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1o We shall use the folio.wing no.rations" For an algebraic num-
ber field F, the ring o.f integers, the group of units, the group of units
with norm 1 and the discriminant of F by (,E, E, and D respec-
tively. The discriminant of an algebraic number t will be deno.ted
by D(t) and the discriminant of a polynomial f(x) Z[x] by Dz.

Now let K/Q be totally real and cubic. For a e K, a’,a" will
deno.te the conjugates of a. We define after [3] the functio.n S from
K to.R by

1 a,) a") (a"s()=-{(- +(’- + -)}.

Letl,,vbeaZbasisof). For a=x+y+zeC), x,y, zeZ, S(a)
is a positive definite quadratic orm in y, z, so. that S(a) has a minimal
value on E.

Let us denote (K)=[ee E14:1, S(D is minimum} and _(K)
(E:\( n e Z}) 5 j/(K) or e (K).

In [5], H. J. Godwin announced the following conjecture"
Conjecture. If 1 -(K), 2 e _q3,l(K) and S()9, then , 2 gen-

erate E? E @, }.
The purpose o.f this note is to. show that this conjecture holds in

certain cases. We shall prove"

Theorem. Let K=Q(8), Irr (t" Q)=f(x)=x-mx-(m+3)x-1,
m e z, with square free m+3m+9. Then we have 0 e (K), 1-
e .o(K) and E= (, -1-0}.

Remark 1. It is easy to see that f(x) is irreducible, so, that K/Q
is cubic. It is cyclic and consequently totally real, because / e Z.
It is also easy to. see that we can limit our consideration to the case
m:>- 1. This will be supposed thro.ugho.ut in the sequel.

Remark 2. This kind o. fields has been considered by K. Uchida
[8], E. Thomas [7] and M.-N. Gras [4].

2. The o.llo.wing propositions will be utilized o.r the pro.of o.
Theo.rem.

Proposition 1 (It. Bruno.tte and F. Halter-Koch [1]). Let
e (K), e .,,(K), then (E?" @, })4.

Proposition 2 (E. H. Grossman [6], M. Watabe [9]). Suppose
K/Q to be totally real, e Z, 1>=2, eE. Then the only possible
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solutions of +1= are given by =a root of unity.
Proposition : (H. J. Go.dwin [5], H. Brunotte and F. Halter-Koch

[1]), Let K be a totally real cubic field and (K) and 2,(K) for
e (K) be as in Proposition 1. Then,

S() <:9S(), S(.) 3S()S(.)
for any e E, e (K), e _,,(K).

Proposition 4. Suppose to be totally real and -A-B-I
--0, A, B e Z. Then the following holds"

( ) S()--A +3B,
(ii) (1/2){(2-’2)2+(’-"2)+("2-2)2}=A4+4A2B+B2+6A,
(iii) (fl-/’)(/-/’)+ (/’-/")(/’-"-)+("-)(/"-)

2A +7AB -9 9.
:}. Proof of Theorem. First we shall sho.w t e (K). As

/D is square free, we have (C):=Z+Zt+ZO (el. [2]). Let u#l be
any unit in E. Then u can be written as u=a+bt?+ct, a, b, c e Z,
(b, c)(0, 0). This yields

S(u) -{b( ’)+ c(8 t’) +2bc(t O’)(t ’)

+ b(a _a,,) + c(’-a’") +2bc(t’-- ")(a’-- a’’)
+ b(8’’ t?). + c(t,,_).+

Using Propositio.n 4, we have
S(u) {b + (2m+ 1)bc+ (m +m+ 1)c}S(0)

{( b + 2m+ l c)+ 3 }- -4 c s(o)_>__ (o),

as m, b, c e Z and (b, c)4:(0, 0). Therefore t e (K).
Next, we shall sho.w that -1-t e _(K). In. fact, it is obvio,us

that S(6)=S(-1-t), so that -1-t e (K). Suppose -1-t=t for
so.me ratio,nal integer n. It is clear that n4:0, n4:___ 1. If n2, then
--t=O+1, 0, -t e E, in contradiction to. Proposition 2. We have
also. a co.ntradictio.n o.r n<:-2 in virtue o.f Proposition 2. Thus we
obtain --1-t e _(K).

No.w, or m=-1, 1 and 2, o.ur Theorem is seen from the table in
[3], so, that we have only to. cv.nsider the case m>_ 4. Let us denote E0

(6, --1-t}. Then. we have (E" E0)_<_4 in virtue o.f Propositio.n 1.

(a) Suppose 2[(E" E0), then. there exists e E? such that e

=t*( l-t0, e E0, where i, ] e {0, 1}.
We examine the different cases. If (i, j)=(0, 0), then. := 1, e E,

so that =1 as KcR. This c.ntradicts to. e E0. If (i, ])=(1, 0), then
2--t. Hence we have +1=t+1, ,t/leE. This is also. a co.n-
tradiction by Proposition 2. I (i, ])=(0, 1), then --t=+ 1, s, --t e E,
co,ntradicting to. Pro.psition 2. If (i, 2")=(1, 1), then =0(-1-t), so
that -1/t=(/tY+l, e/t, -1/teE. This also. leads us to co.ntradic-
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tion in. virtue o.f Proposition 2. Thus we obtain 2X(E" Eo).
(b) Suppose 3](E" E0), then there exists eE such that

=t( 1-t), e E0, where k, e {0, 1, 2}. We can easily verify that
(k, 1)#(O, 0), (1, 0), (0, 1), (1, 2), (2, 1)in virtue o.f Pro.positio.n 2 as we
have seen in (a). If (k,/)=(1, 1), then 2=t(-1-t). We have
t e (K) and -1-t e _(K). So we obtain, the o.llo.wing inequality"

S(-1-8)=S(1+8)S()<9S(8(- 1-8)) 9S(8(1+8))
<27S(1 +8),

in. virtue of the definitio.n of the function S and Proposition 3. Hence
we have S(1 + 8)<27.

No.w, it is easily seen that the roots o.f f(x) can be denoted by t,
tr, t" sv. that they are situated as ollows

--2<t<--1, --l<t’<O and m+l<t"<m+2 when m_l.
Then we have (0 0’) 0, (t’--0")(m+ly, (t’--0)>(m+2), so. that

S(1 + 8) -}{(t?- 8’) + (8’ 8") + (8"--(2m +6m+ 5) 27,

in virtue o.f our assumption m_>_4. Thus we have 27S(1+0)27.
This is a co.ntradiction.

I (k, /) (2, 2), then 2=t(--1-t), so. that we have (t(-1--t)/D
=t(--1--t). This case is reduced to. the case (k,/)=(1, 1), so. that we
have also a contradiction. Thus we obtain 3(E" E0).

Therefore we cv.nclude that E?=E0= (,-1-t}.
Corollary. We have Ek= (8, 8’}, where 8’ is any conjugate of 8.

Proof. We consider the polynomial h(x)=x-(m+3)x+mx+l.
It is clear that h(x+l)=f(x). Since h(-1/O)=(1/O)f(0), we have
8+1= --1/8 for some a e Gal (K/Q). Hence we get E= (8, 8}. We
also. obtain E?= (t, t} in virtue o N/O= 1.
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