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50. On the Euler-Poisson-Darboux Equation and
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Ehime University

(Communicated by Kdésaku YoSIpA, M. J. A., June 12, 1984)

§1. Summary. This note is a sequel to the preceding paper [1].
‘We can construct bases of some special class of solutions of the Toda
equation with two time variables
1.1  XYlogt,=t,.t.,/t,  (X=0/dx, Y=0d/dy, t,=t,(x,y))
using Gauss hypergeometric functions. By eigenfunction expansion
we can construct solutions which can be expressed by hypergeometric
functions with two variables of order two. According to the Horn’s
list ((2]) F,, F',, F';, (Appell hypergeometric functions) G,, H,, H, ,0,, ¥',,
&, 5, I', H,, H, and H,, appear.

By quadratic transformations for Gauss hypergeometric func-
tions we also have rational solutions given by Gegenbauer, Legendre
and Chebyshev polynomials.

§2. Connection formulas for Gauss hypergeometric solutions.

In our previous work ([1]) we showed that

@2.1) fula, 8,752, 9)
=T+1—a—pB),y—2) "y *FB—-7, f—n, a+B—T—n; x/y),
9., B, 75 2, Y)
=((A—), A =P/ (T +2—a—Pp) )y —x)f-rar+t+1-n-bys-i-n
XFMm+1—a, T+ 1—a, n+247T—a—B;x/y)
are bases of the 2-dimensional vector space TN {u,eker(C,—7)}.
Another bases are possible.
Theorem 2.1. Put
2.2) I, B, 752, )
=1-p),y—x) "y Fla—n,a—7,1+a—p;1—2x/y).
Fa, By 752, y) and (B, a,7;x,y) are bases of the vector space T
N{u, e ker (C,—7)}. We have the following relations.
2.3) (=AY S e, B, 75 @, Y)=(a=T7) (e, B, T—F 5 2, y),
BifO(a, B, 752, N=0+1—=B) f (e, B, 7+ 5 2, ¥).
Theorem 2.2. When |arg A—2a/y)| <= we have the following
connection formula
(2.4) <fn(a) ABa T; y))_ (K(O" ‘8r T) K(ﬁ» a, T))(fﬁ,l’((x, ﬁ’ T, ?/))

gula, 8,75 2,9) \L(a, B, 7) LB, &, N/ \fPB, a, 75 2, )
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where

_I'—a) (a+p—7) _I'+2—a—pPIr'p—ow
K(C{, AB’ T) F(‘B)F(‘B—T) ’ L((:(, ‘B’ T) F(l—O()F(T-l-l—a') '
§3. Hypergeometric solutions. If

3.1) U= o0 Oy frlet, B, T—ek; 2, Y) (e is an integer)

converges then it belongs to T. If we choose ¢ and a, suitably then

we can express u, by hypergeometric functions with two variables of
order 2 which we can find in Horn’s list ([2]).

Theorem 3.1 (Hypergeometric solutions). «, 5,7, «, 8 and &
represent arbitrary constants. Put

3.2) U, )=0+1—a—p).y—x) "y *, V.(y)=U.(, y).

(1) e=1, a,=(a)(B)/(a+B—T)k!,
_ (C( - n)j(‘e - n)j(a,)k(ﬁ/)k _ j &

3.3  u,=V.(» ]lec @b pT—n),ud V) (x/(x—y)'A/y)
=V.WF(a—n,d, p—mn,f,a+p—T—n;x/(x—y),1/y)
=.F, B, a—7,B—7; —A) fula, B, 7; %, ),

B.4) w0, N=V.)F(, , a4B—T—n;1/y).

Especially if we take «’=p—7 then we have
_ (‘B—T)j+k(,8—"n)j(ﬁ,)k 3 k

3.5 u,=U,(z, v ]Zk @ BT, nf! E!-(x/y) /v
=U.(x, F, (BT, —n, ', a+p—T—n;2/y, 1/y)
=1F1(ﬁ,, a—7; "‘A)fn(“’ /3, 7, y),

(3.6) U, (0, Y=V, W.F,(p—7,5, a+B—7—mn; 1/y).

(i1) e=1, a,=(@),/(@a+p—7)k]!,

B wu,=V,.WEa—n,a,—n,a+p-T—n;2/(x—y),1/y)
=1F2(05/’ a—T, .B_T H —A)fn(d, .B’ T, y)’

3.8 u,0,N=V.n.F(,a+B—T—n;1/y).

If «/=p—7 then we have

3.9  u,=U,(2,n0.(B~7,—n,a+p—T—n;1/y,2/y)
=0F1(““’T; _A)fn(“’ ;87 T, Y),

3.100 %, 0, N=V.W.F.(B—-7,a+B—7—n;1/y).

(iii) e=1, a,=1/(a+B—")k!,

B1D)  u,=V,WE a—n, —n, a+f—T—n; x/(@—¥y),1/y)
=0F2(6¥—T, ‘B_T; —A)f"(()(, /99 7, ?/),

3.12)  u, 0, »=V.WFila+p—7—n;1/y).

(iV) e= _1, ak=(ﬁ,)k(r-‘—l—"a—ﬁ)k/(sl)kk !,
(313)  u,=V,@) x5 O e P (Bl G,
ik )yl k!

