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60. On the Value of the Dedekind Sum

By Kiyoshi KATASE
Faculty of Sciences, Gakushuin University

(Communicated by Shokichi IYANAGA, M. Z. A., June 9, 1987)

Let p and q be relatively prime positive integers. The n Dedekind
sum for p, q will be defined by

Sn(p, q)--- , (n 1, 2, ),

where [x] denotes, as usual, the greatest integer not exceeding x. It is easy

to see that St(p, q)=S(q, p)=(p-1)(q-l) and the ollowing reciprocity

formulas are known:

( 1 ) 1__ S(p, q) + 1__ S(q, p) 1 (p 1)(2p 1)(q 1)(2q 1),
p q 6pq

(.2) p(pl- 1----) S(p, q)+ q(q-1 1- S(q, p)= 4_lq(P_ 1)(q- 1)(2pq-p- q+ 1)

(see, or example, C.arlitz [3]).
Assume now p> q throughout this paper. One o the methods to prove

these reciprocity ormulas is to put [hq/p]=i--1 (i= 1, 2, ..., q) and change
Sn(q, P) tO the sum with respect to i taking the multiplicities of i’s into ac-
count. Here the multiplicity of i means the number o h which yields the
same value o i and is determined as ollows I h ranges rom [(i--1)p/q]
+1 to [ip/q] or iq, then the value o [hq/p] is i-1 or i=q, however, h
ranges only from [(q-- 1)p/q] + 1 to p-- 1. (See, or example, Rademacher
and Whiteman [6], (3.5).) Therefore, to obtain the reciprocity relation, we
have only to apply the equation

(3) [(h+l)q]_[hq]=l if h=[ip/q] (i=1,..., q--i)or p-X,
[ tp][p0 otherwise.

We have now the ollowing lemma.
Lemma. Put r=p--[p/q]q, then we get the equation

(4) [(k+X)p]_[kp] [p/q]+l ifk=[]q/r,](]=l,...,r,-1) orq--X,
t JtqJq [[p/q] otherwise.

Proof. Substituting p [p/q]q+r, we get

[.(k+ql)p]_ [?] [(k+ql)r ]- tq][krl + []"
Since q and r are relatively prime and rq, the equation (4) follows from
the equation (3).

The equation (4) can be used 2or reducing the Dedekind sum to a sum
of ewer terms and thus for giving an algorithm to evaluate the Dedekind
sum in some cases.
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Put r_=p, r0=q, and

r=r_-- r_ for i= 1, 2, ....
ri -1

Then r and r/ are relatively prime, rr/ gor all i, and r= 1 or some
n (= 1). Let a: (]=- 1, 0, ..., n-1) be inductively defined by the equations

a_=l, a=[p/q], and p=ar+a_r/
(or equivalently, a/=a_+a[r/r/]), and put t=an_ (so that

Theorem. Using the above sequence of remainders r, i--l, 2, ..., n,
the Dedekind sums for n=2, 3 are evaluated as polyno.mials on p, q, q, and
[r_/r] (i=0, 1, ..., n) as follows"

1 p 1 1--3.(--1) 1( a ) S.(p, q)=-:-(p--1)(q--1)--: (p--q)+-:-. P---2

P 0(- 1)
r/-6-__

1 1 1-- 3. (-- 1) p(p 1)( b ) S(p, q)= (p-1)(q-1)--p(p-1)(p-q)+-. 2

P--4 1 _+_ p(p_l) o= 1) r-!r
Proof. (a) Apply the equation (4) to the sum

then we get

( 5 ) 1S(p, q)+l--s(q, r)= q.(p-1)(2p-1)(q-1)(2q-1)p q 6

-(q- 1) (2q- 1) [-].
(This equation coincides with the reciprocity ormula (1) when p<q.)

Since the second term on the left hand side has r,-1 terms and r is
smaller than q, we may regard this as a recursive equation. It 2ollows
2rom the recursive equations

1S(r, r+)+ 1 S(r+, r+)
r ?’

l(r/ 1)(2r 1)[. r ]1 (r-- 1)(2r- 1)(r +,- 1)(2r+-- 1)-- -6-6rr+, r+,
(i----1, 0, ..., n--2)

that

Since we get
n-1 (__ 1)/

P --(-- 1)a_l,
=-i rr/
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the equation (a) follows.
Note that

( 1)nqa_=lH-pq (--1)TM _=1 modulo p,

n- /(rr/)--(--1)b_ is an integer where b (]=-1, 0,since q=0 (- 1) +

.., n--l) is inductively defined by b_=l, bo=[q/r], and the equation
q=br+ b_r.+.

Also note that the integer q=a_ is uniquely determined by the equation
qq(--1) modulo p and the condition 1p/2.

(b) Applying the equation (4) to the sum

and using the reciprocity ormula

= {h -(h- 1) } + {-(-1)} =(-(q-

(see Carligz [a], a and Katase [4], (16)), we obtain the euagion

Sa(q, )-S(q, f) q(q- 1).
Substituting p h for h in Sa(q, p)= -1 [hq/] and rt- for
-[s,/r] nd using he reeursive euaion (), we obtain he reeursive

relation
1 .s(p, q)+S(q, r)

p(p--1) q(q-- 1)
1
4q

(his equation coincides wih he reciprocity formula (2) when <q.)
Nollowing entirely similar mehod to (a), we ge (b).

Remark 1. he equation (a) lays an imortan role in classifying
a-dimensional lens saees by -invariants (see Katase [g]). On he oher
hand, i follows from he equation (b) ha 4S(p, q) is divisible by -1.
oreover, analyzing reciprocity formulas, we have he following

Proposition. p-1 divide S@, q) i pa modulo 4 d ever
S@, q) i p--a modulo 4; however, 2S(, q) i givible b p--1 i thi
case.

The equations (a) and (b) are interesting not only with these applications
but also as the algorithm or computing these Dedekind sums.

Remark 2. As another application o the equations (3) and (4), we
obtain the reciprocity formula

(c)
=, +=

and the value of the half sum

(d) :[]= --1)[][-r;+-]+0(-1)[1([]+ [r



No. 6] On the Value of the Dedekind Sum 221

In fact, since

E([(h+ 1)q]_ [_])= [([__1 +1)] {[q/2]+l if p is even and-- \t p [q/2] otherwise,
we get

[q/2]+l when p is even

{: ih=[ip/q]ori=l,..., andp_<_2q

[(h+l)q]_ [h_] [q/2] otherwise
P if h:/=[ip/q].

Hence we get

([h (h+l)q. =__ . if p is even and p2q
l /[’"h=l p Y,.=I vp/q] otherwise

On the other hand, the left hand side is equal to-__: ((h+ 1)[(h!)q.]--h [-]- [(h __1)q.])
/ /

Hence the extra terms rise on both sides when p is even and p2q but
they cancel each other and we get the formula (c).

Also applying the equation (4) to the sum q/ k([(k+1)p/q]- [kp/q])/ k=l

we obtain the recursive equation

__
1 1)

and hence the equation (d) ollows.
Remark 3. As or the Dedekind sums such as Sn(p, q) (n>__4),

,: (-1)+/E/ and other five sums of Berndt [2], and=[hq/p] and
=[kp/q]- ( is a root of unity) of Katase [4], we have not yet
obtained even reciprocity formulas. The foregoing method does not seem
to work in these cases.
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