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Introduction. We consider the Cauchy problem in the category of
holomorphic functions. When the initial surface is non-characteristic, of
course we have the well-known theorem of Cauchy-Kowalewski. On the
other hand, when it is simply characteristic, Catchy problem with m initial
data is not soluble and that with m —1 initial data is not unique (m is the
order of the equation), see [4]. Our aim is to show, when the initial sur-
face is characteristic and the multiplicity varies, Cauchy problem with m —1
initial data can be uniquely soluble; we give sufficient conditions. The
Fuchs type operator with weight m —1 will be a particular case.

1. Problem. Let U be a neighborhood of the origin in C***,

(1) P(t,350,00=2, 5 Gp_,.t, )90

§=0 |lal<s
U —s,o(t, ) € O(),
where teC, x=(2, -+-,%,) e C", me N, a=(a,, - - -, a,) Mmulti-index, |a|=a,
+ - Fa,, 02=00/0x)*- - -(0/02,)*, 3,=0/0t, a(t, x) € O(U) implies that a(t, )
is defined and holomorphic in U and so is b(x) € O(U,), U,=UN{t=0}. We
denote by P, the principal part of P and P2, /(t, x; ©, §) =020:0{05P,.(t, ¢ ; 7,
5), TGC, §=($13 s ',gn)ecn‘

Assumption A. The hyperplane =0 is characteristic for the operator
P(t,z;d,,3,) but not simply characteristic, i.e.

(2) P,0,2;7,0=0, PL0,0;7,0)=0 for all |a|=1.

Under the assumption A, we consider the Cauchy problem

[Pt ;8,8 )u=f(¢, x) € OCU)
(P’ " 1) ' {afulwo—:gk(“’) € @(Uo), k=0’ 17 Tty m—2.

When there is a neighborhood of the origin V and a unique solution
ue V), we say simply that the Cauchy problem (P,m—1) is uniquely
soluble in O.

2. Characteristic coefficients. To state the results, we need to
introduce some quantities. First, let
(3) 2,=(0,0,,,,)(0, 0), 2=0,_:,0,0).

Next, we consider the matrix
(4) (@ansfowp0,05 51147
jilon
where ¢, is the n-dimensional ¢-th unit vector. Let 2, ---, 4, be the eigen-
values of this matrix. In this paper, we call {4, 4,, - - -, 4,, ¢} characteristic
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coefficients. We may suppose for some k (0<k<n)
(5) 21""’2k¢0, 2k+1="'=2n=0'
3. Results. When 2,0, we put the following three conditions.
Condition 1. pA+pBiA+ - - - +Bed+ 170 for every p, g, € NU{0}.
Condition 2. If we denote by 4 the convex hull of {4, 4,, - - -, 4,} on the
complex number plane, then 0 ¢ 4.
Condition 3. For every |a|=1,
(6) P%(0,0,2";7,0,0)=0
where x=(', "), ©’ =, - -, ), " =(Z4,, - - -, 2,) and 8o is E=(&,&").
Theorem 1. Assume the assumption A,2,+0 and three Conditions
1,2 and 3, then the Cauchy problem (P, m—1) is uniquely soluble in O.
When 2,=0, we put the following four conditions.
Condition 0%, k>1.
Condition 1%, B4+ - - - 4+ Bedp + 40, for every g, e NU{0}.
Condition 2*. If we denote by A* the convex hull of {4,, - - -, 2,} on the
complex number plane, then 0 & A*,
Condition 3*, There is an integer h (0<{h<k) such that, if we denote

v= 2", "), ¥=@, -, 2), "=, 52, ¥ =4y, -, %,) and
£=(8,8",8"), a=(,a"’, &), B=(#, B”, B’’) in the same way, then for every
lo’|+]p'1<1

( 7 ) Pﬁzg:bqigfm(t, 0, 0’ x 3 T O, &, 5",)50-

Theorem 2. Assume the assumption A, 2,=0 and four Conditions 0*,
1*,2* and 3*, then the Cauchy problem (P, m—1) s uniquely soluble in O.

4. OQOutline of the proof. We write
a’m—s,a(t’ x)———zw:.‘ a/m._g,a;p(x)tp/p !
p=0

Ft, )= z Fo@)t?/p!

ut, 2)=3" u()t*/p!.
p=0
We denote

min{r,m}

Loo="2" 5 (27" )t s @,
lal<s \ 7'—8
r=0,1,-..,p. Especially L, ,=a,,,,,(2)=0 and

( 8 ) -Lp,l__"'(p"_7”’)0"rn,0;1(x’)‘|"'[‘lLl—‘gl am—l,a;o(x)a;'
We have then a recurrence relation
p+1
(9) Lp+1,1up=fp+l—m—z_:2 Lp+1,rup+1-n p=m—1» my - --.

Each u, will be determined by solving this first order equation. We
first study the unique solubility of (9). We should remark that L,,,, is a
first order operator whose principal symbol degenerates at x=0. Second,
we investigate the convergence of the series > u, (®)t?/p!. For details, see
our forthcoming paper.

5. Remarks. a) When k=0, Theorem 1 is the result obtained by
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Y. Hasegawa, [2]. In that case, the equation is said to be of Fuchs type
with weight m —1, see [1].

b) When k=n, the assumption A includes the condition 3.

¢) Concerning the first order equations with degenerate principal
symbol, we have many results, see e.g. T. Oshima [5].

d) We give some examples of 2nd order operators for which the
Cauchy problem (P, 1) with initial plane ¢{=0 is not uniquely soluble in ©;
there are divergent power series solutions. They don’t satisfy the condi-
tion 3 or the condition 3*.

Example 1. P=t3}+bx%,0,+ cd,,

b,c¢ constants, b+0, ¢c#0, —1, -2, ...,
Example 2. P=23,3,+ bd}+ca,,

b,c¢ constants, b+#0, c#0, —1, -2, ...
Example 3. P=atxd?+x0,0,+ bd%-+co,,

a,b,¢c constants, a<0, b<0, ¢>0.
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