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§0. Introduction. We consider whether we can determine a func-
tion space in which the Cauchy problem for a given weakly hyperbolic
operator is well-posed or not.

This question has been studied by several mathematicians.

The results independent of the lower order terms were obtained by
Ohya [4] and Bronstein [1] etc., which show that the multiplicity of the
characteristic roots determines the well-posed class.

On the other hand, in [3] Ivrii presented two interesting examples.
(I) Let P=0'"—t"3.+at’d,, where x and v are non-negative integers and

a+#0. When 0<y<p—1, the Cauchy problem for P is r{2-well-posed
if and only if 1<s<@p—v)/(p—v—1).

(1) Let P=0'—x*0*+ax*d,, where p,v and a are the same as (I). When
0<v<p, the Cauchy problem for P is 7{2-well-posed if and only if
1=<k<@u—)/(u—).

These two examples show that the lower order terms have a great effect

on the well-posed class.

Igari [2], Uryu [6] and Uryu-Itoh [7] extended Ivrii’s examples for
more general operators respectively.

In this paper we shall extend (II) to some weakly hyperbolic operators
of order m and of variable multiplicity.

§1. Statement of results and remarks.

Definition 1 (72, 7® ;k=1). f(x) e 7{) implies that f(x) e C*(R") and
for any compact set KCR" there exist constants ¢, R>0 such that|Dzf(x)|
<cR'“|a|!*, x € K, for any a. f(x)e7® implies that this estimate holds
for any x e R",

Let L be
(1) L=L0(t’ w’Dcwa)+L1(t, x,DnDa:)r
where

Lyt,z,D,, D,)=Dp+ ka=l o(x)*s (Z|a1=k axa.(t, x)D3)D7~*
and
Lt,x,D,,D)=2 Z’§=1 o(x) -9 (erxl=k—j bt x)Dg)Dp-®,

We assume the following conditions on L.

(A-1) z-roots of 7™+ > 7 37 ai-k Cralt, X)E*c™ ¥ =0 are real and distinct.

(A-2)  au(t, 2), by(t, ©) € B(10, T1, 7).

(A-3) o(x) e7® and is a real-valued function.
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(A-4) vy -, v,-, are non-negative integers such that p=>1and 0=y, <jp
(.7.=0’ Tty m_']-)-

Now we shall define important numbers v(?), p(?) and p. Fori=1, ...,
m—1, v(@)=y,/(@Cp) and p(t)=1+{1—v@)}. And p=max{pQ), ---, p(m—1)}.

Then we have the following theorem.

Theorem 1. Under (A-1)-(A-4), if 1<k<p/(p—1), the Cauchy problem
for L:

(CP) {Lu(t, x)=f(, x) in (0, T xR™
Diu(t, x)|,.,=u*(x), ©=0,..-,m—1 on R"
is r®-well-posed, i.e. for any u'(x) e7{ (=0, ---,m—1) and any f(, x)
€ B([0, T1, 72) there exists a unique solution u(t, x) € B0, T1, 7)) of (CP).

Remark 1. When p=1, (CP) is C~-well-posed (see [5]).

Remark 2. In the case of finite degeneracy, our sufficient condition
is best (see [3]).

§2. Sketch of the proof of Theorem 1. We shall reduce Theorem 1
to Theorem 2.

Definition 2. We say that f(x) e H* belongs to I'® if there exist con-
stants ¢, R>0 such that | D, f(z)||<cR |«|!* for any «, where |-|| denotes
L*-norm with respect to z.

Definition 3 (cf. [7]). We say that a symbol i(zx, &) belongs to S™(x) if
there exist constants ¢,, R>0 such that for any «, 8

|0sDiR(, ) |S e R BIIEH™ 1, (x, §) e R"XR™.

Let P be a pseudo-differential operator
(2) P=P(t: X, Dt» Dz)=P0(t7 Zz, Dt, Da:)+P1(t, Z, Dtv Da:)~
Pyt, z, 7, &) =[], {t—a@)*2,(¢, %, &)}, where A(t, x, &) e B(0, T1, S'(x)) are
real-valued and [(2,—2,)(t, 2, &)|=06(¢) for some constant §>0 if i+j.
Further

Pt x,7,8) =271 205 o(x)*=b,_ (¢, x, )z ",
where
b,(t, x, &) € B0, T1, S?(x)).

