134 Proc. Japan Acad., 60, Ser. A (1984) [Vol. 60(A),
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Department of Mathematics, Ibaraki University

(Communicated by Shokichi IYANAGA, M. J. A., April 12, 1984)

§1. Introduction. Throughout the paper, a ring means a com-
mutative ring with identity. A non-zerodivisor of a ring is said to
be regular, and an ideal containing regular elements is said to be
regular. A ring R is said to be a Marot ring (cf. [3]), if each regular
ideal of R is generated by regular elements. The main purpose of
this paper is to solve the following question on Marot rings posed by
Portelli-Spangher [6]. : Let a be an ideal of a ring E. We denote the
set of regular elements contained in a by Reg (a). We say that a ring
R has property (FU), if Reg (a)C Ui, a; implies acC| 7., a, for each
family of a finite number of regular ideals a,a;,q, -+ -,a,. If R has
property (FU), then R is a Marot ring. The question is: Does a
Marot ring have property (FU)?

§2. Answer to the question. Let us begin by some lemmas.

Lemma 1. Let R be a ring.

(1) R is a Marot ring if and only if an ideal (r, 8) is generated by
regular elements for each regular element r of R and for each element
seR.

(2) R has property (FU) if and only if Reg ((r, s)) U, a, implies
(r, )\t a; for each pair of elements r,s of R with r regular and
for each family of a finite number of regular ideals a;, ay, - - -, a,.

Let A be a ring, and let M be an A-module. We construct a
semidirect product R by the principle of idealization ([5, Chap. 1, n°1]).
That is, R=A®M and for elements f+x and g+y of R we set (f+x)
@+v)=r9+(fy+gx), where f,ge A and z,y € M.

Lemma 2. Let f-+x be an element of R. Then f+x s a regular
element of R if and only if f is a regular element of E.

Let p be a prime number, and let %k be a finite field of character-
istic p. We denote by A the subring k[X?, X?+!, X?+%, ...] of the
polynomial ring k[X]. Let {F,F,, ---,F,, G;,G,, ---} be a set of ir-
reducible polynomials of k[X] such that (1) F,=X and F,=1+X, (2)
deg (F')<2p for each ¢, (3) deg (G,;)>2p for each j, (4) any two elements
of the set are not associated and (5) each irreducible polynomial of
k[X] is associated with some element of the set. We denote k[X]/(G,)
by K,;. K, is naturally an A-module. We construct a direct sum M
of A-modules K, K,,K,, - - -, and construct a semidirect product R=A
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®M. R will keep this meaning in the next four lemmas.

Lemma 3. The set of regular elements of R is {a+x; 0+ack,
xe M}U{aXF¢Fg. . -Fo4a; 0+ack, e>p, e,>0, x € M}.

Lemma 4. Let F,F',G and G’ be elements of K[X] such that
FF' e A. If FG and F'G’ are regular elements of R, then FF' is a
regular element of R.

Lemma 5. If re R is regular, we have rM=DM.

Lemma 6. R is a Marot ring.

Proof. Let a be a regular ideal of R. By Lemma 1(1), we may
assume that o is generated by two elements  and s of R with » regular.
We set r=f+x, s=g+vy for f,ge A and 2, ye M. By Lemma 5, we
have a=(f, g). Let D be a greatest common divisor of f and ¢ in k[ X].
We have D= fF+gG for some F, G ¢ k[X]. Therefore DX? belongs
to a. It follows that a 5 DX??, DX***', DX*+* ..., We have g=DG’
for some G’ € k[X]. SetG¢'=a,X'+a,,. X'+ ---+0a,X™ with a,0 and
0,#0. If1>2p, aisgenerated by regular elements f, DX*, DX'*!, .. .,
DX™. Suppose that [<2p. Then we have a=(f, DX?, DG”) for some
G”" € k[X] degree of which is less than 2p. By Lemmas 3 and 4, DG”’

is a regular element of R. Therefore a is generated by regular
elements.

We set {(XFFg. - - For; p<e<2p, 0<e,<p}y={f1, fo -+, [2}, Where
h=p"'. And we set q,=(X?, X?*!, ..., X**-) and qa,=(f,) for 1<i<h.

Lemma 7. We have Reg (a,)C (Ut a,.

Lemma 8. Let &k be a prime field of characteristic 2. Then we
have X2+ X2+ -« + X' e ay— b, a, for each even natural number 1>5.

