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49, Universal Central Extensions of Chevalley Algebras over
Laurent Polynomial Rings and GIM Lie Algebras

By Jun MORITA* and Yo6ji YOSHII**)

(Communicated by Koésaku YOSIDA, M. J. A., June 11, 1985)

We will give an explicit description of the universal central extensions
of Chevalley algebras over Laurent polynomial rings with n variables,
which is a natural generalization of the result for n=1 established in
Garland [1], and which is obtained in a different way from Kassel [4].
Using this, we will discuss about a certain class of GIM Lie algebras which
are introduced by Slodowy [5] as a generalization of Kac-Moody Lie
algebras.

1. Central extensions of Chevalley algebras. Let F' be a field of
characteristic zero. For a finite dimensional split simple Lie algebra g
over F' and an F-algebra R, we will write g(R)=R®y g and view g(R) as a
Lie algebra over F. Since g(R)=I[g(R), g(R)], there is a unique, up to iso-
morphism, universal central extension of g(R). A central extension of g(R):

(1) 0 V—>a g(R)——0
can be reduced to a skew-symmetric F-bilinear mapping :
(2) {-, '}: RXR—>V

satisfying {u, vw}+{v, wu}+{w, uv}=0 for all u, v, w € R (cf. [1], [3]).

2. Laurent polynomial rings. We denote by F[X;}, - - -, X*'] the ring
of Laurent polynomials in X, - - -, X, with coefficients in F'. Let ¢ be the
F-vector space with a basis {2{", ---, 20", 2 |ve Z"}. We define an F-
bilinear mapping {-, - }:

FIX#, ..., XX F[XE, - .., X ]—>c
by, for all r, s, Z (i=1, - - -, n),
(3)  (Xp.-.Xp, Xio--Xu)

1 TiSe— Sk i _
Dbt kl v z’f)l)+Z:';=k+l 7Ry
J— k
if 1,0, l,,,=---=1,=0 for some k,
n_L TR0 if [,=0 for all 1,

where v=(,, ---,1,) and l,=7r,+s,.

Theorem 1. Let g be a finite dimensional split simple Lie algebra
over F. Then the mapping (3) determines a universal central extension of
g(FLXiY, -, X5

Notice that the dimension of ¢ is one (r=1) ; infinite (n>2).

3. n.fold extended Cartan matrices. Let §j be a Cartan subalgebra
of g, and g=H+ > ,c,a° the root space decomposition of g with respect to
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Y, where 4 is the root system of (g, §) and g* is the root subspace of g cor-
responding to « € 4. We choose a fundamental system II={ay, - -, a;} of
4, where l=dimY. Let H, be the coroot of «. We fix a Chevalley basis
{H., E,|1<i<l,ae 4} of g (cf.[2]). Here H,,e§and E,ecg*. The Cartan
subalgebra may be denoted by ¢°. Let Q=>%"Zf, be the free Z-module

generated by S, ---, ;... For each f=(k, ---, k,,,) €Q, we define the
subspace :

g(F[Xlﬂ’ ces, X:l])ﬁz(FX;cHl. . 'XZH")®F gk1«1+--~+sz
of g(F[X:Y, ---, X']). Then g(FIXE, ---, X2']) is a Q-graded Lie algebra
over F. Let f=b,a;+---+b,a, be the negative highest root of 4 with
respect to II. Put a,=§, 1<i<l) and @,=b,f,+---+b,f,+ 5, (+1<i<I
+n). Then {&,|1<i<I+n} is a new basis of @, and we will use this basis.
Let a;=p (+1<j<I+n). We denote by A" the n-fold extended Cartan
matrix of g, which is defined by
A[n]=<2 (ay ;) ) .
(a;, ) /1<i,i<ien

4. GIM Lie algebras. An m Xm integral matrix B=(b,,) is called a
generalized intersection matrix (=GIM) if

( i ) bii=29

(ii) b,;<0&=0b,,<0,

(iii) b,;,>0&=b,>0.

For each GIM B=(b,,), we denote by L(B) the Lie algebra over F' generated
by ey, -+ ems Bay -+ 5 By f1s -+ +5 o With the defining relations: [z, 2,;]=0,
[h’i’ ej]=bijej’ [hi9 fj]z —bijfj’ [ei, fi]zhi fOl' all i’ j, [ei’ fj]‘:(a’d ei)ibmﬂe.f:
(ad 1)1+ f,=0 for distinct ¢, j with b,,<0, [e, e,1=[f,, fi]=(ad e)’*'f;=
(ad f,)"#*'e,=0 for distinct ¢, j with b,,>>0. Then L(B) is a Z™-graded Lie
algebra over F' in usual sense (cf. [5]).
Next suppose B=A". Then there is an extension
¢ : LA"™)——g(FIX}, - - -, X2')

defined by ¢(e)=E.,, ¢(e,.)=X,QE, ¢p(h)=H., ¢(h,,)=H, $(f0=E .,
6(f1.)=X;"QE_, for all i=1, ---,land j=1, - - -, n. Then the kernel J, of
¢ is homogeneous since both L(A™) and g(F[X{, - - -, X;']) are Q-graded.
Furthermore J, is a maximal homogeneous ideal of L(A™). Let J=
[L(A™), J,].

Theorem 2. Notation is as above. Then L(A™)/J is a universal
central extension of g(F[X:Y, - - -, X').

Let I, be the maximal homogeneous ideal of L(A™) which intersects
the subspace of degree zero trivially. Put I=1I,4J and L’'(A"™)=L(A™)/I.
Then ¢ induces a central extension ¢ : L'(A™)—g(F[X7!, ---, X;']). Let
V=®",Fv, and let

{-, -Y:FIX7, -, XPIXFIX?, -, XE]T—>V
be the mapping defined by
(X X, X5 XY =0, 200 05, (P01 - - -+ 10,).
Theorem 3. Notation is as above. Then the central extension ¢ 1s
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corresponding to the mapping {-, -Y.

The algebra L’(A™) is an n-fold generalization of the standard affine
(Kac-Moody) Lie algebra L(A"™)=L/(A").

5. A remark. Let (2, d) be the module of relative differential forms
of F[X#, ---, Xl over F. Using the fact that F[X?!, ..., X'] is a Hopf
algebra, whose structure is given by 4(X,)=X,®X, and «X,)=1 for all
t=1, - - -, n, the module Q is identified with F[XZ, ..., X*'|QI/I?, where
I is the kernel of ¢ (cf. [6]). Then the mapping d is identified with (1&®=)4,
where r is the composition of the projection from F[X?, ..., X' |=F®I
to I and the canonical homomorphism: I—I/I*. Set 2'=Q/d(F[X#, ---,
X:1). We define the mapping ¢ of F[Xz, - - -, Xz X F[XZ, - -+, X2 to '
by
(4) (U, v)=ud(v)
for all u,ve F[X;, .-, X']. Then r satisfies the condition of (2). The
theory of Kassel [4] says that z gives a universal central extension of
g(F[X3, - -, X2']). It is easily seen that (¢, {-, -},) is equivalent to (2, )
(ct. [7D).

Our results seem to be answers to some questions in [9, Section 4.15].
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