shall now go over to the existence
theorem for the problem (P).

Assumption 1. (S, &, p) and (T, &r,v) are non-atomic, complete finite
measure spaces.

Assumption 2. wu satisfies the following conditions.

(1) uis (ERE,QRB(RY, B(R))-measurable.

(2) The function x—u(s, t, ) is upper semi-continuous and concave
for any fixed (s,t) e SXT.

(8) There exist some ¢ € L>(SX T, R") and b € L'(SXT, R) such that

u(s, t, x)=<a(s, t), x)+b(s, )
for all (s,%,2) e SXTXR.

(4) [ uls,t, a0, 0)A@E> — oo
for all xe L'(SX T, RY).
Assumption 3. g=(g?, 9g?, ---, g*) satisfies the following conditions.
(1) 9@ is (E,RE,®B(RY, B(R))-measurable.
(2) The function 2—g®(s, t, x) is lower semi-continuous and convex
for any fixed (s,t) e SXT.
(3) There exist some ce L*(SX T, R") and d e L'(SX T, R) such that
99(s, t, x)={c(s, 1), 2y +d(s, D).
for all (s,%,2) e SXTXR'.
(4) g satisfies the growth condition:

Dom | |g“s,t,0)|d(u®») =R,
X

where g¥“*(s,t,-) is the Young-Fenchel transform of z—g®(s,t, 2) for
each fixed (s,t) e SxT.

Assumption 4. o€ L\(T, R").

Theorem 2. Under Assumptions 1-4, our problem (P) has an optimal
solution in L'(SXT, RY).

Proof. According to Ioffe’s Centinuity Thecrem (Ioffe [3]), As-
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sumptions 1-2 imply that the integral functional

J: xML (s, t, (s, ) d(u®v)

is sequentially upper semi-continuous on LS X T, R") with respect to the
weak topology.

And Assumption 3 assures, by Theorem 1, that the set
Fa,={xeL1(S><T,Rl)U g(s,t, x(s, ) dp<o(d) a.e.}
S

is weakly relatively compact in L'(SXT,R"). Hence F, is L'-bounded.
Thus we obtain, by Assumption 2-(3), that

_°°<TE§E}? J(x)éllallw'igbp 2l +1D[=C<oo,

(— oo <7 comes from Assumption 2-(4)).
Let {z,} be a sequence in F, such that
lim J(x,)=7.

n—roc0

Since F, is weakly relatively compact, {x,} has a weakly convergent
subsequence. Without loss of generality, we may assume that
w-lim x,=x* ¢ L'(SX T, RY).

Nn— o0

We can easily verity that o* ¢ F', as follows. Again by the Continuity
Theorem, Assumptions 1 and 3 imply that the integral functional

1,: m—>j g9 (s, t, x (s, £)) dp
S

is sequentially lower semi-continuous on L'(Sx T, R") with respect to the
weak topology for any fixed teT. Hence

I g9 (s, t, @ (s, £)) dp<lim ian 99(s, £, (s, D) dp=<o (D),
N n S

from which we can conclude that z* e F,.
Finally, by the sequential upper semi-continuity of J, we must have
J(@*)=lim sup J (x,)=7.

On the other hand, it is obvious that r>=J(x*). Hence J(x*)=7, which
means that x* is an optimal solution for (P). Q.E.D.
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