No. 9] Proc. Japan Acad., 64, Ser. A (1988) 345

98. On Unit Groups of Algebraic Number Fields

By Shin-ichi KATAYAMA
College of General Education, University of Tokushima

(Communicated by Shokichi IYANAGA, M. J. A., Nov. 14, 1988)

1. Let K be a Galois extension of an algebraic number field &k and U,
the unit group of the idele group K%. O% denotes the global unit group of
K. Ny, denotes the norm map from K7 to k%.

In our paper [2], we have proved the following isomorphism
(%) Nz N Uk -K¥) | (Ngji(D N Ux)(Nzj(1) N K>)

= (05N Ngy KX)/NK/kO;é’
In this paper, this result will be generalized by using the cohomological
language.

2. First, we consider the following commutative diagram of cochain
complexes with exact rows and columns.

0 0
0— A S5 A 550
P1 l‘ﬁz l
(1) 0— BB, "4 50
l\h l‘lfz
C——C,
0 0

Let us denote the connecting homomorphisms derived from (1) by
0,: H'(A)—>H"*'(4)),
0y : HT(Aa)—>HH1(B1),
rl: HT(C1)’—"‘>HH1(A1),
7.: H(C)——>H"™'(A) (re Z).
We denote the homomorphism H"(A,)—~H"(4,) induced from a, by the same
symbol a,. The homomorphisms a,, b,, b, @1, ¢y, 1y, ¥, are defined in a simi-
lar way. Then, by the elementary diagram chasing, we have the following
lemma.
Lemma. With the notation as above, we have the following isomor-
phisms
(2) H'(B)/(Im ¢,+Im b,)=Ker a, N Ker o, CH *'(A)),
(3) H"(A)/(Im §,+Im7,)=Ker b,N Ker , CH"(B,).
Proof. Proof of (2). Since Im b,=Ker b,, we have
HT(Bz)/(Im 902+Im b,)’:" bz(Hr(Bz))/ bzﬁﬂz(Hr(Az))-
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From the fact that b,¢,=a, and Im a,=Ker §,, we have

by(H"(B)) [ by H'(A)) Z6,by(H'(BY).
Let us show the equality 6,0,(H"(B,))=Ker a,NKer¢,. a,(6,D,)=(a,6,)0,=0
and ¢,(3,b,) = (¢,0)b,=8,b,=0. Hence we have

0,0,(H"(By)) CKer a,N Ker ¢,.

On the other hand, for any x € Ker a,N Ker ¢,, there exists an element y of
H"(A,) such that §,(y)==2. From the fact ¢,(x)=0, we have §,(y) =¢0,(y) =
¢, (x)=0. Since Ker §,=Im b,, there exists an element z ¢ H"(B,) such that
y=0,y(2). Hence x=¢,b,(2). Therefore ¢,0,(H"(B;)) DKera,NKer ¢,. In the
same way as above, we can easily verify the isomorphism (3).

3. K,k being as above, we denote the Galois group of K/k by G. Ux
is the unit group of the idele group K% and the multiplicative group K* is
considered to be a subgroup of K. Then the global unit group 0% is UxN
K*. We denote the principal ideal group of K by P,. Then we have the
following commutative diagram of G-modules with exact rows and columns.

0 0

0—> 0% > K* >Pp ——>0
(S
by by
(4) O rUK rl-]K‘I.(>< PK \O
V1 Y2

Ux|Ox==Ux/|O%

0 0
Then the cochain complexes derived from this diagram satisfies the assump-
tion of the lemma. From the case (2) for r= —1, we have the isomorphism
H(G, Ug-K¥)[(b,(H (G, Up)+e(H (G, K¥))
=Ker a,N Ker ¢, CHY(G, O%).
Here H-Y(G, Ux-K*)/(b,(H (G, U ) +¢,(H (G, K*)) is isomorphic to (Nzj,(1)
NUx-K) /(NN UHINAD)NK*®). On the other hand, from the fact
that H(G, U,)—H G, K%) is injective, we have
Ker o,=Ker (HY(G, 0¥%)-—>H*G, Uy))=Ker (H(G, 03)—>H"(G, Ug-K*)).
Hence
Ker ¢, CcKer a,=Ker (H(G, O%)—>H(G, K*)).
Therefore Kera,NKer op,=Ker a,=(0%N Nk, K*)|Ng,0% for this case.
Hence we have obtained the isomorphism (x). Several similar results and
the applications to the number theory will be published elsewhere.
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