Xy (x/(y—2x))
=V.WH,n+14+7—a—p,f,a—n,—n,¢; y, x/(y—2))
=F,@,¢; B,) fula, B,7; 2, 9),

3.14)  u,0,N=V,W).F(n+1+7—a—B,8,¢; y.
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If ¢=7+1—p then we have

3.15) wu,=U,(x,v) JZ; (,3—n)j(ﬁf‘)_k(%+1-]|.-'7‘l;a—ﬂ)k_j(‘3_r)j_k

X (=z/y)Y(—y)*
=U, (%, NG(B—n, f', n+1+7—a—B, f—T; —x/y, —y)
=1F1(l9/, 7’+1—‘.B 5 Bn)fn(a’ B,7; x, Y),
(3.16)  u, (0, =V, (WF(F,n+1+7T—a—B,T+1-5; y).
(v) e=—1,0,=0+1—a—B)/(E)k]!,
617 u,=V,WH,n+1+7—a—B,a—n,p—n,&; y, x/(y—2x))
="\ ; B,) fula, B, 75 2, 9,
3.18) %, 0, =V, Fin+1+7r—a—B,¢; y).
If ¢=7+41—p then we have
3.19) w,=U,(x, I B—n,n+1+7—a—B,—7; —2/y, —Y)
=0 +1—-8; B, fule, 8,75 x,9),
3.20) %, 0, =V, F(n+1+7—a—B,7+1-8; y).
If

3.21) wu,= i} a, P, B, T —ek s 2, y) (e is an integer)
k=0

converges it belongs to T.
Theorem 3.2 (Hypergeometric solutions). «, 8, 7, B/, 7/ and &
represent arbitrary constants. Put .
3.22) U, n=A-p,y—v) "y,  V.)=Q0-p,y "
(i) e=1, a,=(@—"0)B)/ k!,
77 (“—T)jm(“—n)]‘(ﬁ,)k o j 3
(3.23)  u,=U,(x, y) ]Zk Ao ), 1! A—z/y)1/y)
=U, (@, YF(a—1,a—n, f, 1+a—p,7"; 1—2/y, 1/y)
= 1F1(,8/’ I 5 '—A"’)fle)(“’ .Br 7, ?/)9
B.24)  (Y—2)" "Uplyey =V, @) F (=T, 8,7 ; 1/y).
(i) e=1, a,=(a—7)/(")k!,
(3.25)  wu,=U, (@, Y (a—7,a—n,14+a—p,7;1—z/y,1/y)
=05 —A) [P, B, 75 2, ),
(3.26)  (Y—2)" Uplpoy= VW) Fila—T,7"; 1/¥).
(i) e=-—1, a,=0")0)/ T +1—a) k!,
3.20  wu,=U, (@, YH(a—T,a—n, 7,8, 1+a—p; 1—x/y, —y)
=,F,(1, 0, 7+1—a,74+1—=8; B,) (e, B, 75 , 9,
(3.28)  (Y—o)" Uy|pey =V, @) F.(", 8, T+ 1—a; y).
iv) e=-1, a,=0". /0 +1—a) k!,
(3.29)  u,=U,(x, YHa—T,a—n, 7, 14+a—p; 1—z/y, —¥)
=1F2(T/’ T+1—B" T+1"‘.B 5 Bn)f;zl)(a! ﬁ’ T, ?/),
3.30) W—2) Uyl = V. DI, T+1—a; y).
(v) e=—1,a,=1/0+1—w).k!,
@E.31)  u,=U,(x,NH(a—7,a—n,1+a—p; 1—x/y, —y)
=0F2(7'+1—a, ?’+1"—,8 ; Bn)f:z”(“’ .8’ T ; x, y),
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(3.32)  (—2)" Uplooy= V() F\T+1—a5 ).
(vi) =2, ak=(a_7)2k/(7’/)kk!’
(3.33)  u,=U,(x,pH,(a—7,a—n, 7", 14+a—8;1/y’, 1—2x/y)
ZOFI(T, > Az)fﬁzl)(a’ ,B’ 7, ?/),
(3.30)  (Y—2)" Uplpey= V@) Fi((@—=17)/2, (a—T+1)/2,7"; 4.
§4. Quadratic transformations. By quadratic transformation
for hypergeometric functions we have the following results.
Theorem 4.1 (Gegenbauer polynomial solutions).
4.1) S0, 8,(8—1)/2; z,y)
=n!({y— x)—nxnﬂy(ﬂ-l—n)ﬂC;‘(l—ﬁ)/2)((~/5/—y_+ J@ﬁ)/g),
(42) f;l)(o’ 03 _1/2 y Xy ?/)
=n!(y—x)"w"y P (Ve [y+Vy[)[2),
(4.3) 131}11 Ira-preo,s,@E—-10/2; x,y)

=m—D! (y—a) ey " T (V& [y+Vy/[2)]2).
C@(z), P,(2) and T,(z) are Gegenbauer, Legendre and Chebyshev poly-
nomials respectively. These polynomials give rational solutions of
the Toda equation in half space (n=0 or n>>1).
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