If k is not a prime field of characteristic 2, there exist nonzero
elements a and b of k such that a+b-£0.

Lemma 9. Set f=aX?F,FZF?...F24+bX?. Then fea—\J", q,.

Proof. If f belongs to some a,, we have f=X°F2...Feag for
p<e<2p, 0<e,<p and ge A. Since b0, we have aF F?...F2+b
=X°?g. Since a+b=+0, we haveaF F?...F2+b=g. Sincea+#0and
F?e A for each ¢, it follows that F', ¢ A ; which is a contradiction.

Lemmas 6-9 imply the following answer to Question :

Theorem 10. There exist Marot rings which do not have property
(F'U).

§3. Some other results. A ring R is said to be an additively
regular ring, if for each pair of elements r, s ¢ R with » regular there
exists 7’ € R such that »'r+s is a regular element ([2]). An additively
regular ring has property (#U) ([6, Proposition 8]).

Proposition 11. There exists a ring R with property (FU) which
18 not an additively regular ring.

Proof. We construct a direct sum M of Z-modules Z,Z/(3), Z/(5),
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Z/(7), - -+, and construct a semidirect product R=Z®M. Let ¢ and
n be natural numbers with » odd such that 2<n<2°—1. Then 2° is
a regular element of R, and 72°+n is not a regular element for each
re R. Therefore R is not an additively regular ring. The following
assertion implies that R has property (#'U).

Proposition 12. Let A be a principal ideal domain, and M an
A-module. Then a semidirect product A®M has property (FU).

Proof. Set R=A®M. Leta,ay,aq, ---,a, be regular ideals of R
such that Reg (a)c J7, a;. By Lemma 1(2), we may assume that a is
generated by two elements » and s with » regular. We set r=a+x
and s=b+y fora,bec A and x,ye M. We have (a,b)A=dA for some
de A. There exists «’ e M such that d4-2'ca. Therefore we may
assume that b=0. Each element 7’ of a is of the form : aa’4 (a2’ +a’x
+b'y) for o/, b’ e A and o’ e M. If o/ is either zero or a unit of A, it
is not difficult to see that ' € | J7_,;a;. If a’ is neither zero nor a unit,
we can write a’=a,a,, where each irreducible factor of a, (resp. a,) in
A is (resp. is not) a regular element of B. Since (a,, a,)A=A, we have
' =laa,+ (ab,x’' 4+ a2+ b,y)] [a,+ (b2’ +by)] for some by, by, by, b, € A.
Since aa,+(abx’+ax+byy) is a regular element contained in a, #/
belongs to some a,. Therefore R has property (&'U).

If we replace A by a Bezout domain (that is, an integral domain
each finitely generated ideal of which is a principal ideal) in Proposi-
tion 12, we have:

Remark 13. Let A be a Bezout domain, and M an A-module.
Then a semidirect product RB=A®M is a Marot ring.

Proof. Let a be a regular ideal of R. We may assume that a is
generated by two elements »,s € R with » regular. We set r=a+x,
s=b-+yand (a, b)A=dA. There exists 2’ ¢ M such that d+ ' € Reg (a).
Each element 7’ of a is of the form: dd’+¥%’. We have '=(d+x’)
(d—1)+[d+A—d)x’+y’]. Therefore a is generated by regular
elements.

We say that a ring R has property (U), if each regular ideal of R
is a (set-theoretical) union of regular principal ideals. A ring R with
property (U) has property (F'U).

Proposition 14. (1) There exists a ring R with property (FU)
which is not an additively regular ring and has not property (U).

(2) There exists an additively regular ring which does not have
property (U).

(B) There exists a ring with property (U) which is not an addi-
tively regular ring.

Proof. (1) We consider the ring R of Proposition 11. We denote
the element 1 of Z contained in M by x, and set a={d+xz, 2z,).
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Then « is not a union of regular principal ideals of R. Therefore R
does not have property (U). (2) We set A=(Z/ANIX] and set
P=(2,X)A. Then A, is an additively regular ring which does not
have property (U). A, is a Noetherian local ring. (3) We construct
a direct sum M of Z-modules Z/(3),Z/(5),Z/(7), - - -, and construct a
semidirect product R=Z@®M. Then R is a desired ring.

We note finally that we have studied Marot rings also in [4] and
solved another question posed in [6]: Generalize Theorem 2 in §1.3
in [1] to a ring with zerodivisors. This is done in the proof of Theo-
rem (7.1) in [4].
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