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1. Let X be a compact Hausdorff space. We say that A is a Banach
function algebra on X if A is a unital subalgebra of C(X) with a Banach
algebra norm which separates the points of X. A function algebra is a
Banach function algebra with the uniform norm as the Banach algebra
norm. It is well-known that || f|.<N(f) for all f in a Banach function
algebra on X with the norm N(-), where || -|.. denotes the uniform norm
on X. Some time ago I. Glicksberg [3] extended a theorem of Hoffman-
Wermer [4] when X is metrizable. J. Wada [7] generalized the result of
Glicksberg for the case that X is a compact Hausdorff space. He in fact
showed the following :

Theorem W. Let A be a function algebra on a compact Hausdorff
space X. Let N be a closed linear subspace of C(X) and I be a closed
ideal in A with A+IDNDI. If N+1Iisuniformly closed, then I=1I, where
I denotes the complex conjugate of I, i.e., I={f e C(X):fel}.

R. D. Mehta and M. H. Vasavada [5] showed a Wada’s type theorem
for the case of a Banach function algebra with the hypothesis of continuity
for f—fon ANA.

In this paper we obtain similar results concerning to a closed sub-
algebra of a Banach function algebra. As a corollary of the main result
we show a Wada’s type theorem for the case of a Banach function algebra
which removes the hypothesis of a theorem of R. D. Mehta and M. H.
Vasavada.

We denote clE the uniform closure of E for a subset E of C(X) and E
the complex conjugate of E, i.e., E={feC(X):feE}. Ap=ANCxX) is
the set of all real valued continuous functions in 4.

Let A be a Banach function algebra on a compact Hausdorff space X
and I be a closed subalgebra of A. We define an equivalence relation ~ in
X as follows:

r=yYE= f@)=f() for every fin I.
We denote {E,} the equivalence class for the equivalence relation =,
especially we denote E,={x e X: f(x)=0 for YfelI}. Our main result is
the following :

Theorem. Let A be a Banach function algebra on a compact Hausdorff
space X. Let I be a closed subalgebra of A such that I-ArCI, where
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I-A,={fgeCX): fel, ge Az}. Suppose that A+IDclI+I). Then we
have I=1={f € C(X): f=constant on E, for Ya, f=0 on E}.

2. We prove Theorem and show some corollaries in this section. By
a theorem of Saeki [6, Theorem 3.3], it is easy to see:

Lemma 1. Under the assumption of Theorem, we have cll =cll=cll.

We denote X /I the quotient space which is defined by identifying the
points of X which cannot be separated by I. We may suppose that I is a
subalgebra of C(X/I). Let e be the point in X/I which corresponds to E,.

Lemma 2. clI={feC(X): f=constant on E, for Yo, f=0 on E,}.

Proof. We suppose that E,=¢ for the first case. Let [I] be a uni-
formly closed algebra generated by I and constant functions. We may
regard [I] as a function algebra on X/I, in fact we see that [I1=C(X/I) by
the Stone-Weierstrass theorem and Lemma 1. Thus we have

CX/D-clicell
since ¢ll is a closed subalgebra of C(X/I), where
CX/D-clI={fgeCX/D): feCX]/I), gecll}.
There exists a finite number of functions f,, f,, - - -, f, in I such that
[P+l 4+ S >1)2

on X, for we suppose that E,=¢. So we have 1 ¢ ¢ll, since

(APHIAE+ LD e CX/D and  ffi+fufet -+ 1o
isin ¢ll=cll. Thus we get

cI=C(X/I)

or more precisely we have clI={f e C(X): f=constant on E, for Ya} if
E,=¢.

For the second case we suppose that E2%:¢. By the same way as the
first case, we see that [[1=C(X/I) and that C(X/I)-clIccll. We may sup-
pose that X /I ~{e} is a locally compact Hausdorff space, so we may suppose
that ¢lI is a closed subalgebra of C(X/I~{e}), where Cy(X/I~{e}) is the
algebra of all complex valued bounded continuous functions on X/I~{e}
which vanish at infinity. Let Y be a compact subset of X/I~{e}. Then
there are a finite number of functions f,, f,, - - -, f, in I such that

| il Lol -+ S >1/2
onY. Foreach g in C(Y), thereis a G, in Cy(X/I~{e}) for j=1,2, ---,n
such that
G\ Y=g-F;- (/i +| L+ -+ D7
We see that
(G1f1+G2f2+ c +ann)/Y=g
is in (cll)|Y since C(X/I~{e})-clICcll, so we have (cll)|Y=C(Y). It fol-
lows that
clI={f e C(X): f=constant on E, for Yo, f=0 on E}
by a theorem of Bade and Curtis [2, p. 91, Proposition 1].
Proof of Theorem. Put
C,(X)={f e C(X): f=constant on E, for Yo}
and
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A;={f e A: f=constant on E, for Va}.
Then A; is a closed subalgebra of A and A;D>I. Thus we may assume that
A; is a Banach function algebra on X/I. By Lemma 2 it is easy to see
that A4+I>C,(X). It follows that A,4+I>C,(X). For, if f is in C,(X)
there are a g in A and an & in I such that f=g+h. So g=f—h is con-
stant on each F,, that is, g isin A;. Thus we have
A, +A,DC(X).
By a Hoffman and Wermer and Bernard theorem [1], [4] on a uniformly
closed real parts of a Banach function algebra, we see that A,=C;(X).
Thus I is uniformly closed since I is closed subalgebra of A; by the defini-
tion of A;. We conclude that
I=cll

={f e C(X): f=constant on E, for Ya, f=0 on E}

=cll=1I.

Corollary 1. Let A be a Banach function algebra on X and I be a
closed subalgebra of A which separates the points of X. Suppose that
I-Azcland Re ADclRel). Then we have A=C(X) andI={feC(X): f=0
on E}. Especially if I is a closed ideal of A such that E,=¢ or a one point
set such that Re ADcl(Rel), then we have A=C(X) and I={f e C(X): f=0
on K},

Proof. Since I separates the points of X, it follows that A+ A=C(X)
by the same way as the proof of Theorem. Thus we see that A=C(X) and
I={feCX): f=0o0n E}.

Remark. In Corollary 1 the assumption “I-A,cCI” is necessary. For
example, put A={f e C(D): f(2) is analytic in |2|<1/2}, where D={z¢C:
|2|<1}, and I={f € C(D): f is analytic on |2|<1} is the disk algebra on the
closed unit disk. Then it is trivial that Ic A and I separates the points
of X and ReADcl(Rel). On the other hand it is trivial that A-+C(X) and
A=+l

Corollary 2. Let A be a Banach function algebra on X and I be a
closed ideal of A. Suppose that A+IDclI+I). Then we see I=I=
{feCX): f=0o0n E;}.

Proof. Each E, is a one point set unless E,=F, since I is an ideal.

We can remove the hypothesis of the continuity of a functional f—f
on ANA for a theorem of Mehta and Vasavada [5].

Corollary 3. Let A be a Banach function algebra on X. Let N be a
linear subspace of C(X) and I be a closed ideal of A with A+IDNDI. If
N+1 is uniformly closed, then I=1={f e C(X): f=0 on E,}.

The author wishes to express his hearty thanks to Professor J. Wada
for his valuable advice and constant encouragement.
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