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30. A Topology on Arithmetical Lattice-Ordered Groups®

By Kentaro MURATA
Department of Economics, Tokuyama University

(Communicated by Shokichi IYANAGA, M. J. A.,, March 12, 1986)

The aim of this note is to describe explicitly the weakest topology on
an arithmetical lattice-ordered group for which given lattice-ideal is open.
This topology is utilized to treat some of ring topologies, field topologies
and p-adic topologies.

1. A lattice-ordered group (abbr. l.o. group) G=(G, -, <) is called
arithmetical, if it is a conditionally complete lattice and a free group
generated by the set P of all prime elements in the cone (integral part) of
G. Then G is abelian by Iwasawa’s theorem for l.o. groups [1], [2], so that
each element a of G has a unique factorization in the form :

a=[] p®®, up,a)eZ

PEP
where Z is the integers and v(p, o) is the exponent of @ at p. This factoriza-
tion was generalized by the author [4] as follows. Each lattice-ideal (abbr.
l-ideal) J of G has a unique factorization in the form :

J= 1 J@re2-U [ JoreD e o
PEP_(J)

PEP +(J)

where [] is finite product, U is set-theoretical union, J(p) is the principal
l-ideal generated by p, v(p, J)=inf {v(p, a); a € J}, P, (J)={p e P; 0<u(p, J)},
P.(N)={peP; —oo<u(p, <O}, P_(J)={peP;up,J)=—00}, €p i i8
the P__(J)-component of unit e of G. (If J is principal, P_(J) is finite and
ep_.., coincides with the cone of G.)

A non-void set U of l-ideals of G is called a u-system of G if it satis-
fies the following conditions :

1) IfJ, J,eU, thereis J, e U such that J,&J, NJ,.

2) Ifae@,J eU, there is J, e U such that aJ,ZJ,.

3) If J,eU, there is J, e U such that J,J,ZJ,.
Then U determines a topology on G, which is called an l-ideal topology on
G. In symbol: T(U). Let g(n;p,J) be the integer m or — oo such that
v(p, )2 <m<v(p, J)/2"+1. We define

JO= ] T@ "2 ep i

PEP_(J)
for n e N,, the non-negative integers. Then since (1°) J™DJ®+H (2°)J™
Dep_ i, B°)JMDJEDJ®D gnd (4°) (J™®)™ = J®*™ we can show that
UJ)y={eJ™;aeG, neN.}
forms a u-system of G.
Theorem 1. Let J be an l-ideal of G. Then among the set of all
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l-ideal topologies for which J is open, there exists the weakest one, and it
is given by T(U()).

Proof. It is obvious that J is open for T(U(J)). Let T, be any l-ideal
topology for which J is open. We may assume that J is a member of a u-
system U which determines T,. Then we can take an l-ideal K such that
K™cJ, K e U. Since 2"(p, K) =v(p, K*)>v(p, J), we have v(p, K)>gn; p, J)
for all p, so that there is an l-ideal K=K, € U with K,=J™ for eachn e N,.
Thus for any aJ we have I CaK,Z aJ™, choosing IcU as a'ICK,.
This means that T(U(J)) is weaker than T,. Q.E.D.

An l-ideal J of G is called bounded for a u-system U, if for each K ¢ U
there is I € U such that IJSK. A u-system U is called locally bounded if
it contains at least one member bounded for U. For a u-system U the set
of all l-ideals J’ with J’DJ for some J ¢ U will be denoted by #(U). Then
we have

Theorem 2. The following properties are equivalent :

@ U() is locally bounded.

@) ep__n=J"™ for someneN,.

@) Q2UIN=LU(er_..))-

Proof. By using (4°) we can show (1)=(2). (2)=(3) follows from the
fact that K ¢ U(WJ)=>PUK))=%FU(J)). Evidently U(e,) is locally bounded
for any subset Q of P. Hence (3)=(1) is obvious.

Theorem 3. If F(U)=U, then U is locally bounded if and only if U
=P(U(ey)) for a subset Q of P.

Proof. “If part” is immediate by Theorem 2. We can see that J is
bounded for U if and only if for any K € U there is a € G such that aJ =K.
Accordingly we have P(U(J))2F(U(K)), hence

AU 29U = U{2WUK); K e Uy2FHU))
and hence U=F(UJ)=P(U(ep__»)). This proves the “only if part” of
the theorem.

2. Let R be a (not necessarily commutative) ring with unity quantity,
© a regular Asano order of R, G the l.0. group of all fractional two-sided
©O-ideals in R, and I the l.0. semigroup of all two-sided O-submodules of
R, each of which contains at least one regular element of R. For each
MecM, f(M)={aecG; a=M} is an l-ideal of G, and conversely for any I-
ideal 4 of G, 9~ U{ae G; ae g} is the inverse of f. We see readily that
f is an isomorphism from M to the multiplicative l.o. semigroup of all
l-ideals of G as l.o. semigroups. Then we see that a subset 11 of I forms
a fundamental system of neighbourhoods of zero if and only if {f(M);
M e} is a u-system of G, where for Il we employ the five axioms (II),
{11,), (IIL,), (IV,) and (IV,) in [8]. The ring topology [3], [5] determined
by the above U is called here O-topology on R. In symbol: T(N). For
each M ¢ I we put

UMy ={aM®; ae G, M=) [] p#™»"Op__aun, n €N}

PEP (M)
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Then (M) is a fundamental system of neighbourhoods of zero. By Theo-
rem 1, TAU(M)) is an O-topology on R, and it is the weakest O-topology
among the set of all O-topologies for which M is open. Moreover we see,
by Theorem 2, that the following statements are equivalent :

Q) TAQUM)) is locally bounded.

2) P_.(M)-component of O is M™ for some ne N,.

@) TAGD)=TAUD,__an))-

It is then readily seen that an O-topology T on R is locally bounded if
and only if T=T(D,) for a set Q of prime O-ideals.

If in particular R is a quotient field of a Dedekind domain £, the fol-
lowing statements are equivalent :

1) TAQUM)) is the supremum of a finite number of p-adic topologies
on R.

@) TQUD) is o field topology (31, [6] on R, that is for each non-zero
xz € R and each open O-submodule M, there is an open O-submodule M’ such
that (x+ M) 'z '+ M.

3) M is a non-zero fractional Op__n-tdeal in R.

4) P_(M)is a finite set.
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