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31. On Certain Subclass of Close-to-convex Functions

By Shigeyoshi OwA* and Wancang Ma**)
(Communicated by Kdésaku Yosipa, M. J. A., April 12, 1988)

Summary. The object of the present paper is to prove a property of
functions belonging to the class R,(e) which is the subclass of close-to-
convex functions of order « in the unit disk.

1. Introduction. Let 4, denote the class of functions of the form

o

a.1n f(z):z—l—kzlakzk nedl={1,2,3,---)

which are analytic in the unit disk U={z:|2|<1}. A function f(z) belong-
ing to the class (4, is said to be convex in the unit disk ¢ if and only if it
satisfies
1.2) Re {1+ 2f"(2) }>0 (e
J'(?)

Further, a function f(z) in the class ., is said to be close-to-convex of
order « (0<a<1) in the unit disk U if there exists a convex function g(z)
e A, such that
(1.3) Re (L&),

9'(2)
for some o (0<a<1) and for all z ¢ V.

The concept of close-to-convex functions was introduced by Kaplan [2].

A function f(z) belonging to .1, is said to be in the class R, (o) if and
only if it satisfies
1.4 () —1<l—«a
for some « (0<a<<1) and for all ze U. Noting that

f(@) e R(@)=—>Re{f'(D}>a (eU)
and ¢g(z)=z is convex in U, we see that R,(a) is the subclass of close-to-
convex funections of order « in the unit disk U.

Recently, Nunokawa, Fukui, Owa, Saitoh and Sekine [7] have deter-
mined the starlikeness bound of functions f(z) in the class R(«).

Let the functions f(z) and g(2) be analytic in the unit disk ¢J. Then
the function f(z) is said to be subordinate to g(z) if there exists a function
w(z) analytic in the unit disk U, with w(0)=0 and |w(2)|<1 (z € V), such
that

1.5) J@)=g(w(2))
for ze V. We denote this subordination by
(1.6) f@)<g@).
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In particular, if g(z) is univalent in U, the subordination (1.6) is equivalent
to f(0)=g(0) and f(U)Cg(U).

This concept of subordination can be traced to Lindelof [3], but
Littlewood ([4], [6]) and Rogosinski ([8], [9]) introduced the term and dis-
covered the basic properties.

2. Main results. In order to derive our main result, we have to
recall here the following lemma due to Miller and Mocanu [6] (also Jack [1]).

Lemma. Let the function
2.1) w@)=b,2"+b, 2"+ (nedD
be regular in U with w(z)=£0. If z,=r,e"’ (r,<1) and

lw(zy) |=max |w(z)|,

lz|=70

then
2, (2,) =mw(z,),

where m is real and m=n=1.

With the aid of the above lemma, we prove

Theorem. Let the function f(z) defined by (1.1) be in the class R, (a).
Then
2.2) J@ g4 A=)z

2 n+1

Proof. 1t is clear that the result is true if f(2)=%. Then, we assume
that f(z)==2. Define the analytic function w(2) in the unit disk U by
©.9) 1@ _q, A—au)

2z n+1

’

then we see that
w(z)="b,2"+b,, 2"+
and w(z)#0. Now, we need only to prove that |w(z)|<1 for all zeU. If
not so, there exists a point z, e U satisfying the condition of lemma such
that |w(z,)|=1. Therefore, applying our lemma, we have
2w (20) = mw(z,),
where m is real and m=n>=1. Since, from (2.3),

iy 1o A=) {zw'(2)+w(z)}
2.9 S'@=1+ i
we see that

1)1 — A=) (2w () +w(2,)}
2.5) fzy)—1 g

_ Q—a)m+Dw(z,)
n+1 ’

that is, that
(2.6) lf’(zo)-—11=.(1_“%"{_+_1_)_gl—a.

This contradicts that f(z) belongs to the class R,(«). Therefore, we com-
plete the proof of theorem.
It follows from theorem the following



108 S. OwA and W. Ma [Vol. 64(A),

Corollary. If the function f(2) defined by (1.1) is in the class R, (),
then

@7 Re {ewl@_} >0,
2

where
2.8 <™ _gin—t (1=2).
(2.8) < Z—Sin (n+1)
The bound of |B| is best possible for the function f(z) defined by
2.9) f@=et+ j‘)z e R
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