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1. Introduction. In this article we shall study the nonlinear wave
equation :

(1) Vi — Vo + 9= f(2, 1), (x,t) € (0, 1) XR,
(2) (0, t)=v(x, t)=0, teR,
(3) v(x, t42m)=v(z, t), (2, t) € (0, 1) XR,

where g € C(R, R) is a function such that g(¢)/é— as |§]-—>o0 and f(x, t) is
a 2r-periodic function of ¢.

In a previous paper K. Tanaka [5] we studied (1)-(3) in case g(&)
= +|&*-'¢. This paper is a continuation of [5] and deals with more general
equations. Our main result is as follows :

Theorem. Suppose that g € C(R, R) satisfies

(g) 9(&) is strictly increasing,

(g,) there exist p>2 and 1=0 such that for |§]=],

0<uG@O= " 9@de <29,

(g,) there exist s>1 and C>0 such that for £ R,

l9©)|<C(el+1),
2 1z

(g4) g > ﬂTl .

Then, for all 2z-periodic f(x,t) € L>([0, z] X R), there exists an unbounded
sequence of weak solutions of (1)-(8) in L>.

In [38], P. H. Rabinowitz obtained the conditions which ensure the
existence of an unbounded sequence of solutions of the semilinear elliptic
equation :

—du=gwW+f(®), =xeD,
u=0, xeoD,
where DC R” is a smooth bounded domain. In particular, in case n=2,
his conditions are (g,), (g,), (g,) and

(g) 9(=8&€=—9g)  foralléeR.

He also obtained a similar existence result for the second order Hamiltonian
systems of ordinary differential equations. For the wave equation (1)-(3),
we act on S-symmetry and get the existence result without assumption
(g5

As in K. Tanaka [5], we use a perturbation result of P. H. Rabinowitz
[3] asserting the existence of infinitely many critical points of perturbed
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symmetric functionals and the dual variational formulation of the problem
(1)-(3). Details of the proof will be published elsewhere,

2. Outline of the proof. Let 2=(0, z) X (0, 27) and h(&)=the inverse
function of g(¢). Set

g=-* e1,2) and r=2L 1.
1 s

Consider the operator Au=wu,,—u,, acting on functions in L!(Q) satisfying
(2) and (3). Denote by N the kernel of A. We act on the space

Ez{ueLq(Q); Lu¢=0 for all ¢eNﬂLf‘(.Q)}

with L? norm | -|,. For 0¢l0,2r)=S", define T,: E—E by (T,u)(x,t)
=u(x, t+6).

For any u e FE there exists a unique Ku ¢ E such that A(Ku)=u. More-
over the operator K : E—E* is compact.

We define the functional I(w) € C'(E, R) by

1
{ORE j (Kuyu + j H@+7),

where H (.§)=Ie h(z)dz. There is a one-to-one correspondence between the
0

critical points of I(x) and the weak solutions of (1)-(3).
To verify the Palais-Smale compactness condition, we replace I(u) by
I(e; u) e C'(E, R) (¢ €10, 1]) defined by

I6; 0= -%- j (Kuyu +L H+ 1) +jg oeu),

where o € C*(R, R) is an even convex function such that w(§)=|¢|* for |£]|=1,
w(®)=0 for |£|<c,, where ¢,>0 is a constant. Then I(c; u) satisfy the
Palais-Smale condition for all ¢ € (0, 11.

As in K. Tanaka [5], we use another modified functional J(e; w)
e C'(F, R) defined by

J(e;w) = % j (Kuyu +L Hw) + j o)+ (e ) j (Hu+7)—Hw)),

where (¢; ) will be defined analogously as in K. Tanaka [5]. Here we
can assume that J(c; #) is a nondecreasing function of ¢e [0, 1] for fixed
#ueE. In what follows we denote by “’”’ the Fréchet derivative with
respect to u.
Lemma 1. There is a constant M >0 independent of ¢ € (0, 1] such that
(i) J(e; u) satisfies the Palais-Smale condition on
Ay©={uecE; J(; uy=M}.