Then we get the following theorem.

Theorem 2. Under (A-1)-(A-4), if 1<t<p/(p—1), the Cauchy problem
for P is I'®-well-posed.

In order to prove Theorem 1, it is sufficient to show Theorem 2. For
since an operator (1) is changed into another operator (2) by space like
transformation, we can see that a domain of dependence is finite. Hence
using a partition of unity, Theorem 1 follows from Theorem 2.

§3. Sketch of the proof of Theorem 2. We shall prove Theorem 2
by the method of successive approximation. Therefore we decompose P
as follows and consider the following scheme.

P(t’ Z, Dt’ Dz)on(t’ X, Dt’ Dz)'l'Ql(t, x, Du Da:):
where
Q(t, x, D,, D) =Py(t, x, D,, D)+ 333, b, », D)D"
and
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Q:(t, @, D,y D) =3 3, 3 51 o(@)*=b,_ (¢, x, D)D",
(3), {Qouo(t, x)=f(, ) in (0, TTXR"
Diuy(t, ©)|,—o=u'(x), =0, .-, m—1 on R*
and for j =1
(3 )j {Qouj(t, x)= —Qluj—.l(t’ x) in (0, TIxXR"
Diu,(t, x)|;-o=0, =0, .-, m—1 on R",

Since the Cauchy problem for Q, is H*-well-posed (see [5]), it is suffi-

cient to show that the formal solution
u(t, x)=25-,u,(t, ) converges in B([0, T1, I'*®).
For this purpose we consider the following Cauchy problem.
( 4 ) {Qofv(t’ x) =g(t’ w)
Div(t, x)|,-,=0, =0, ---,m—1

where g(t, ) € B([0, T1, ') such that for any fixed integer s=1 Dig|,_,=0,
0<i<s—1. We may assume that for any r=0 there exist constants c,
R, M>0 such that ||[47g(t, x)||<cR™r!*t’e¥t, For simplicity we use the
notation w,(s, t, R)=R™r ! t’e¥rt,

We assume the existence of solutions of (4).

Lemma 1. Let @,(t)=Yr¢ (r+1)m*+0 3 le@) A **Div|. Thus
for any r=0 there exists a constant A>0 such that for sufficiently large
R, M, s ,t)<cAs'w,(s, t, R).

The following lemmas follow from Lemma 1.

We note that v,=0 or there exist non-negative integers p, such that
piﬂ<”i§(pt+1)ﬂ’ i=1’ <o, m—1,

Lemma 2. For any r=0, the following estimate holds.

|4 Q| Zc’cA it [s=eP{(r41). - - (r++ 1)} ®
+s @t f(p4g). o (r+i—q+ DO +i—@) - - - (r+i—Dp)} ]
pr(s+ P(i)—ly t, R):
where ¢’ >0 and q is a positive integer such that p,+1—q=0.

Lemma 3. The Cauchy problem for Q, is I'®-well-posed.

Lemma 4. For any fixed integer s=1 there exists N=N(s) e N such
that for any j=N—1 Diu,|,.,=0, 0<i<s+m—3.

Therefore we may assume that for any r=0
(5) 4 Quuy || cw,(s, t, R).

Lemma 5. Under (5), if 1<£<p/(p—1), there exist constants A’, B,
>0 which are independent of r such that
(6) 1A Uy 0| S cA’B 0w, (s, t, 2°R) for n=0,1,2, ---.

From Lemma 3 and Lemma 5 we find that if 1<£<p/(p—1), the formal
solution converges in $H([0, T1,I"®). Hence we obtain the existence of
solutions. And if we set f(¢, 2)=0 and %'(x)=0 ({=0, - - -, m—1), then we
can get the inequality similar to (6) for u(t, x). Therefore we obtain the
uniqueness of solutions.
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