(ii) JE;w)=M and J'(e; u)=0 imply that J(e; uw)=1I(c; u) and I'(c; u)

=0,

Note that K is a compact self-adjoint operator in ENL*(Q). Its
eigenvalues are {1/(;*—k%); j#k}. We rearrange the negative eigenvalues
in the following order, denoted by

—ES =S == <0.
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Here, for each n, there is a one-to-one correspondence between p, and a
2-dimensional invariant subspace :
Span {e} =sin jx-cos kt, e; =sin jr-sinkt} (F*—k'=—p".
Define
E,=span{ef, e, e}, e7, ---, ef, e;}.
Clearly there exists a sequence of numbers: 0<R,<R,<- .- such that
Je; w)<0 foralluekF, with |u|,=R,
and for all ¢ € [0, 1].

Let

Bi={ueE;|[u|,<R}, D,=BNE,,

r,={reCW,, E); 1(Tu)=T,r(w) for all v and 8, r(w)=wu if |u|,=R,},

U,={u=rej,,+w; t=0, w e Bg,,,NE,, and |u|,<R,..},

A,={2e CWU,, E); 2y, € Iy, Au)=1 if |, =R,

or ue(Bg,,,\Bz,)NE,}.

Define for n e N and ¢ [0, 1],

b.(e)=inf sup J(e; 7(w)),

7€l w€Dy

c,(e)=inf sup J(e; A(u)).

A€An u€Up
The above definitions are analogous to those of P. H. Rabinowitz [3],

which are used to prove the existence of solutions of the second order
Hamiltonian systems.

It is clear that ¢,(¢)=b,(c). In case ¢,(e)>b,(e), as in [3], we have the
following

Proposition 1. For e (0,11, suppose that c,(¢) >b,(e) =M. Let
d e (0, c,(e)—0,(e)) and

Aue; A)={2e 4,5 I(e; A(u)) £b,(e)+d on D,}.
Define
c,(e; d)= inf sup J(e; 2(w)).

A€4n(e;d) uEUn
Then, c,(c; d) is a critical value of I(e; u).
On the other hand, as in H. Brézis, J. M. Coron and L. Nirenberg [2],
we have
Proposition 2. For any L>0, there exists a constant C,>0 inde-
pendent of ¢ € (0, 1] such that the assumption
I'e; ) =0 and IE;u)<L
imply
[u]l..=Cy.
Recalling w(8)=0 for |£|<¢,, for the proof of our theorem it suffices to
prove the following
Proposition 3. There exists a sequence {n,}5., such that for some
constants d, € (0, 1] and d,;>0,
Ca)(e)—2d, 20, (=M for all e € (0, §,1.
Moreover, there exist sequence {m,};., and {M};_, which are independent
of ¢ and
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m,— o as j—oo,
m;=c,(e; d) <M, for ee(0,4,].
This proposition follows from the next lemmas.
Lemma 2. There is a constant >0 such that for u e E and 6 € [0, 2x),
[J(O; Touw)—J(0; u)| <B(J(0; w)|@~D/7+1).
Lemma 3. For any 6>0 there is a constant C,>0 such that
b,(0)=Cn>-v/¢=n=3  for gll n e N.
Lemma 4. There exists a sequence {n};., such that
., (0)>0,,0)=M for all j € N.
Lemma 5. The functions b,(-), ¢,(+): [0, 11-R are right-continuous.
In particular, they are continuous at 0.
Here, as in K. Tanaka [5], we derive Lemmas 2, 3, 4, from (g,), (g,),
(g,) respectively. Lemma 5 is obtained from the fact that J(e; w) is a
nondecreasing function of ¢ for fixed u.
Remark. It is clear that Theorem can be extended to the equation of
the form:
Voo —Vau+ 9@, V)= f(2, t).
In case that g(z, t, v) depends also on ¢, we must act on Z,-symmetry as
in K. Tanaka [5]. That is, we assume that g(z, ¢, v) is odd in v and satis-
fies similar conditions to (g,)-(g,), then we have the existence result.
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